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Mé diu
Toan cho vt li la mét mén hoc trang bi cho sinh vién nganh vdt li
nhitng kién thirc todn can thiét @é \am céng cu cho nghién ciru vét li. Bdy
la mot mon hoc co sy giao thoa giita toan va vat li cho nén ciing co s
khac biét gitra day toan cho nhitng nguoi chuyén nghién citu toan va cho
nhitng ngueoi ding todn nhw mot cong cu dé nghién ciru vt Ii,

Hién nay, vt i hoc di phat trién thanh nhiéu hwdng chuyén siu
nén cdc kién thirc todn cho vit li ciing rat da dang. Vi vdy, cdc truong
dai hoc nghién cuu thuong lva chon nhitng phcfn kién thire todan cho vt
i déic trung véi hiedng nghién civu ciia truong minh. Doi véi cdc trieong
dai hoc sw pham, do khong doi hoi cao vé mirc do nghién cuu vat Ii
chuyén sau nén khéng cé sw khdc biét nhiéu vé néi dung chwong trinh
todn cho vdt Ii. Tuy nhién, mén hoc Ny ¢ cdc truong sw pham yéu cdu
cao vé tinh truc quan, phwong phdp trinh bay dé hiéu dé lam néi bat y
nghia vat Ii va tranh dé cdc phwong trinh todn hoc phirc tap che khudt
bdn chat vat Ii.

Trén co sé dic két kinh nghiém thyc tién day hoc két hop vdi tham
khao gido trinh cua cdc truong dai hoc ¢ trong va ngoai nudc, ching da
t6i bién soan cudn sdach nay d@é phuc vu cho dao tao gido vién vit li. Sach
duwoc chia lam 6 chuwong, co bé cuc nhw sau:

Churong 1: Pai sé vecto

Chuwong 2: Giai tich vecto

Chuwong 3: Phuong trinh vdt li-toan

Chwrong 4: Ham bién phirc

Chwrong 5: Bién doi tich phdn

Chwrong 6: Phurong phdp s6 va mé hinh héa s6 liéu.

Trong méi chirong, ngodi phan Iy thuyét ching téi dwa vao cdc vi
dy minh hoa. Cuéi méi chiong la phan bdi tdp cé huwéng dan gidi va dap
6 dé sinh vién tw hoc nham ciing ¢ kién thirc 1y thuyét va vin dung vao
thue té. Mdc di muc dich giao trinh dwoc viét cho sinh vién su pham
nhung ching téi da mo réng nhiéu néi dung dé c6 thé ding cho sinh vién
cdc nganh ky thudt va hoc vién cao hoc tham khao.
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Chuong 1
PAI SO VECTO

1.1. Khai niém vecto

Trong vat li, c6 nhitng dai lugng ma khi ching ta quy dinh cac don
vi do thi s& duoc xac dinh hoan toan bang mot sb, vi du nhu khbi
luong, nhi¢t d, nang lugng, ... Cac dai luong nay duogc goi la cac
dai luvong vo huong.

C6 nhiing dai lugng ma khi x4c dinh ta can phai biét ca do 16n va
hudng cta chung trong khong gian, vi du nhu lyc, van tdc, gia toc ...
DPé mo ta cac dai luong nay ching ta dung khai niém vecto. Vecto
MN (duoc ky hiéu 1a MN) 1a dai luong c6 d6 16n bang do dai doan
MN, c6 hudng di tir diém dau Mtéi diém cudi N va dugc mé ta nhu
trén hinh 1.1a. D06 16n cia vecto MN (con goi 1a do dai hay
module) dugc ky hiéu la |W |, 14 mot s6 khong 4m va cé gia tri
duge quy udc bang d6 dai doan MN.

N

M (a)

Hinh 1.1. Biéu dién hinh hoc ctia mdt vecto MN (a) va vecto don vi €, (D).

Doc theo huéng ctia vecto MN c6 d6 dai khac khong cho truéc,
ching ta 1uén chon duge mot vecto €, cung huéng véi MN va co
do dai béng 1. Luc do, €, duoc goi la vecto don vi theo hudéng cua

MN va duoc xac dinh (hinh 1.1b):



~ MN

Eun :W. (1.1)

Mot vecto s& duoc xac dinh khi biét diy da bon dai luong: diém ddt,
phirong, chiéu va d¢ Ién. Khi khong quan tim dén vi tri diém dit
chung ta ky hiéu vecto bang cac chit cai c6 ddu mili tén phia trén, vi
du: &, A b, B, ... hodc bang cac chit cai in dam, vi du: a, A, b, B, ...
Trong tai liéu ndy, chung ta quy wdc viét vecto theo cach co sir dung
d4u milii tén phia trén.
Céc vecto ¢ diém dit tuy ¥ duge goi 1a vecto tir do. Khi diém dit bi
giéi han trén duong thang chira vecto d6 thi vecto ay duoc goi 1a
vecto truot, chéng han nhu khi xét lyc tac dung lén vat ran ¢ thé
chon diém bAt ky trén vat ran ma gia cua luc di qua lam diém dat.
Cudi cung, nhitng vecto ma diém dat can phai ¢ dinh thi duogc goi
la vecto bude, chang han nhu khi xét chuyén dong ctia chat diém thi
vecto lyc tac dung can phai dat 1én chinh chat diém do.
Dé nghién ciru cac vecto budc va cac vecto trugt ching ta c6 thé
quy vé nghién ciru theo cac vecto ty do. O cac phan tiép theo, khi
khong c6 yéu cau gi riéng vé diém dat thi ta ngdm dinh cac vecto
duoc xem xét l1a vecto tu do.
1.2. Cac phép toan co ban trén vecto
Céc phép toan cong, trir va nhan trong dai sd vecto duge dinh nghia
hoan toan tuwong ty nhu trong dai sé céc sd. Cac dinh nghia nay duoc
liy 1am co s& va phat biéu nhu sau:
1. Hai vecto d va b co cung thir nguyén duoc goi 1 bang nhau néu
chung c0 ciing dé dai va cung hudng.
2. Mot vecto c6 hudng nguge voi hudng cua vecto @ nhung co
cung do dai, duoc goi la vecto doi cia vecto d va ky higula-3.
3. Tong cua hai vecto 3 va b 1a mot vecto € thu dugc bang cach
dat diém dau cua vecto b ké tiép diém cubi cua vecto d va ndi

diém dau cia vecto a véi diém cudi cua vecto b . Cach thic
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tong hop hai vecto nhu vay dugc goi 1a quy tdc tam gidc va duge
minh hoa trén hinh 1.2. Ngoai quy tic tam giac, ching ta con
dung quy tdc hinh binh hanh. Tt dinh nghia tong cac vecto
chung ta thdy rang tong nay khac voi téng dai sb cua cac doan
thang. Vi vay chung ta goi la tong hinh hoc.

Hinh 1.2. Minh hoa phép cong hai vecto theo quy tic tam giac (bén
trai) va quy tic hinh binh hanh (bén phai).

Hiéu clia hai vecto a va b (ky hiéu a-b ), la vecto C tim duogc
bang cach lay vecto d cong véi vecto ddi cia b, nghia la C=
d-b=a+ (-b). Néu 4 =b thi - b duoc dinh nghia bing
vecto khong (ky hi¢u la 6), c6 d6 16n bang 0 va c6 hudng tuy y.
Déi voi mdi mot vecto d bat ky chung ta co: d+0=4.

Tich cta vecto @ véi mot sd A tao ra vecto 13, ¢6 d6 16n bé‘mg A
lan vecto @ va cung hudng hodc nguoc hudng vecto & tuy thudce
vao A dwong hay am. Néu A = 0 thi 1@ bang vecto khong.

Tuong tu, néu vecto a 1 vecto khong thi véi moi A ta ¢d 20=0

Tir day, chung ta rat ra cac quy tic cua dai sb vecto: néu d, b |
C la cac vecto, A1 vadzla cac vo hudng thi:
a)a + b=b+a (tinh giao hoan d6i véi phép cong)
b) a+(b+¢)=(a+b)+ ¢ (tinh két hop dbi véi phép cong)

) A1(A28) = (lud2) @ (tinh két hop ddi voi phép nhan)
-3-



d) (L+A2) d = i + A8 (tinh phan phdi)
e)A(da+b)=2a+1b (tinh phan phéi)

6. Phép chiéu vecto 1én mot truc. Cho vecto @ va mot truc u voi
chiéu duong duoc xac dinh boi vecto don vi €, nhu trén hinh
1.3. Xét hai mit phang vuéng goc véi truc u va di qua diém dau
va diém cudi cua vecto &, chung cit truc u thanh mot doan thing
c6 d6 dai |a,|. Ching ta dinh nghia hinh chiéu cua vecto @ lén
truc U, ky hi€u 1a ay, dugc xac dinh bdi cong thirc

a, =|alcos(g,,a) =|a|cosa, 1.2)

trong do,a 1a goc tao boi vecto d va chiéu duong cua truc u.

a

/

/:

\ 4

ay u

Hinh 1.3. Biéu dién hinh chiéu cua vecto @ 1én mot truc.

Nhu vay, hinh chiéu cua vecto & 1én truc u la mot dai luong dai
s6 phu thudc vao sy dinh hudng cia vecto d, nd bang 0 khi &
vuong gbéc voi truc U, nd nhan gia tri duong néu & tao véi chidu
duong cua truc U mot goc bé hon 90° va nhan gia tri &m khi &
tao véi chiéu duong cua truc U mdt goc 16n hon 90°. Bo 16n cua
cua ay chinh béng do dai doan théng tao boi hai mat phéng noi
trén vo&i truc u.



1.3. H¢ vecto co s&

1.3.1. Sy phu thudc tuyén tinh va ddc lap tuyén tinh ciia cc vecto
Xét tap hop n vecto {&, &,,... 4}, chung ta dinh nghia tap hop cac
vécto nay 1a phu thudc tuyén tinh voi nhau néu ton tai n sé A1,

A2,...,/n khéng dong thoi bang khéng sao cho:
ﬂl§1+/12§2+...+/1n3'n=6. (1.3)

Trong truong hop (1.3) chi thoa man khi tat ca cac hé s6 A1, Az,...,An

dong thoi bang khéng thi ching ta néi hé n vecto trén 1a déc Idp

tuyén tinh. Vi cac dinh nghia nay ching ta c¢6 thé dé dang suy ra

mot s6 tinh chat sau day:

a) Hai vecto phu thudc tuyén tinh 1 cong tuyén (song song) voi
nhau. That vay, khi &, va &, phu thudc tuyén tinh thi ton tai mot
hé sb i khac khong (gia st A1) va théoa méan dang thuc (1.3),
nghia la

Md,+A28,=0.

,\})

Chia hai vé cho A; ching ta duge & =-224,, nghia 1a & va

A
a,cong tuyén.

b) Ba vecto phu thudc tuyén tinh v6i nhau s& nam trong mot mit
phing (ddng phang). That vay, xét ba vecto phu thudc tuyén tinh
d,d, va &,. Theo dinh nghia ching ta gia st hé s6 A1 khac
khong. Khi d6 hé thie (1.3) duoc bién ddi thanh:

5 = = i A, A
d=ma,+nd,,veim=--2,n=-2,
8 ) 7

Vi md,va nd, tuong tmg cong tuyén véi cac vecto &, va d, nén

tir quy tic cong vecto (hinh 1.2) ta suy ra ba vecto nay dong
phang.



1.3.2. Khai trién mot vecto theo cic vecto khac

Xét hai vecto d va b doc 1ap tuyén tinh, khi d6 bat ky vecto € nao
ddng phing v6i d va b cling ludn biéu dién dugc theo hé thuc:

c=ma+nb, (1.4)
v6éi m, n 1a cac sb thuc khong dong thoi bang khong. Su khai trién
vecto € theo cac vecto @ va b 1a duy nhét, nghia 13 chi ton tai duy
nhat mot bd cac s6 (m, n) thoa man (1.4). Ching ta s& ching minh
diéu nay bang cach gia thiét ton tai mot khai trién khac duoc xac
dinh boi:

c=ma+nb. (1.4a)
Trir vé theo vé ctia (1.4) cho (1.4a) chung ta duoc:

(m-m)a+(n-n)b=0.
Do d vab déc lap tuyén tinh nén dang thirc nay chi xay ra khi m =
M’ van = n, nghia I cac hé s m va n ciia phép biéu dién trén day 1a
duy nhit.
Két qua trén day dé dang dugc mé rong cho truong hop ba vecto
doc 1ap tuyén tinh d, b va €. Khi d6, mot vecto d bét ky luon khai
trién duoc theo hé thuc:
d =ma-+nb + pc, (1.5)

v6i bo cac hé hé s khai trién (m, n, p) duy nhit.
1.3.3. H¢ vecto co s&

Nhu da trinh bay trén ddy, mot vecto bt ky trong khong gian ba
chiéu luén dugc biéu dién theo theo hé ba vecto doc 1ap tuyén tinh.
Ching ta noéi réng hé ba vecto doc lap tuyén tinh (ky hiéu la
{€, €,, &) tao thanh mot hé vecto co so dbi voi khong gian ba
chiéu, ban than cac vecto € dugc goi la cac vecto co so. Nhu vay,
voi bat ky ba vecto doc lap tuyén tinh déu tao thanh mét hé vecto co
s& cho khong gian ba chiéu.
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_______________________________________

é i ,"/a," y

a

Hinh 1.4. Biéu dién vecto d trong hé vecto co s& truc chuin {éx, éy, éz} .

Trong vt i, dé tién loi cho cac tinh toan ta thudng hay dung cac hé
vecto co s triee chudn (cac vecto co sd 1an lugt vudng goc voi nhau
va c6 module bang 1). Mot trong nhitng hé vecto co sd thuong hay
sir dung 13 hé co s& truc chuan Descartes {¢€,. €,, € } duoc biéu dién

nhu trén hinh 1.4.

Trong h¢ co so tryc chuén Descartes, vecto & duoc biéu dién theo
cac vecto co s nhu sau:

d=a,€ +agf, +a;t,, (1.6a)

hoac dudi dang khéc

a=(@a.,a, a,). (1.6b)
Chung ta goi ax, ay VA a, 1a cac thanh phéan cua vecto & trong hé co
s6 {&,, €,, €,}. Bang biéu dién hinh hoc chiing ta dé nhén thay ay, ay
Vva a; chinh 1a thanh phan hinh chiéu cta vecto @ twong tng 1én céc

truc X, Y va z (xem hinh 1.4). Khi d6, module cua vecto @ dugc tinh
theo cac thanh phan hinh chiéu cta né béi cong thirc:

|é|:ﬂ/af+a§+af. (1.7)



azl.

\-\\‘*- (ax: aya aZ)

Hinh 1.5. Cac goc chi phuong cua vecto @ trong khong gian.

Ngoai module, hudng cua vecto @ trong hé co s& nay dugc xac dinh
théng qua cac goc chi phurong a, va y (xem hinh 1.5) nhu sau:

a a
cosa =—=, cosfB=—, cos;/:a—j. (1.8)
&l al l
Cac dai lugng cosa, cosp va cosy xac dinh theo (1.8) duge goi 1a cac

cosin chi phuong cia vecto a. Khi do, tr (1.1), (1.7) va (1.8) chiing ta
xac dinh duoc vecto don vi theo hudng cua vecto d (ki hiéu la €,):

€, = (cosa)€, +(cos B)E, +(cos y)E, . (1.9
1.3.4. Bién doi giira cac hé vecto co s¢
Gia str c6 hai hé vecto co so {€, €,, €,} va {€,€,, €} c6 chung
mét diém géc 0. Khi d6, bt ky mot vecto co s¢ cua h¢ thu nhét déu
c6 thé khai trién duoc theo hé vecto co sé tha hai va nguoc lai. Goi
ot af, o (i=1,2,3) tuong Gmg 14 cac hé s khai trién ciia vecto &

theo cac vecto co s¢ €, €,, €. Khi do



3
6 =o€ +alE, +af =) af§,
k=1

3

3 1z 2z 3z 3

€, =0,6 +a,6, +a,€ = E o€ ¢, (1.10)
k=1

3
= 1= 2= 3z k=
6 =8 +aE, + i€ =) a8,
k=1

hodc dudi dang ngan gon hon
3
€ =>a'€ (i=1273). (1.11)
k=1

Toan bg chin hé s6 o (i, k =1, 2, 3) dugc goi 1a cac hé 56 ciia phép
bién doi thudn cac vecto co so €, theo hé co so &, .
Hoan toan tuong tu, chiing ta co thé thiét lap duoc phép bién doi
nguoc cac vecto € theo hé co s €, bdi hé thuc

3

& =Y o6 (i=1273), (1.12)

k=1
trong d6 o (i, k=1, 2, 3) dugc goi la cac hé s6 caa phép bién doi
nguoc.
Chung ta tim mdi quan hé giita cac hé sb trong cac phép bién doi
thudn va bién ddi nguoc bang cach thay cac vecto € trong (1.12)
vao (1.11), két qua thu dugc:
€ =a'6 +ajE, +aE,

=a/ ()€ +al € +a ) +a’ (a6 +..)+a (a3 € +...)

=(aaf +a’a, +aias )6 + (ol +..)8, +(aa +..)& (1.13)



Lam hoan toan twong ty bang cach thay g trong (1.11) vao (1.12)

ching ta thu dugc

3 3 3
€ =€ Za, o JreZZ:aI o +egza, o,
1=1 1=1 1=
hay
3 3 .
E=Y8 > aa. (1.14)

Do tinh chéat doc 1ap tuyén tinh giira cic vecto co s& nén tir cac hé
thirc (1.13) va (1.14) ching ta it ra dwoc mdi lién hé gitta cac hé sd

bién d6i:
S 0 néu i=#j,
Zai'al = A
=1 1néu 1=, (1.15)
S ., 0 néu i=#j, .
Zai ap = o
] 1néu 1=

1.4. Tich cua hai vecto

1.4.1. Tich vo huéng

Cho hai vecto @ va 6, ta dinh nghia tich vo huong hay con goi la

ngi tich cia hai vecto nay (ky hiéu bai ab) l1a dai lugng c6 gia tri
bang tich module ciia cic vecto d6 nhan véi cosin cta goc giita
chung, nghia la:

ib = |a|\6\cos(a,6). (1.16)

O day, dé xac dinh goc giira hai vecto @ va b chung ta tinh tién
chung vé& cing chung diém gbc, khi d6 gbc nhé nhét hop boi hai
vecto nay dugc goi la gdc gitra hai vecto.

Nhu vy, tich v6 hudng cia hai vecto 1a mot dai lugng vo hudng, céd
diu va do 16n phu thudc vao goc gilra cac vecto nay. Khi @ va

b vudng goc voi nhau (truc giao) thi tich vo hudng cia ching bang
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khong. Khi & va b song song voi nhau thi tich vo hudng gitra chung
dat tri s6 16n nht.

D& théy rang, dai luong |d|cos(d,b) 1a hinh chiéu cia & (ky hiéu 1a
av) 1én huéng cia b (Hinh 1.6). Con \6\ cos(d,b) bing hinh chiéu

ctia b 1én huéng cua a (ky hiéu 1a ba).

~a
w— b,=bcos & —

Hinh 1.6. Biéu dién hinh hoc cua tich vé huéng hai vecto.

Ttr hinh 1.6, chung ta c6 thé phat biéu tich vo huéng cta hai vecto
béng dd 16n ctia mot vecto nhan vai hinh chiéu cua vecto con lai 1én
hudng cua vecto nay, nghia la

ab =a,[o|=b,4. (1.17)

Dbi voi phép nhan vo hudng chiing ta ¢ mot sé tinh chat sau:

oy
Qy

a) a. b= , (tinh giao hoan)

b) a.(b+c)=4a.b+a.c, (tinh phan phdi).
Lap tich v6 hudng gilra cac vecto don vi cua hé co sé truc chuin
{€,, €, €}, taco cac h¢ thuc:

X! 2y

6.6, =66 =66 =1 €46 =68 =68 =0. (1.18)

X"y yvz 7%
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Nho cac cong thirc ndy cing vé6i cac tinh chat di trinh bay ¢ muc
1.2, chung ta d& dang suy ra dugc biéu thic coa &. b qua céc thanh
phan ciia ching;

ab=ab +ab +ab,. (1.19)

Két hop cong thirc (1.7) va (1.19) ching ta tinh dugc cosin cia goc
gitra d va b theo cac thanh phan cua cac vecto nay

3i.b ab +ab +ab
a.b xx Yy . (1.20)

COSax =—— =
allo| |f(a?+a +a?)(b? +b7 +b?)

1.4.2. Tich vecto
Cho hai vecto d va b , ta dinh nghia tich vecto hay ngoqi tich ctia a
va b 14 vecto € duoc ky hiéu
c=axb. (1.21)
Vecto ¢ duoc xac dinh:
e Dolon:  [C]=|d||psin(a,b); (1.22)
e Phuong: vudng goc voi mit phing chira cic vecto d va b;

e Chiéu: ¢6 chidu sao cho ba vécto d, b, € theo thir tu lap
thanh mot aé thudn phai (xem hinh 1.7).

A

fa)
bsin 0
\
\
\
\
N
N
\
\
N
\

o
\

Hinh 1.7. Biéu di&n hinh hoc cua tich vecto € = AxD .
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ChU y: Vé mdt hinh hoc, tir hinh 1.7 cho thdy d¢ 1om cua tich vecto
éxB bcing dién tich hinh binh hanh tao boi cdac canh a va b. Dién
tich nay dat gid tri 16n nhdt khi cac vecto @ va b vudng goc véi
nhau, bang khong khi & va b song song voi nhau.

Véi dinh nghia trén ching ta rat ra dugc mot s6 tinh chét cua tich

vecto nhu sau:

= -b x4, (tinh phan giao hoan)

QD
(SN

X

x(6+6):§><6+ dx¢, (tinh phan phoi).

QD)

Ngoai ra, néu d va b khic vecto khong thi & x b = 0 khi va chi khi
avab song song v&i nhau.

Trong h¢ co so tryc chuén ba chiéu {€, éy, €, }, ta co cac hé thuc:

€, x€ =€, x€ =€ x6,=0

o (1.23)

z X X z

x€ =—€ XE€ =éy.

Str dung (1.6a) va (1.23), ta co thé biéu dién tich vecto dxb theo
cac thanh phén toa do cua chung:

axb = (b, —a,b))e, +(a,b, —ab,)e, +(ab, —ab)e,,  (1.24)

hoac dudi dang dinh thirc:

6 § ¢
dxb=la, a, a,|. (1.25)
b, b, b,

1.5. Tich bgi ba
1.5.1. Tich bgi ba vo huwéng
Cho ba vecto &, b va ¢, tich béi ba vé huwéng duoc thiét 1ap bang

cach nhan c6 hudng gilra hai vecto va sau d6 nhan v6 hudng voi
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vecto con lai. Két qua chung ta s& thu duoc mot vo hudng. Xét
truong hop vecto b duge nhan c6 hudng véi vecto €, sau do6 nhan
v6 hudng vé6i vecto d. Két qua, ching ta dwoc mot vo hudng, ky
hi¢u la V:

V=4.(bxeg). (1.26)

Trén phuong dién hinh hoc, do bx¢ co do lon béng dién tich hinh
binh hanh tao béi cac canh bva ¢ nén a (6 x¢ ) la mdt vo hudng
c6 gia tri bang thé tich hinh hdp tao bdi cac canh a, b va ¢ nhu trén
hinh 1.8.

o
X
oY}

8

b
Hinh 1.8. Biéu din hinh hoc cua tich boi ba vo huéng a.(b x€) .
St dung dang dinh thic (1.25) ching ta c6 thé biéu dién tich bdi ba

vecto theo cac thanh phén hinh chiéu trong hé co so truc chuén
{¢€,. €,, €, } nhu sau:

€ € F§ a, a, a,
a.(bxC)=(aE +ag +ac,)|b b, b, | =|b b, b, |(127)
¢ ¢ ¢C, ¢ ¢ ¢C,

D@ nhén thiy rang, trong trudng hop cic vecto &, b, ¢ dong phang
(nghia 1a phy thudc tuyén tinh) thi tich bdi ba v6 huéng ciia ching
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bang khong. Vi viy, ba vécto &, b va € tao thanh hé co s¢ khi tich
bdi ba vO hudng ctuia ching khac khong. Ngoai ra, chung ta con c6
thé chirmg minh duoc ring

a.(bxc)=b.(cxd)=¢.(dxb), (1.28)
nghia 1a tich bdi ba vo huéng khong thay d6i khi hoan vi vong
quanh céc vecto, nd c6 gia tri bang thé tich hinh hop c6 cac canh 1a
a, b, c.

1.5.2. Tich bdi ba vecto
Trong tich bdi ba vecto, hai vecto dugc nhan vecto véi nhau, sau do
dugc nhan vecto véi vecto con lai, chang han & x (6 x¢). RO rang
ax (6 x¢) la mdt vecto vira vudng goc voi a, vira vuong goc voi
b x¢. Vi thé, trong truong hop chung thi thr ty cia phép nhan 13 rat
quan trong va cho céc két qua khac nhau, nghia 1a

ax(bxC) = (Axb)xC =bx(@xc).
Dua vao cac thanh phﬁn hinh chiéu cua tich bdi ba vecto ta co thé
thu dugc dinh luét khai trién sau:

ix(bxE)=b(d.¢)-¢(d.b). (1.29)

Thuc vay, liy thanh phan hinh chiéu theo phuong X cua vé trai dang
thtrc trén ta co:

[@x (b x¢)]=ay(b xc).—a(b xc)y
= ay (bey - bny) — az(szx - bez)
= bx(ayCy + azCz) — Cx(ayby + azbz).

Thém va bét lugng axbxcx vao biéu thirc trén, khi d6 ching ta nhén
duoc:

[é: X (6 X C )]x = bx(axCx + a.yCy + azCz) - Cx(axbx +ayby + azbz)

=by (d.¢)-c(d.b). (1.30)
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H¢ thtrc trén thod man theo phuong X nén cling thoa man theo cac
phuong con lai (do vai tro cua cac phuong X, Yy, Z nhu nhau). Tu do,
chung ta suy ra dugc hé thic(1.29).

Khi hoan vi vong quanh cac vecto &, b, ¢ trong (1.29) chung ta co:

[ax(bxc)]=b(a.c)-c(a.b), (1.31a)
[bx(cxd)]= c(b.a)-4ad(b.c), (1.31b)
[cx(dxb)]= a(c.b)- b (c.a). (1.31c)

Cong ca ba dang thirc véi nhau chung ta dugce dong nhét thirc:

[dx (b xC)]+[bx(Exd)]+[Ex(dxb)]=0. (132
1.6. Mot s6 ing dung
1.6.1. Phwong trinh dwdng thing, mit phing va mit ciu
a. Phwong trinh dwong thing
Cho mot diém A c6 vecto vi tri T, =(X,,Y,,2,) trong khong gian,
gia st cAn tim phuong trinh duong thang m di qua A, c6 vecto chi

phuong b duoc cho nhu trén hinh 9.

Hinh 1.9. Minh hoa dudng thing di qua hai diém A(Xa, Ya, za) va R(X, Y, 2).

Dé thiét 1ap phuong trinh cua duong thang m, ta xét diém R duoc
xéac dinh boi vecto vi tri T =(X,Y,z) bat ky nam trén duong thing
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nay. Mic du vecto © thay doi khi diém R chay doc theo duong
thang m nhung vecto nay luén duoc xac dinh theo hai vecto ¢b dinh

7, va b béi:

F=F,+Ab, (1.33)
voi A 1a mot tham sb ¢o gia tri tuy thude vao vi tri diém R. Biéu thirc
(1.33) duoc goi la dang tham so cua phwong trinh dwong thang.
Thuc hién bién d6i phuong trinh (1.33) thanh:

r—r,

=1 (1.34)

Dé phuong trinh nay théa man véi moi diém R thi cac thanh phan
hinh chiéu cua cac vecto bén vé trai (1.34) phai thoa man:

X=Xa _Y7Ya _ 272 _ onstant . (1.39)
b b b

X y z

Biéu thirc (1.35) dwoc goi la phuwong trinh dwong thang di qua diém
A va nhan b 1am vecto chi phuong. Ngoai ra, ta c6 thé viét phuong
trinh dwong thang dwéi dang vecto bang cach nhan c¢6 huéng hai vé

cia (1.33) v6i b . Két qua thu duoc:
(F-r,)xb=0. (1.36)

b. Phwong trinh mit phing

Cho mot diém A cb dinh trong khong gian, c6 vecto vi tri
F, = (X, Yar Z,) - Gid sir ta can tim phuong trinh mat phang P di qua
A va nhén vecto don vi €, cho trudc 1am vecto phéap tuyén. Dé tim
phuong trinh cho mit phing ta xét diém R (co vecto vi tri
F =(X,Y,2)) nao d6 nam trén mat phang can tim (Hinh 1.10).
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Hinh 1.10. Minh hoa mit phang P di qua diém A va c6 phép tuyén € .

Do vecto phép tuyén € vudng goc v6i moi vecto nam trong mit
phang can tim nén:

(r—r,)& =0. (1.37)
Bi¢u thirc (1.37) dwoc goi 1a dang vecto ciia phwong trinh mdt
phang. Viét lai (1.37) duéi dang 7€, =T,.€ vachiyrang ,.€ =d,
v6i d 1a khoang cach tir gbc toa do dén mat phang P. Tu day,
phuwong trinh ciia mat phang P duge viét dudi dang:

kx+ly+mz=d, (1.38)
v6i (k, 1, m) 1a cac thanh phan ciia vecto don vi phép tuyén €, cua
mit phang.
¢. Phwong trinh mit ciu
Cho mot diém C ¢6 vecto vi tri e ¢ dinh trong khéng gian, gia st
can tim phuong trinh mit cau nhan C lam tAm va ¢ ban kinh bang a
cho trude. Dé tim phuong trinh cho mat cau ta xét diém R dugc xéac
dinh boi vecto vi tri F nam bat ky trén mit cau d6. Do khoang cach

cach tir moi diém trén mit cau dén tim C ludn bang a nén ta dé dang
suy ra:

F-Ff =(F-F).(F-F)=a%, (1.39)
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hay

(X=%) +(y =y ) +(z-2.)" =a’. (1.40)
Phuong trinh (1.39) hodc (1.40) dwoc goi 13 phuwong trinh mdt cau
c6 tam C va ban kinh a.
1.6.2. Khoang cach
a. Khodng cdch tiv mét diém t6i dwong thing
Xét duong thang m c6 phuong tring véi vecto chi phuong €, di qua
diém A c6 vecto vi tri r, (Hinh 1.11). Gia thiét can tim khoang cach

tir diém P c6 vecto vi tri F, dén m theo cac vecto T,, T, va €

m*

o0

Hinh 1.11. Khoang cach d tir diém P t&i duong thiang m.

Tir hinh 1.11 ta thiy, khoang cach tir diém P t6i dudng thang m 1a
d=|f,—F,|siné. (1.41)

Tir day, sir dung dinh nghia tich vecto va tinh chét cua vecto don vi
ta rat ra duoc:

d =|(F, —F,)xE,|. (1.42)
Vi du 1.1: Tim khoang cach tir diém P(1,2,1) téi duong thing

r=r,+Ab,véir,=¢ +€ +€ vab=2¢ —€ +3¢,.
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Déi chiéu cac dir kién d3 cho theo cong thire (1.33) ta thiy duong
thang da cho di qua diém (duoc x4c dinh theo vecto vi tri r,) co toa

do (1, 1, 1) va c6 vecto chi phuong b =26, —&, +38, . Do d6, vecto
don vi € theo hudng vecto chi phuong nay la:
b 1
€ =—=—-(26 -6 +3¢),

" ‘b‘ J14 ( )
con vecto vi tri T, di quadiém P la r, =€ + 2€, +€,.
Thay céc biéu thic cia T,,F, va € trén dy vao (1.42) ta dugc két
qua d =+/13/14 .
b. Khodng cdch tiv mot diém t6i mdt phing
Xét diém M c6 vecto vi tri r, va mot mat phang P ¢6 vecto don vi

theo huéng phap tuyén & nhu trén hinh 1.12.

d

S IR

])

wt

0

Hinh 1.12. Minh hoa tinh khoang cach tir diém M t¢i mét phing P.

Dé tim khoang cach d tir diém M t6i mit phing P, ta lay mot diém A
bat ky (co vecto vi tri F,) trén P. Liuc d6, khoang cich d co gié trj
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bang ‘m.@n . Mit khac, do AM =F, —F, nén khoang cach tir diém

M t6i mit phing P duoc tinh:

d =|(FA—F,\,I ).én|. (1.43)
Vi du 1.2: Tim khoang cach tir diém M = (1, 2, 3) téi mit phing P
chtra ba diém A, B va C c6 cac toa do: A = (0, 1, 0), B = (2, 3, 1),
C=(5,7,2).
Goi r,,I; va I, tuong ung la cac vecto vi tri cua céc diém A, B va
C, ta co cac hé thic:

F, =6 [, =26, +36, +6,; I, =56, + 76, +28,.

Dé nhan thiy hai vecto (F, —F,) va (. —r,) cung nam trong mat
phang P, véi:
fp—Ty, =26 +2€ +€,, I, -, =5€, +6€, +2€,.
Tich c6 huéng cua hai vecto nay 1a mot vecto vudng goc voi mét
phang P nén co thé xem nhu vecto phap tuyén fi:
n=(2€, +2€,+€,)x(5€, +6€, +2€,) =—2€, +€, +2¢€,.
Do d6, vecto don vi theo hudng phép tuyén ctia fi duoc tinh:
_ . n

€, = m = %(—26X +6,+2€,).

Thay céc biéu thiic ciia T,, T, va € vao (1.43) ta tim dugc d = g .
c. Khodng cdch giita hai dwong thing
Xét khoang cach d giita hai duong thang a va b twong tmg ¢ vecto

chi phuong a va b nhu trén hinh 1.13. Theo dinh nghia cua tich

vecto, dxb 1a mot vecto vudng goc voi @ va b . Do do, vecto don
vi phap tuyén véi ca hai duong thang nay duoc tinh:
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D)
(=N

§ =942 (1.44)

n
X

Goi P va Q 14 hai diém bat ky tuong tng trén hai dudng thing a va

D)
oy

b. Khi d6, khoang cach d giira hai dudng thing chinh 1a hinh chiéu
cia PQ Ién & . Thay PQ=G—p va & tir (1.44) ta tinh dugc
khoang cach d:

(1.45)

Hinh 1.13. Minh hoa tinh khoang cach giita hai duong thang.

1.6.3. Mt s6 irng dung khac

Trong vt 1i co nhitng dai luong dugc xac dinh bang tich v6 huéng
cua hai vecto. Chéng han, trong co hoc, cong A sinh ra boi luc F
khong d6i lam vat dich chuyén theo mot doan thiang xac dinh boi

vecto chuyén doi S dugc tinh:

A:‘If“§‘cos(lf,§) =FS. (1.46)

Véi dinh nghia nay thi cong cua luc F khong nhiing phu thudc vao
do 16n cua lyc ma con phu thudc vao ca hudng cua nd nirta. Cong cod
gia tri cuc dai khi hudng tac dong cua lyc song song véi phuong
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dich chuyén, bang khong khi gia cua luc vudng goc v6i phuong dich
chuyén.

Trong 1y thuyét dién tir c¢6 dién, mot hat mang dién tich q chuyén
dong véi van tde vV trong mot tir trudng B sé chiu tdc dong mot lyc
tor duoc xac dinh theo dinh luat Lorentz

F=q(VxB). (1.47)

Khi xét chat diém thyuc hién chuyén dong quay, van tdc dai V cua nod
dugc xac dinh bang tich vecto cia van toc goc @ va ban kinh vecto
vitri F cta n6 ddi véi truc quay

V= oxT, (1.48)
con vecto md men dong lugng L cua chat diém dugc xac dinh boi

L=rxp, (1.49)

v6i p la dong luong cua chét diém.
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BAI TAP CHUONG 1

1.1. Mot tam giac c6 cac canh @, b va ¢. Tir phép cong vecto, ching
minh cong thirc dinh 1i ham s cosin:

c2 = a? + b? - 2ab cosa (voi a 1 goc tao bdi cac canh a va b).

1.2. St dung ky hiéu vecto dé viét phuong trinh duong thing trong
khong gian ba chiéu. Tir 46, tim diéu kién dé ba diém A, B va
C thang hang.

1.3. Chtg minh rang:
a) Ax(BxC)=(AC)B—(AB)C.

(AxB)xC = (AC)B—(BC)A.

A A A
b) A(BxC)=B.(CxA)=C.(AxB)=|B, B, B,
c, C, C,
¢)(AxB).(CxD) = ;?, %gi.
AD B.D

d) (Ax B) x(C x D) = B[A(C x D)]— A[B.(C x D)].
e) (AxB)x(AxC) =[(A(BxC)A].
1.4. Cho 3 diém trong hé toa do Descartes gom: P(1, 2, 3); Q(2, 3, 5)
VaR (5, 6, 7).
a) Van dung tich vecto, hay tinh dién tich tam giac PQR.
b) Chimg minh ring 3 vecto tao boi 3 canh ctia tam giac PQR 1 phu
thudc tuyén tinh. Hay biéu dién PQ theo PR va QR.
1.5. Cho 4 diém trong hé Descartes: P(1, 2, 3); Q(2, 3,5); R (5, 6, 7)
va M(3, 5, 7).
a) Chimg minh rang ba vecto PQ, PR va PM ddc lap tuyén
tinh.
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—_— —

b) Tinh thé tich cta hinh hop tao bdi cac vecto PQ, PR va
—
PM .
1.6. Mot dién tich diém (o[ chuyén dong voi van tdc V, tao ra tu

truong cd vecto cam ung tu B dugc x4c dinh:
- u Vxr
B:_Oql : 2

4 r

cua B doi véi dign tich diém qz.

voi r 1a vecto vi tri cia diém xac dinh gié tri

a) Chtrng minh rang lyc tir If2 tac dung 1én dién tich diém o

chuyén dong trong tir truong cua g1 dugc xac dinh theo tich

boi ba F, = Z‘—; q;‘jz v, x (U, xF), véi ¥, 1a van téc cia dién
tich diém gp.
b) Xac dinh luc tir tic dung 1én dién tich g1 dudi tac dung cua Q.
1.7. Cho hai vecto d=(3,6,9) va b =(-2,3,1).

a) Tinh goc gilra hai vecto @ va b.
b) Tim cac hinh chiéu ap va ba.
c) Tinh dién tich hinh binh hanh c6 cac canh a va b.
1.8. Chimg minh rang, khoang cach d tir dudng thang c6 phuong
trinh F =a+4b tSi mat phing co vecto don vi phap tuyén

€, dugc xac dinh boi

d-\a-r)e

1.9. Mot duong thang m duge cho boi phuong trinh F =&+ b,
trong do:

=8, +26,+36, va b =46, +56, +66,.

Tim toa d6 diém P 1a giao diém cua duong thing m véi mit
phang x+2y+3z=6.
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1.10. Cho hai h¢ vecto co s6 tryc chuan {€, €, €} va{€,, €, €}
Gia thiét ban dau hai hé co s& nay trung nhau, sau do thuc hién
quay hé {€, € , €,} xung quanh tryc z mot goc 30° ngugc theo
chiéu kim dong ho.

a) Biéu dién cac vecto co s& clia hé {&, €,, €, } theo cac vecto co
socua {€ , €, €}
b) Biéu dién vecto vi tri F=xE + Y€, + Z€, trong h¢ co s&

{€..€,, €}
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Chuong 2
GIAI TiCH VECTO

2.1. Truwong vo huwdéng
2.1.1. Khai niém
Trong nhiét hoc, khi xét phan bd nhiét ta thiy tai moi diém cua
khong gian s€ tng v4i mot nhiét do T xac dinh nao do. Noi chung,
ung voi cac diém khac nhau s& cho ta cc gia tri nhiét d khac nhau,
nghia la T 1a ham sb cua toa do

T=T(xY.2). (2.1)
Luc do, trong khong gian ma ching ta dang xem xét cO mot truong
nhiét d¢ dugc dic trung boi ham nhiét d6 T = T(x,y,z). Néu biét ham
phan bd nhiét d6 nay ta sé biét dugc nhiét do tai tung diém cu thé.
Trong tinh dién hoc, mot dién tich diém q dat trong chan khong sé
tao ra xung quanh né mdt dién truong c6 dién thé @ dugc xac dinh
boi cong thuec:

o(xy,2)=kF=k——3 2.2)
ety +z?

trong d6 r, 1a khoang céach tir dién tich diém q dén diémkhao sat; k 1a
hé s6 phu thudc don vi do. Ta néi rang, phan khong gian xung quanh
q xac dinh mét trirong dién thé dic trung boi ham thé o= ¢ (X, Y, 2).
Vi nhiét d6 hay dién thé chi biéu dién thuan tuy bang mot sd nén
chung 13 nhitng dai luong v6 huéng va trudong nhiét do hay dién thé
dugc goi 1a nhiing truong vo hwong. Mot cach khai quat ta cd dinh
nghia:

Truong vé hwong la phan khéng gian ma tai méi diém M(X.y,z)
trong do vwng voi mot dai lwong vo huong dwoc xac dinh theo ham
vo huong:

u=u(M) =u(x,y,2). (2.3)
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Cho mot truong vé hudng tic 1a cho quy luat xac dinh ham vo
huong u dugc xac dinh trén mién khong gian cu thé nao d6. Lic do,
dé nghién ctru cac dic trung cua trudng ta chi can nghién ctru ham u.

Néu ham vo huong U chi phu thudéc vao hai thanh phﬁn toa do
(chang han u = u(x,y) thi truong xac dinh bai u duoc goi 13 trueong
phang. Néu ham u khéng phu thudc vao thoi gian thi truong duoc
goi la truong dung, trai lai thi truong duoc goi 1a truong khong dirng
hay tricong thay doi.

Trudong vo hudng duge goi 13 lién tuc tai diém M néu ham vo hudng
u(M) lién tuc tai diém d6. Néu khong chu thich gi thém thi cac
truong vo hudng dé cap trong chuong nay duogc xem la lién tuc
trong mién xac dinh ciia ham v hudng u. Ngoai ra, khi xét nhimng
truong vo hudng cu thé trong vat 1i, ching ta goi theo tén riéng cia
n6.Vi du: truong dién thé, truong nhiét do, truong thé hcfp dan, V.v.
Trén phuong dién hinh hoc, chiung ta moé ta truong vo hudng thong
qua khai niém mdt murc hay con goi 1a mat dcfng tri. Ta dinh nghia
tdp cdc diem M (X,y,2) ciia truong ma ham vé hieéngu(M) ldy cing
mot gia tri C nao do, duwoc goi la mat murc hay mat dcfng tri cua
truong. Phuong trinh cua mat mure la:

u=u(xy,z)=C. (2.4)
Vi C c6 thé 1ay céc tri sd khic nhau nén c6 thé vé dugc vo sb cac
mat mac. Mat khéc, do ham vo hudng u dugce gia thiét 1a don trj nén
cac mat murc cua truong sé khdng giao nhau (Hinh 2.1).

Z

L=

<

X
Hinh 2.1. Cac mat mic cta truong vo huéng u = u (x, Y, z).
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Vi du 2.1: Tim cidc mit muc cua truong dién thé cho béi ham vo
hudng c6 dang (2.2).

Ta c6: thuc hién dua (2.2) vé dang (2.4):
x>+ y2+ 7= (kq/C)?, (2.5)

v6i C 1a hing sb tuy ¥ chon. Biéu thirc (2.5) cho thiy cdc mit muc
trong trudng hop ndy 1a nhitng mit cau dong tdm, ban kinh bing
kg/C.

Nhu vay, truong vo hudng khong thay doi khi di trong ciing mot mit
mirc nhung thay doi khi di tir mit mic nay sang mit muic khac.
Trong vt li, chung ta quan tdm dén toc d6 thay doi cua trudong theo
cac hudng trong khong gian, dic biét 1a hwdng ma doc theo d6 toc
dé thay doi ciia trieong 1ém nhat.

2.1.2. Dao ham theo huwdéng

Ta biét rang, cic dao ham riéng a : a , a cho biét toc do thay doi
OX oy oz

cua truong vo hudng U tuong tng theo cac hudng Ox, Oy, Oz trong
khéng gian. Mo rong cho trudng hop can xem xét toc do thay doi
cua truong theo mot hudng bat ki, ta c6 thé khao sat dao ham cta u
theo hudng do6.

a. Dinh nghia:

Xét mot huong trong khong gian dugc dac trung boi vecto chi
phuong € = (cosa, cosp, cosy) va xét ham u = u(M) = u(x,y,z). Chon

—_—

diém M1 gan M sao cho MM, song song véi € nhu trén hinh 2.2,

Thuc hién dat:

MM, |=Ad, X1-X =AX, y1i-y=Ay, 21-7 = Az

Khi do:

X1 =X+ Adcosa,y1 =Yy + Ad cosp, z1 = z + Ad cosy.
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Hinh 2.2. Biéu dién vecto MM , vecto don vi € va cac goc chi phuong.

Nguoi ta dinh nghia [2]:

lim —=Ilim
Ad—0 Ad Ad—0 Ad

i u(x+Adcosa,y+Adcos B,z+Adcosy)—u(x,y,z)
_AATO Ad

la dao ham ciia ham u tai diém M theo hwéng cia vecto € (néu gidi
han nay ton tai). Luc do, ta ki hiéu:
ou . Au
— = lim —. (2.6)
08 ad-0 Ad
Pac biét, khi € // Ox thi cosa =1, cosp = cosy =0, Ad =AXx, ta co:

au _ lim U(x+Ax,y,z)-u(x,y,z) _ou

06 &0 AX ox
Tuong tu, khi /0y thi = M vakni 60z thi 2= Nehia
o6 oy 08 0z
la cac dao ham riéng a 8_u 8_u la cac dao ham theo cac hudng
ox ' oy oz

dic biét song song véi Ox, Oy, Oz. Vi tai mot diém c6 rat nhidu
huéng di qua nén tai mot diém ciing c6 rat nhidu dao ham theo
huéng. Dé tinh dao ham theo hudng bat ki ta co dinh 1i:
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b. Dinh li:
Néu ham s6 u = u(X,y,z) kha vi tai diém M(X,y,z) thi dao ham theo
hréng € = (COSa, COSS, COSY) tai diém dé sé ton tai va dwgc tinh theo
cong thiec .

8—li:a—ucosoc+a—ucos[3+a—uc;05y. (2.7)

06 OX oy oz
Thuc vay, do gia thiét u kha vi tai diém M nén ta co:

ou ou ou

AU =—AX+—Ay+—Az+0(Ad),
OX oy oz

trong do, O(Ad) la mot vo cung bé bac cao hon Ad =
JAX? + Ay? + A7% , nghia I3

Ad—0  Ad

Mat khac:Ax =Ad cose, Ay = Ad cosf, Az = Ad cosy. Do do:
AU = au Adcosa + au Adcosf + a—uAalcosy +O(Ad) .
Ox oy oz

Tur cac két qua trén ta co:

ou . Au . (6u ou ou O(Ad)j
—=lim lim | —cos a +—C0s 3 +—C0S y + ———~
06 Ad->0Ad  Ad OX OX OX Ad

hay

ou ou ou ou
— =—C0S@x+—CO0S f+—COSy.
06 OXx oy oz

Vi du 2.2: Tim dao ham cta ham sé u=xyz tai diém M = (5, 1, 2)
theo hudng cua vecto € song song MM . Biét M1 = (7, -1, 3).

Ta co:



Do d6 tai diém M(5, 1, 2) thi:

8_u: 2, 8_u: 10, 8_u: 0.
OX oy 0z

Mit khac, vi MM, ={7-5, -1-1, 3-2}= {2, -2, 1} nén

CoSa = 2 2 cos,B:-E cos;/:l
3 3

224 (-2)?+1? 3’

Vay, theo (2.7) ta co:

a—u=2.g+10._—2+5.1=—1—1.
o] 3 3 3 3

Déu trir (-) ching t6 ham s6 u 13 giam theo hudng €. Vi vy, néu
d6i chiéu cua vecto € thi dao ham cua u theo huéng € luc nay s&
duong. Ta minh hoa diéu nay boi vi du 2 duéi day.

Vidu 2.3: Tim dao ham ciia ham s6 u=xyz tai diém M(5, 1, 2) theo
hudéng € ndi tir diém M dén diém M, ddi xtmg véi My qua diém M
trong vi du 2.2.

Ta thay diém M, dbi xtng voi My (7, -1, 3) qua diém M(5, 1, 2) nén
céc cosin chi phurong ltic nay doi dau. Nghia la:

cosa=—2 cosﬂ—+g cosy=-=
3’ 3 Ty

Theo (2.7) ta c0:

a—u=2._—2+10.+—2+5._—1=+2.
o] 3 3 3 3

2.1.3. Gradient ctia truwong vo hwéng

Nhu d trinh bay ¢ muc trén, tbc do thay d6i nay khong nhitng phu
thudc vao vi tri ta xét ma con phu thuc vao hudng khao sat. Nghia
13, tai mdi diém cho trudc sé ton tai hudng dac biét trong khong gian
ma hudng theo d6 thi tdc do thay dbi ciia truong 14 1on nhit, nghia Ia
dao ham ciia ham u(x,y,z) d6 1a 16n nhét.
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a. Dinh nghia gradient:
Nhu ching ta da biét:

ou ou ou ou
— =—C0Sa + —CO0Sf + —COoSy ,
08  0OX oz

trong do6: cosa, COSH, coSy tuong ung la cac cosin chi phuong cia
vecto don vi € :

€ = (cosa)E, +(cos B)€, +(cos y)E, .
Bang cach dinh nghia vecto § duoc xac dinh

. . Ou _ ou _ ou
g=6 —+€ —

Lo 2.8
“ox Yoy ‘oz (28)

ta thdy (bang cach sur dung dinh nghia cua tich vo hudng) % bang
e

tich v hudng cta hai vecto § va € . Nghia la:

gzg.é=|g||é|cos(g,§):|g|cos(g,é). (2.9)

Luc do,

g—‘f‘ 16n nhat khi |cos(§, §)]= 1, tic 1a khi phuong cta &
e

tring véi phuong cua §. Ngudi ta goi § la vecto gradient cua
truong vé hudéng u va ki hiéu lagradu :
_ou _ou _ du
gradu=€, —+€,—+¢€
OX

oy ‘o’

Ul ragul (2 L (2u) [ 2u)
5‘—'grad“"J(axj ARG

Trong giai tich vecto chung ta st dung toan tir “nabla”, ki hi¢u 1a V:

V:e”xi+é £+ézﬁ , (2.12)
ox Yoy ‘oz

(2.10)

max

dé biéu dién mot sé hé thirc quan trong trong giai tich vecto. Khi d6
biéu thirc ciia gradient trong (2.4) duoc viét lai ngin gon nhu sau:
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gradu = Vu.

(2.13)

Neéu ta ki hiéu ¥ va [, 1a cac vecto vi tri twong (g cua cac diém M

va M1 bai
r=xe + yéy + Z€,

I =(x+dx)e, +(y+dy)€, +(z+dz)E,

thi vi phan ham truong v6 hudng (khi ta chuyén My t6i M) bang:

du :a—udx+a—udy+a—udz.
OX oy oz

Str dung dinh nghia tich v6 hudng ta c6

du =gradu.dr =Vu. dr,
hay
du
radu= —.
J dr

Vi du 2.4: Xac dinh gradient cua trudng dién thé:
q

P(xy,2) =K ———

va tim tdc d6 thay d6i 16n nhat ctia trudng.

Ta co:
99 _ QX _ (. 99 Wy Op
- 3 3 - 3
OX (,X2+y2+22) r oy r
Do d6
€ X+€E V+E 7z r
gradgozwo:—kq(X rgy z )=—k(:—.

Téc do thay ddi 16n nhét ctia truong 1a

sl

rz’

max‘a—w‘ =|gradg| =k
oe
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Ta biét mit mirc cua truong dién thé nay 1 nhimg mat cau dong tim

nén vecto grade = —kK ?—g vudng goc voi cac mat muec.

Trong trudng hop tong quat, khi u 1a mot truong bat ki ta van co
didu @0, nghia 13: néu gradient ciia trirong vé huéng u = u(x.y,z) tai
diém Mo la khdc khong thi né vuéng géc véi mat mirc di qua diém doé
va huéng theo chiéu ting cua trwong. Thyc vy, nhu ching ta d
biét vi phan (d6 bién thién) cua trudng vo hudng u khi ta dich
chuyén tir diém Mo t6i diém Mi theo mot vi phan vecto dich chuyén
df bat ki trén mat mirc s& bang khong. Két hop véi (2.16) ta ¢ du =
gradu. dif = 0. Nhung do gia thiét gradu khac khong tai Mo nén biéu
thirc ndy chi thoa man khi gradu vuéng goc voi df . Pidu nay co
nghia 1a gradu vudng goc véi mit mirc tai diém Mo. Mit khac, néu
du > 0 (u tang) thi du = gradu. di > 0, nguoc lai néu u giam thi du =
gradu.df < 0. Tur day ta rat ra két luan: vecto gradu huéng theo

chiéu tang ciia ham u.
Tinh chit ciia gradient

Tur biéu thirc (2.16), chung ta dé dang suy ra mot s6 tinh chat quan
trong cua gradient:

1. grad(ui+ up) = grad uz1 + grad u.. (2.19)

2 grad(Cu) = C grad u, C = constant. (2.20)

3. grad(uiuz) = uigrad uo + uzgrad us. (2.21)

4 grad f(u) = f "(u) grad(u). (2.22)

5. grad u_ v.gradu —2u.gradv — (2.23)
v v

6. grad(u + C ) = gradu + gradC= gradu. (2.24)

Tinh chat (6) cho thay, néu biét trude gid tri ctia gradu thi ham u c6
thé duoc xé4c dinh sai khac mot hé“mg sb cong C.

Ngoai cac tinh chit trén ddy, gradient con c6 tinh chét bat bién khi
tinh tién hay quay hé toa do (bién ddi truc giao).
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Thyc vy, khi tinh tién hé toa do thi cac vecto co s¢ {&,.6,.6,}

khong thay dbi va ta c6 quan hé giira cac toa do (X1, Y1, z1) ctia hé
méi voi cac toa do (X, Y, z) ciia hé ban dau nhu sau:

X1t=x+a,yi=y+b,z1=z+c, (2.25)
trong d6 a, b, ¢ 1a cac hiang sd dic trung cho phép tinh tién. Biéu
dién ham v6 hudng u(x,y,z) bang cac toa do méi X1, y1, 1 ta co:

u(x,y,z) = u(xs - &, y1— b, z1 - €) = us(xu, y1, 22).
Do d6:
au_ou o _du au_du

oXx ox, oy oy, o az
Nhu vay

gradu=g, M 15 Mg M _g Mg Mg M (22
x oy ta o oy, ey

tic 1a gradient khong thay doi dang qua phép tinh tién.

Dé chimg minh tinh bt bién cua gradient qua phép quay, trudc hét
ta biéu dién phép quay hé toa d6 qua phép bién d6i truc giao boi ma
tran:

CHC P
O=]ay 8,8y, (2.27)
83; 8, A3

trong do, tinh tryc giao dugc thé hién qua h¢ thirc dting véi moi i, k:

3
Zailakl = Oy, (2.28)
1=1
v&i dik 1a ham delta Kronecker va dugc dinh nghia nhu sau [6]:
5, =i 1=K (2.29)
“lo, i=k. '

Lac do ta co
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€ Ch X X,
, y L1y =0T v, |,
e gl z 4
trong d6 O 13 ma tran chuyén vi cua O, tirc 1a:
ail a21 aSl
o' = 8y, 8y, 8y |-
a13 a23 a33
Ta viét dang tudng minh nhu sau:
X = a11X1 + azy1 + asiza,
Yy = a12X1 + axyi1 + asezi,
Z = ai13X1 t+ ax3y1 + asazi.
Tur d6 ta co
u_ouox andy A o A
o OX 0% 0y Oy
ou, au ou ou
El - &azl"'aazz +Ea23v
oy _ou ou ou

a_zl_ axa31+5a32+5a33'

O dang ma trén ta co thé viét

u duy ouy)_fou u o
ox, oy, oz, ox'oy'or |

tuc 1a

SLUgNL

gradu, = (% % %]

ox, oy, oz ox ' oy oz

|
NS

Mat khac do tinh truc giao cua O nén ta co
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1
0T0o=1=|0 (2.32)
0

o — O
= O O

la ma tran don vi. Do vay

gradu, = au +51%+§j o, =6, A +8, —+§, _gradu (2.33)
ax1 oy, 0z, OX

@I%
Q)|Q)

tic 1a gradient bat bién qua phép quay hé toa do.
2.2. Trudng vecto
2.2.1. Truwong vecto
a. Dinh nghia
Truong vecto la phan khéng gian ma tai méi diém M(X,y,z) trong dé
tng voi mot vecto dwge xac dinh:

A=AM) = A(X,Y,2). (2.34)
Cho mdt trudng vecto tirc 1a cho ham vecto A(X, Y, z) duoc xéac dinh
trén mién khong gian cu thé. Do d6, dé nghién ctru cac dic trung cla
truong ta chi can nghién ciru ham vecto A.
Trong vat 1i hoc ta gip rat nhiéu dai lwong c6 hudng duoc mé ta
thong qua truong vecto. Ching han:

- Khi xét chuyén dong cua chét 1ong, van tbc V cta phan tir chit
long tai diém M dugc biéu dién: V=V(M)=V(X,Y,z). Nhu viy,
trong chét 16ng ta c6 mot trudng vecto van tdc V .

- Xét dién tich diém q dat tai gbc toa do6 O. Tai mdi diém
M(x,y,z) thudc phan khong gian xung quanh O ton tai mot vecto

cuong do dién truong E duoc xac dinh theo biéu thuc:

E(F) =k v6i F=xe,+Y8, +126,. (2.35)

r3
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Nhu ta da biét, gradient cua mot vo hudng la mot vecto. Vi vay, khi
cho mot truong vo hudng thi ta cling ¢6 twong rng mét trudng vecto
thong qua phép bién d6i gradient.

Nguoi ta ciing dinh nghia truong vecto lién tuc tai diém Mo nao d6
néu ham vecto A(X,y,z) lién tuc tai diém d6. Néu nhu khong cha
thich gi thém thi cac truong vecto ma ta dé cap trong chuong nay
duoc xem la lién tuc.

b. Quy dao cuia trwong vecto

Pé biéu dién hinh hoc trudng vecto ngudi ta dung khai niém quy
dao cua truong vecto (hay con goi la duong vecto), la cac duwong vé
trong truong vecto sao cho tiép tuyén tai méi diém cia né cé
phuwong trimg véi vecto A tai diém d@é (Hinh 2.3), chiéu cia dwong
vecto la chiéu ciia vecto' A |

Cén chu y, do tinh chét don tri cia ham vecto nén tai mdi diém cua
truong chi co mot dudng vecto duy nhét di qua va cac duong vecto
ctia truong khong cat nhau. Chung ta quy wéc nhitng mién ma bién
d6 cua truong vecto 16n thi cac dudng vecto dugc vé gan nhau,
nhitng mién co bién d6 trudng vecto bé thi v& cac vecto xa nhau.
Trong vat li, d6i véi cac truong vecto khac nhau thi duong vecto
tuong mg ctia n6 con ¢ nhing tén goi riéng. Chang han ddi voi
dién trudng ta c6 duong stc dién truong, ddi véi truong van toc cia
chat 1ong ta c6 khai niém dudng dong.

Hinh 2.3. Minh hoa cac dudng vecto cua trudng vecto A.
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Xét truong vecto c6 ham vecto

A=AM)= A(x,y,2)E +A (XY, 2)E, + A (XY, 2)E,. (2.36)

Dé tim phuong trinh cia cac duong vecto, truée hét ta viét phuong
trinh du6i dang tham sb:

X =Xx(1), y=y(), z = z(t). (2.37)
Luc d6 tiép tuyén tai diém M(X,y,z) c6 cac hé sb chi phuong 13 X'(t),
y'(t), Z'(t). Két hop véi dinh nghia ta thu dugc [2]:

XO_YO 2O p,, S _dy _dz (2.38)
A A A A A A

H¢ (2.38) dugc goi 1a hé phuong trinh vi phan cia cadc dudong vecto.

Giai h¢ nay ta s€ tim dugc phuong trinh cdc duong vecto cua truong.
Vidu 2.5: Tim cac dudng stic cia vecto cuong do truong:
E:k%;. (2.39)
Ta co:
A=k, A=k A=kE. (2.40)

Theo (2.38), hé phuong trinh vi phan cua cac dudong vecto cua di¢n
truong trén la

dx _ dx _ dx , (2.41)
A S
r3 r3 r3
hay
O _dy _dz. (2.42)
X 'y z
Tich phan cac vé cho cac phwong trinh nay ta dugc:
INCix = InCyy = InCsz , (2.43)
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hay

—==—; aizizconst; i=1 2, 3. (2.44)
8 a g C
Pay 1a phuong trinh ciia mot ho duong thiang di qua O. Vay céc
duong sirc dién truong trong truong hop nay 1a mot ho duong thang
di qua dién tich diém q.
2.2.2. Thong lwgng va dive ctia mgt truong vecto

a. Thong lwong cua mot truong vecto

Xét mot mat tron hiru han ¢6 dién tich S dat trong mot truong vecto
A lién tuc nao do. Ta chon trén mat nay mdt hudng xac dinh va goi
12 huéng duong, khi d6 hudng nguoc lai duge goi 1a huéng am. Néu
S 1a mat kin thi nguoi ta thuong quy udc hudng duong la hudng tur
trong ra ngoai. Mat S dugc chon nhu vay goi 1a mat dinh hudng.

Ta chia S thanh nhiéu phan, mdi phan c6 dién tich dS vo cung nho
(goi 1a vi phdn dién tich) sao cho truong vecto A duge xem la
khong d6i trén mdi phan d6. Xét vi phan dién tich dS nam trong mat
S (Hinh 2.4) va goi fi 1a vecto don vi trén phuong phap tuyén tai
diém M nam trong dS.

ds = iidS

Hinh 2.4. Mit S va céc vecto vi phan dién tich dS = AdS .
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bai luong

dd = AfdS = AdS (2.45)
duoc goi la thong lwong cua truong vecto A(khéng ddi) giri qua vi
phan dién tich dS, trong d6 dS = AdS 12 vi phdn vecto dién tich.
Tir dinh nghia trén, ta c6 thé md rong cho tinh théng hrong cia

truong vecto A @i qua toan madt S bat ky theo cong thirc:
©= [[do=[[AdS. (2.46)
) (s)

Dua vao tinh chit cia tich v huéng, ta thdy chi c¢6 thanh phan

vudng goc v6i bé mit S ctia Améi dong gop vao thong lugng (2.46).

Theo dinh nghia ¢ trén thi @ 1a mdt dai lugng vo hudng, né phu
thudc vao hinh dang ciia mit S va hudng cua vecto A trén toan mit
do. Khi A huéng ra ngoai mat S thi thong luong duong, néu hudng
vao bén trong thé tich thi thong lwong am. Néu trong thé tich V gi6i
han boi bé mit S khong c6 mot ngudn nao thi thong luong vao sé
béng thong luong ra, tuc l1a thong luong téng cong triét tiéu. Su cod
mit ctia ngudn duong trong thé tich V s& dan dén @ > 0, con ngudn
am s& dan dén ® < 0. Hinh 2.5 minh hoa cho céc trudng hop cia
ngudn am, ngudn duong cua chat luu chay qua dng dong.
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déng vao = déng ra

e L - .

déngvae — T|TT T T T déng ra
déng vao < déng ra
dong vio —~ " = démg ra
“nguén dusng
diéng vao > dong ra
. 5 — T — .
démng vao @\ dbng ra
j— el I
ngudn Am

Hinh 2.5. Thong lugng truong vecto khi ¢6 mit cac ngudn.

b. Dive ciia mgt truwong vecto

Pinh nghia: Trong truong vecto A, xét diém M duoc bao quanh
béng mot mat kin nhé c6 dién tich AS tng véi thé tich AV. Theo
dinh nghia, thong luong @ cua truong vecto A gui qua mat kin AS
duoc tinh:

A® =§p Ads = §f Ads (2.47)

(S) (S)

Nhin chung, khi giam dan AS (AV ciing giam theo) thi Ad ciing
giam. Luc 0, 1y s6 ADIAV khi AV tién dén khong (it cd cdc diém
trén S deu tien vé M) sé la mot con so nao do phu thugc vao dang
diéu cua vecto A ¢ lan cdn nhé cua diém M va déic trung cho muc
do “chay” cua truong ra khoi lan can diém nay. Nguoi ta goi con so
nay la divergence (viét tit 1a dive) cua truong vecto A tai didm M va
ki higu div A
§p Ads

divA = lim 2= im & (2.48)
AV—>0 AV Aav—0 AV
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Tir biéu thirc dinh nghia nay ta thiét 1ap cong thic dang tuong minh

cho div A trong hé toa d¢ Descartes.

zZ

M(xyz) A% Ty AS, =AyA
- =AvAz
\ 1/7
-~ 3
: Ly o 2 AS, =AxAz
AS, =AxAz A 2[00 VI —

AS, =AyAk . |

AS. = AxAy

X

Hinh 2.6. Biéu dién céc phﬁn tir bé mat cua mat kin AS hinh hdp chir nhat.

Pé don gian, ta xét mat kin AS 14 mit bao ciia mot hinh hop chir nhat
c6 thé tich AV =AXAyAz rét bé, ¢6 dinh tai diém M(X, y, z) dang xét,
do dai cac canh 1a Ax, Ay, Az (Hinh 2.6).

Pé tinh divA, ta tinh thong lvong A® giri qua toan bd mat AS sau
d6 thay vao (2.48) va thyc hién phép lay gidi han. Dé tinh thong
luong A®, do tinh chat ddi ximg ctia hinh hdp nén ta sé& tinh thong
luong cua truong vecto A giri qua timg cdp mit d6i dién nhau.

Tai mat 1, hinh chiéu cua A 1én phuong phap tuyén cta mit nay 1a -
Ax(x,y,z) (ta liy dau trir vi phap tuyén ciia mit nay nguoc chiéu véi
hudéng duong cuia truc Ox). Do d6, thong lugng vecto A guri qua mat
1 12 -Ac (X,y,2)AyAz. Con hinh chiéu cua A 1én phuong phép tuyén
v6i mat 1 (mat dbi dién véi 1) sé 1a Ax(x+Ax,y,z), do d6 thong lugng
gui qua mat nay la: A«(X+Ax,y,z)AyAz. Thong lugng cia truong

vecto A giri qua cap mat1val la;
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[Ax(X+AX,Y,2) - Ax (X,y,2)]AyAzZ. (2.49a)
Tuong tu, thong lugng giri qua cac cadp mat 2 -2’ va 3 - 3" s& la:
[Ay(x,y+Ay,z) — Ay (X,y,2)]AXAz, (2.49Db)
[Az(X,y,2+AZ) - Az(X,Y,2)]AXAY. (2.49c¢)
Vay, thong luong tong cong giri qua toan bd mat kin S ciia hinh hop 1a:
D = [Ax(X+AX,Y,Z) - Ax (X,Y,2)JAYAZ + [Ay(X,y+AyY,z) —
-Ay(X,Y,2)]AXAZ + [Ax(X,y,z+Az) — A; (X,Y,2)]AXAy. (2.50)

Chia ca hai vé cho thé tich hinh hop AV = AXAYAZ 1di chuyén qua gi6i
han AV — 0 (khi tat ca cac AXx, Ay, Az dong thoi tién vé 0) ta duoc:

divA = lim 2= i (wax,y,z)—&(x,y,z)]

AV-0 AV AX—0 AX

+Iim[Ay(x7y+Ay’Z)_Ay(X’yvz)]
Ay—0 Ay
' “m(Az(x,y,HAZ)—AZ(X,y,z)) (2.51)
Az—0 Az
Hay
oA
divA = P 2y s _ (2.52)

OX oy 0z

Biéu thuc (2.52) 1a dive cia trudng vecto A tai diém (, Y, z) trong
hé toa do Descartes ba chiéu Oxyz.

Béng cach dung toan tir nabla V v6i quy udc rang toan tir nay chi tac
dung 1én tit ca cac vecto dimg sau nd va khong tac dung 1én cac
vecto ding trudc nd, ta cd (2.52) tuong duong voi taic dung vo
huong cua V voi A, nghia la:

. 0Ay OAy oA,

divA = + + = VA
OX oy oz ' (2:53)
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Phép tinh dive c6 nhiéu ung dung trong vat 1i nhu tinh thong lugng
clia mot trudng vecto. Ngoai ra, qua bién dbi tich phan khi tinh
thong luong nguoi ta con dan dén cac phuong trinh Maxwell trong
dién dong luc hoc.

Vi du 2.6: Tinh dive cta truong vecto cuong do dién truong
~ qf
E=k— .
r3

Trudc hét, ta tinh cac thanh phan hinh chiéu cua vecto cudng do
dién truong:

Thyc hién tinh cac dao ham riéng ta dugc:

aaEXX - |<0|(r2 ;SXZ), a;y = kq(r2 _rfyz), aaEZZ = kq(r2 ;5322).
Thay vao (2.53) ta thu duoc divE = 0.
Tinh chét:
Véi A1va A2 1a cac hang sb, ta co:
div(A1 A+ 22 B )=A1div A +12divB . (2.54)

Tinh chit tuyén tinh nay dé dang duoc kiém chimg bang cach thay A
trong (2.53) boi (A1 A+ A2B) rdi tién hanh tinh truc tiép, dong thoi
cht y ring dive ciia mot hing s ludn bing khong. Néu thay A trong
(2.53) boi u A, voi u 1a mot truong v6 hudng ta thu dugc tinh chat
sau:

div(u A)=udiv A + Agradu. (2.55)
2.2.3. Rota ciia mét trudng vecto
a. Dinh nghia

Trong truong vecto A ta xét mot vong kin nhd L ndm trong mat
phang c6 phéap tuyén fi (Hinh 2.7). Nguoi ta dinh nghia lwu théng
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(con goi 13 luu s6) vecto A doc theo duong cong kin (chu tuyén) L
la dai lugng Q duoc tinh theo tich phan duong loai hai [2]:

Q= qﬁ Adl, (2.56)

Hinh 2.7. Minh hoa chiéu duwong ctia chu tuyén.

Luu thong cta trudng vecto phu thude khong chi vao A va L ma
con phu thude vao ca hudng cia chu tuyén L.Khi thay d6i hudng ciia
chu tuyén (déi chidu dl ) thi luu thong dbi ddu. Néu vecto A vudng
gbc véi tiép tuyén cua L tai diém do thi A.dl =0.

Xét diém M nam trong trudng vecto A vabao quanh né bang duong

cong kin L v6 cung bé. Dién tich cia mién dugc gioi han boi L 1a

AS. Ty s AQ_S chinh 1a mat d§ luu thong trung binh cta truong

vecto A trén dién tich AS. Ta dua vao dinh nghia rotation (Viét tat 1a

rota) cua vecto A tai diém M(X, y, z) va duoc ki hiéu 1a rot A dic
trung cho do x0dy cua truong tai diém M nhu sau:

¢ Adi

rot, A= Alémo(L)T, (2.57)

trong do rot, A 1 hinh chiéu ctia vecto rot A 1én phuong phap tuyén
N cua mit S.
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Tatinh rot A tai diém M(X, Y, Z) trong hé toa d6 Descartes bang cach
tinh cac hinh chiéu cua rot A 1én ba truc toa dd X, y, Z va chon S la
cac mat tao bdi hinh hdp chir nhat di qua diém M, c6 cac canh rat bé
AX, Ay va Az.

Trude hét ta tinh hinh chiéu ciia vecto rotA 1én phuong z. Ta chon chu
tuyén (L) ndm trong mat phang Oxy gdm bén doan nhu trén hinh 2.8.

y
< Av
3 T
4 24 Ay
1 l
Mi(x.y) o
0 X

Hinh 2.8. Chu tuyén L trong mit phang Oxy.

Hinh chiéu cua A 1én hudng cua doan 1 12 Ax(x,y), nén ta co:

j A.dl = Ay)AX . (2.58)

Hinh chiéu ctia A 1én hudng ctia doan3 12 -Ax(X,y+Ay), nén:

JAdl =-Ady+ay)ax. (2.59)
3

Tuong tu dbi voi cac doan 4 va 2 ta co:
j Adl = -Ay(X)Ay, (2.60)
4
j Adl = Ay(X+AX)Ay. (2.61)

2
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Cong tit ca cac gia tri trén ta dugc luu thong cia vecto A doc theo
duong cong kin (L) ndm trong mit phang OXxy:

95 Adl = Ax(y)AX - Ax(y+AY)AX - Ay(X)Ay+Ay(X+AX)AY.  (2.62)
(L)
Chia hai vé (2.62) cho AS = AxAy va chuyén qua giéi han AS —0

(khi tit ca moi diém trén L déu tién vé M), ta duoc:

¢ Adl

rot, A= lim & = |im[AV(X+AX)'AV(X)}— |imr&(y+Ay)'AA(y)}
z AS—>0  AS Ax—0 AX Ay—0 Ay
hay
ot, A= 20 A (2.632)
ox oy

Lam hoan toan tuong ty ta tinh dwoc hinh chiéu rot A 1én truc X va y la:

- 0
rotXAzﬁ—ﬁ, (2.63b)
oy oz
rotyﬂzﬂ—%. (2.63c)
oz oX

Cac biéu thirc (2.63a,b,c) biéu dién cac thanh phan hinh chiéu rota
cua trudng vecto A tai didm M(X, Y, z) 1én céc truc toa do Descartes.
Vi vay, dudi dang vecto ta co:

. OA oA
oth _| %P Py §X+(%_ﬁj§y+ Py oA 8, .(2.64)
oy oz oz OX OX oy

Str dung biéu thtrc toan tir nabla V dong thoi luu § cach biéu dién
tich vecto theo dinh thirc (xem cong thie (1.25) & chuong 1), ta ¢
thé viét rot A dudi dang:
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€ € €

X y z

rotA= VxA = 9

8
X o o (2.65)
A,

A

Trén day, ta da quy udc toan tr Vx c¢6 tac dung vira la dao ham,
vura 1a nhan ¢6 hudng 1én vecto dimg ngay sau no.

b. Tinh chat
Véi A1 va Aola cac hang s6 thi ta co:

rot(A1 A+ A2 B )=Asrot A+ AarotB . (2.66)
Tinh chét nay d& dang dugc kiém chung biang cach thay A trong

(2.64) boi (A1 A+ A2B) rdi tién hanh tinh tinh truc tiép, ddng thoi
chu ¥ rang rota cia mot hang s ludn dong nhat bang khong.

Néu thay A trong (2.64) béi UA, v6i U 1a mot ham ctia toa do ta thu
duoc tinh chét sau:

rot(uA) =urotA - Axgradu. (2.67)

Twong tu, néu thay A bai gradu vao (2.64) va gia st U ¢6 cac dao
ham riéng lién tuc dén cép hai thi ta c6 hé thuc:

rot(gradu) = 0. (2.68)
Vi du 2.7: Tinh rota ctia truong vecto cuong d6 dién truong:
- qF
Ta c6: dé tinh rotE ta cén tinh cac dao ham riéng theo (2.64). Hoan
toan tuong tu nhu khi tinh div E trong vi du 2.6, ta kiém tra dugc réng

rot E =0.

-850 -



2.3. Phan loai trwomg vecto

2.3.1. Truong thé

Mo rong cho vi du 2.7 noi trén ta c6 dinh nghia, mot truong vecto
Aco rotA = 0 thi nd duoc goi 13 truong thé hay truong bdo toan
[14, 17]. Lac d6, tir biéu thirc dinh nghia (2.57) cho thy: néu A 1a

truong thé thi luu sé vecto A doc theo duwong cong kin (L) bat ki
bang khéng:

fﬁ\.df =0. (2.69)

Chung ta minh hoa (2.69) bang cach xét chu tuyén (L) nhu trén hinh
2.9. Khi do, tir (2.9) ta suy ra:

(L)

Hinh 2.9. Minh hoa chu tuyén L cho tinh luu sb vecto cua truong thé.

{A.d*: jZ\.dh j/&.df: jZ\.dF_ jZ\.dfzo,
(L)

(1a2) (2b1) (1a2) (1b2)
hay
[Adl = [AdI. (2.70)
(1a2) (1b2)

Tir day ta rit ra tinh chat: Lieu s6 vecto ciia truong thé doc theo mét
dwong cong bat ki khéng phu thuéc dang dwong tdi ma chi phu
thudc vi tri diém dau va diém cudi. Dic biét, liu sé vecto ciia truong
thé trén mét dwong cong kin sé bang khong.
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Dbi véi cac truong thé, do rotA = 0 nén tir (2.68) ta SUy ra vecto
trudng co thé duge biéu dién theo gradient cia ham v6 hudng nao do:

A=—gradg. (1.27)

Ham vo6 hudng ¢ lién hé véi vecto trudong Anhu trong (2.71) duogc
goi 13 thé vé huéng. Nhu viy, mot truong vecto 1a truong thé thi ta
lubn biéu dién vecto trudng thong qua ham thé v hudng.

Trong vt li, tiy thudc vao timg truong vecto cu thé ta cd cac tén goi
riéng cho thé vo hudng. Quay tro lai vi du 2.7 ta thay, truong tinh
dién E 1a mot truong thé. Luc do, thé vo hudng cua trudng duge goi
la thé tinh dién. Néu ta dat dién tich diém qo trong trudong cia g thi
Jo chiu tac dung ctia mot lyc tinh dién F = qu. Tu nhan xét trén ta
rut ra réng, cong cua lyc tinh dién (chinh 1a luu sb cua vecto luc F )
khong phu thugc dang cta duong di ma chi phu thudc vi tri diém
dau va diém cudi, cong nay s& bang khong khi dién tich diém go dich
chuyén theo mot duong cong kin.

2.3.2. Trwong xoay va truong solenoid

Biéu thirc dinh (2.57) cho thiy rota ciia mot trudng vecto dic trung
cho su x0dy cua truong vecto do. Vi thé, néu mét truong vecto A c6
rotA=0 thi A duoc goi la truong xody. Trong vat li, chung ta gap
nhiéu trudng hop vé truong xody. Vi du, theo 1i thuyét truong dién
tr ciia Maxwell, bat ki mot su thay ddi nao cua tir truong theo thoi

gian déu tao ra mot dién trudng xody thé hién qua phuong trinh:
- 0B
rotE = ——. (2.72)
ot
Ngoai khai niém truong xody, nguodi ta con dinh nghia truong
triong vecto AMA tai moi diém trong né ¢6 divA= 0 thi ta goi la
solenoid hay trwong hinh éng [2]. Véi truong solenoid, cac duong
vecto tao thanh cac éng lién tuc, néu c6 mdt mat kin bat ki nim
trong truong thi sb dudng vecto di vao bang s6 duong di ra khoi mat
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d6. Vi vay, thong luong vecto trudng giri qua mat kin bat ki déu
bang khong.

Quay tré lai vi du 2.6, ta thay truong tinh dién 13 mot trudng hinh
dng trong toan khong gian (trir tai gbc toa do), cac duong vecto 1a
cac tia xudt phat tir gbc toa do, cac dng vecto c6 dang hinh ndn véi
dinh nam vi tri dién tich diém q (chinh 14 diém ngudn).

2.4. Mot sb dinh li tich phan

Cac phép toan vi phan dive, rota va grad ma ta da xét ¢ trén dac
trung cho tinh chat hay dang diéu cua trudng trong mot ving di nho
(vi md). Pé dic trung cho truong trong cac ving 1én (vi mo), dua
trén céc dinh nghia ctia cadc phép toan vi phan noi trén nguoi ta da
xay dung céc dinh 1i tich phan.

2.4.1. Dinh li Ostrogradski - Gauss

Xét mot yéu td vi phan thé tich AVk chira diém My duge bao boi mat kin

Sk ndm trong truong vecto A . Dya trén dinh nghia ciia dive, ta ¢ [3]:

gﬁﬁ AdS

divA(M, ) = AUKTO(SK)AT . (2.73)
Mit khac, theo dinh nghia cta giéi han ta ludn chon dugc hing sb &
nho tuy y dé
§p Ads
divA(Mk)—(S“)AT <&,
hay

divA(M,)AV, —§p AdS|< AV, &, (2.74)

(S)

Lay téng cua (2.74) theo tat ca cac yéu tb vi phan thé tich
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k k

> divA(M,)AV, - > P AdS|< Y £AV,.
k (S¢)
Cho cac yéu tb vi phan thé tich AVktién t&i 0 va cha ¥ rang

lim > divA(M,)AV, = j j j divAdV, (2.75)
k0 (V)

k=1

Zg[;% AdS = @;ﬁ AdS (2.76)
ta dugc cong thirc dinh i Ostrogradski-Gauss (viét tat 1a O-G):

j j j divAdV = q’:ﬁ AdS . (2.77)
V) (©)

Trong biéu thirc (2.77), S 1a mit kin bao quanh thé tich V. Biéu thic
nay cho biét mdi quan hé giira tich phan theo thé tich véi tich phan
mit bao quanh thé tich doé.

Trén phuong dién hinh hoc, biéu thirc dinh 1i O-G dugc minh hoa
nhu trén hinh 2.10.

Hinh 2.10. Minh hoa hinh hoc cho dinh 1i O-G.

Ta chia toan b thé tich V (giéi han boi mat kin S) thanh v6 sé phan
tir thé tich AV; rt bé (dugc bao quanh boi cac mat kin nho ASy). Xét
hai phﬁn tir thé tich canh nhau c6 mot mat bién chung nhu hinh
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2.10b, trén mat bién nay, thong luong di ra khoi phan tir thé tich tha
nhat c6 gia tri bang nhung nguoc dau véi thong luong di vao phan tir
thé tich thr hai. Vi vay, khi tinh tong thong luong qua mit S va S
thi phan théng luong chuyén qua mit chung s& triét tiéu. Mé rong
cho toan mién thé tich V ta thdy, théng luong tong cua cac mit con
nam bén trong thé tich bang khong, chi con lai thong lwong tinh trén
bé mit thé tich nay.

Pinh 1i O-G dugc ung dung nhiéu trong vat li. Xét mdt ung dung
quan trong la thiét lap thiét 1ap dinh luét bao toan dong cho khdi chat
luu 1i tudng, chuyén dong véi van téc V(M) . Dai luong j = pV
(v6i p1a mat d6 khoi lwong ciia chét luu) duoc goi 1a vecto mdt do
dong. Khi 6, tich phan ﬁ>].d§ 1a Iwong chét luu thoat ra khoi mat

(s)

kin S trong mot don vi thoi gian. Vi khdi chat luu khong chiu nén,
nén theo dinh luat bao toan khoi lugng thi trong mot don vi thoi
gian, luong chét luu thoat ra khéi mat kin S chinh bang do giam khéi
luong trong thé tich V. Nghia 1a:

4 7as =—[[[ Lav.
©) ) ot
Ap dung dinh 1i O - G, ta c6:
q?;ﬁ]d§:_[j_[dividv .
(9) )
Tu d6 suy ra

m(div]+%0)dv =0. (2.78)
v)

Do thé tich V dugc chon tuy ¥ nén (2.78) chi thoa man khi

.~ Op
divj + =+ =0. 2.79
I+ (2.79)
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Biéu thuc (2.79) dugc goi 1a phwong trinh lién tuc ciia dong chat lieu
Ii twong. Néu su chay 1a dirng (mat d6 khdi lwong khong phu thude
vao thoi gian) thi biéu thirc (2.79) tré thanh:

divj =0. (2.80)

Luc dé, truong van téc 13 mot truong hinh dng, nghia 1a c6 bao
nhiéu dudng vecto di vao mot mit kin thi ¢6 bay nhiéu dudng vecto
di ra khoi mat d6. Néi cach khac, sé duong dong khong thay dbi
trong sudt qua trinh chat luu li tuong chuyén dong 6n dinh. Pay
chinh 14 noi dung cua dinh ludt bdo toan dong cia chdt luu 1y twong.

2.4.2. Dinh li Stokes

Xét mat S dugc gidi han chu tuyén L nam trong truong vecto A.Ta
chia S thanh vo sé cac phan tir dién tich ASk v6 cing nho duoc gidi
han boi chu tuyén Lk. Vecto phap tuyén fi ctia mat ASk va chiéu
duong cta chu tuyén Lk dugc chi nhu trén hinh 2.11.

Hinh 2.11. Minh hoa tinh luu s6 vecto doc theo chu tuyén L va doc theo
cac chu tuyén L.

Xuét phat tir biéu thire (2.57), ta co rota cia trudong vecto Atai diém
M nam trong ASk dugc tinh:
¢ Adl

rot, A(M) = Alsimo%
k= K
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Theo tinh chét ctia gidi han, ta c6 thé chon duoc hang s6 & nho tuy y
dé cho
¢ Adl

A (%)
rotA(M, ) ————|<g,. 2.81
(M) AS, K ( )

Nhan hai vé ctia (2.81) véi ASk, sau do lay tong theo tit ca cac yéu tb
vi phan mit, r0i chuyén qua gidi han ASx— 0, dong thoi chu ¥ rang
> Adl = Adl, Jim > rot, A(M,)AS, = [[rotAds ,
k(L) L k (s)
ta co:

[[rotAds = AdI . (2.82)
(©) m

Biéu thirc (2.82) dugc goi la biéu thirc cua dinh li Stokes, n6 mo ta
mdi quan hé giira tich phan theo dién tich véi tich phan theo duong
cong kin gidi han dién tich d6 va dugc minh hoa nhu trén hinh 2.12.

, ‘%‘%

’;‘ S

V-

Hinh 2.12. Minh hoa cho dinh Ii Stokes.

L

Duva vao hinh vé cho théy, luu sb vecto trén cac canh cua cac chu
tuyén Ly triét tiéu 1an nhau (do mdi canh 1ay tich phan dudng hai lan
theo chiéu ngugc nhau) ngoai trir trén chu tuyén 16n L.
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2.4.3. Cac dinh li Green

Xét truomg vecto A c6 dang A = ugradv, trong d6 u va v la cac ham
v6 hudng va gia thiét cac dao ham riéng cp hai ctia chung ton tai.

Ap dung dinh 1i O - G cho truong vecto nay ta co:
@u gradv.dS = ”J.div(u gradv)dV
S \Y

= m (udiv(gradv) +gradu gradv )dV
\

hay

cﬁgu%ds :_m(uAv+VvVu)dV. (2.83)

Biéu thtc (2.83) dugc goi 1a cong thire dinh Ii Green thir nht.

Mit khac, néu doi chd u va v trong cong thirc (2.83) ta dugc:
<ﬁf>v S= m (VAU+Vuvv)dv. (2.84)
Trir vé v6i vé hai phuong trinh (2.83) va (2.84) cho nhau, ta duoc:

4}5 (va—u —u @jds = ”I(vAu —UAV)IV. (2.85)

Biéu thire (2.85) duoc goi 13 cong thirc dink li Green thir hai.

2.5. Cac hé toa d§ cong truc giao

2.5.1. H¢ toa d§ cong truc giao

Chung ta biét rang, vi tri cia mot chat diém M trong khdng gian ba
chiéu hoan toan dugc xac dinh khi biét vecto vi tri T clia n6 di véi
diém mdc O nao d6. Thong thuong dé tién khao sat nguoi ta gin vao
diém méc O mot hé toa do thich hop. Vi du, trong hé toa do
Descartes Oxyz, vecto vi tri T c6 dang:

r=r(xy,z). (2.86)
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Trong nhiéu bai toan vat li, dé thuén tién cho viéc xac dinh vi tri
didm M, thay cho bd ba sb (x, y, z) ngudi ta dung bd ba sé (a1, gz,
03), nghia la:

a:F(qliqziqa)- (2-87)

B ba s6 (g1, G2, g3) xac dinh vi tri ciia diém M trong khong gian
dugc goi 1a toa do cong cua diém M. R3 rang, cac toa do cong (1,
02, 3) la cac ham cua cac toa do Descartes (x, y, z) va nguoc lai,
nghia la:
= 01(X, ¥, 2), G2 =02(X, Y, 2), O3 =0a(X, Y, 2). (2.88)
X=X(01,02,03), y=Y(01,02,03), Z=2(q1, 02, ga). (2.89)
Cho 2 va g3 ¢b dinh, thay dbi g1 thi ddu mat cta vecto ¥ s& vach ra
trong khong gian mdt duong cong, ta goi day la duong toa do (.
Céac duong toa do (2 va gz ciing duoc dinh nghia twong tu. Cac mat
muc i = Ci (v6i i =1, 2, 3) di qua diém M duoc goi 13 cdc mdt toa
dé cua diém M. Lac d6, giao tuyén cua hai mat toa do chinh 1a
duong toa do (Hinh 2.13).

¢1,= const

N

|

X

Hinh 2.13. Vi tri ciia diém M trong khong gian c6 thé xac dinh theo cac
toa dd Descartes (X,y,z) hoac theo cac toa dd cong (01, g2, J3).
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Trén mdi duong toa do g, ngudi ta dua vao ba vecto don vi € (i =
1, 2, 3) twong Gng tiép tuyén véi duong toa do g tai diém M va
hudng theo chiéu ting cua gi. Bo 3 vecto {€, €,, €} nay c6 hudéng
thay ddi phu thudc vao vi tri cua diém M nén duoc goi 1a h¢ vecto co
s6 dia phwong. Lic d6, mot vecto trong khong gian ba chiéu co thé
phan tich dwoc thanh 3 thanh phéan toa d6 cong cua né nhu da lam
trong hé toa d§ Descartes.

Mot hé toa d§ cong ma cé cac vecto don vi co so dia phuong ludn
vudng goc voi nhau timg doi mot tai moi diém trong khong gian thi
duogc goi la hé toa do cong truc giao.

2.5.2. Mot s6 hé toa @9 cong truc giao thwong diung

a. Hé toa d¢ tru

Hé toa d6 try thuong duoc dung dé khao sat cac bai toan cé tinh dbi
xtng truc. Trong hé toa do tru, vi tri ctia diém M trong khong gian
duoc dac trung boi bd ba s6:

Q=p,02=¢,03=2Z. (2.90)
Mbi quan hé gitra toa do tru vai toa d§ Descartes dugce xac dinh bai:
X= pcos¢, y=psing, z=1z. (2.91)

Trong hé toa do try, cdc mat toa d0 dugc xac dinh bdi (Hinh 2.14):
- Mat toa do p = const: mat tru c6 tryuc 1a Oz;
- Mit toa dd ¢ = const: nira mt phang giéi han boi Oz;
- Maittoa dd z= const la mat phéng vudng goc voi truc Oz.
Giao cua ba mat toa do trén chinh la ba duong toa do p, g va z, trong do:
- Puong p la nira dudng thang xuit phat tir truc Oz va vudng
gdc vai truc Oz, toa do p bién thién tir 0 dén +o;
- Puodng ¢1a dudng tron vudng goc vai truc Oz va ¢ tim nam
trén Oz, toa d6 ¢ bién thién tir 0 dén 2x;
- Puong z 1a duong thiang song song véi truc Oz, toa do z bién
thién tir - oo dén +oo.
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Miit phiing ¢ = const

——— Mat tru p = const

Hinh 2.14. Cac duong toa dd va cac mat toa do ctia hé toa do tru (o, ¢, 2).

b. Hé toa d cau

Heé toa do cau thuong duogc sir dung dé khao sat bai toan c6 tinh d6i
xung cau. Trong hé toa dJ nay, vi tri cua diém M duoc xac dinh boi
bd basb (r, 6, P). Mbi lién hé gitra toa do cau voi toa do Descartes
duoc xac dinh boi:

X =rsinécosg ,y =rsinésing ,z =rcosd . (2.92)
Trong h¢ toa do cﬁu, cac mat toa do duoc xac dinh boi (Hinh 2.15):
- Mat r = const; mit ciu co tam tai O;
- Mat @ = const: mat noén nhan Oz lam truc;

- Mit ¢ = const la mit phang di qua truc Oz.
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Mit nén @ = const

Mat cdu r=const

Mit phang ¢= const

X

Hinh 2.15. Cac mit toa d6 va cac duong toa do ciia hé toa do cau.

Giao diém clia ba mit toa do nay 1a ba dudng toa do r, 6 va ¢, trong do:
- Puong r 1a nira duong thang xuat phat tir gbc toa do, toa do r
bién thién tir 0 dén +oo;
- DPuong 6 1a dudng kinh tuyén trén mat cau, toa dd @ bién
thién tir 0 dén 7,
-  DPuong ¢ la duong tron vi tuyén trén mdt cau, toa do @ bién
thién tir 0 dén 2.
2.5.3. H¢ s6 Lame
Xét hai diém M(q1, 02, 03) V& M1(q1 +Ad1, 02, 03) rat gan nhau trong

khong gian. Ca hai diém nay cing nim trén mot dudng toa do gu. Ki

. . . . Al . . .
hiéu do dai cung MM la Al; va xét ty so A—l khi Agy — 0. Néu ty so

1
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nay ton tai (httu han) thi gidi han nay duoc ki hiéu la h; va dugc goi la
hé s6 Lame (con goi 1a hé so ty xich — scale factor) ddi véi toa do qs :

h = fim 2 _dh (2.93a)
A0 Agy dg,

Hoan toan tuong ty, ta dinh nghia h¢ s6 Lame ddi véi toa do g2 Va gs:

Al _d

im ) (2.93b)
A3, -0AQ,  dd,

h, =

_ tim 2k _ 9k (2.93¢)

Aq3—>0 Aqs dq3
V& mat hinh hoc, hé s Lame dic trung cho d cong cua cac duong
toa do. Néu hé toa do co cac duong toa do 1a cac duong thfmg thi hé
s Lame ludn bang 1 tai moi diém trong khong gian. Trong hé toa do

tru (o, ¢, 2), cac hé s6 Lame bang:

ho=h = lim 21— jim 2P g (2.942)
Ap—0 Ap Ap—0 Ap

h, =h, = lim 22 — jim 229 _ (2.94b)
Ap—0 A¢ Ap—0 A¢

ho=h = lim 2k _ jim 22 _q (2.94¢)

Az—0 A7 Az—0 A7

Khi biét hé s6 Lame ta tinh dugc cac yéu td vi phan do dai trén moi
duong toa do:

dli= hldql; dl2=hadly; dls=hs dC]3. (2.95)

Bay gio ta tim moi quan hé giita hé s6 Lame khi chuyén tir hé toa do
Descartes sang hé toa do cong. Vi tri cuia M va My trong hé toa do
Descartes twong ung dugc xac dinh theo cac vecto vi tri F(X,Y,2))

Va [ =T (X+AX, Y+ Ay, Z+Az) nhu trén hinh 2.16. Ta dat:
A =MM, =T (X+AX, y+Ay,2+Az)-TF(X, Y, 2) =€ AX+E Ay +€,Az.(2.96)

Khi do:
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@_“mAr 8x oy . 0z
o0, Au-0 Ag aql oq, ¥ oo,

(2.97)

Hinh 2.16. Minh hoa dao ham vecto vi tri theo toa d6 cong truc giao.

. AT o .
Mat khac, tir hinh 2.16 ta thay: khi Agi— 0 thi — tién t('na— cung

Ag,

phwong chiéu véi vecto don vi € tai M. Vi vay:

or _dl _ .
— = =€ h.
og, " dg
Twr (2.97) va (2.98) suy ra:
—e +ay*+—e =€, hi.

og, * og, ' ag
Tuong tu cho cac dao ham theo (2 va Qs, ta co:

¥ 5

OX _. oz
—€ +—€ +—F€ =¢ ha,
oq, © o9, ' aq,

aa,

(2.98)

(2.99a)

(2.99b)

(2.99¢)

Lan luot binh phwong hai vé cua cac phuong trinh (2.99) va sir dung

dinh nghia tich v6 hudng, ta dugc céc h¢ thirc:
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h = ( X\ (QJ + [a_zj , (2.100a)

ag,) \ag,) | og,
ax 2 2 a 2

hy = (— +[ﬂ] +(—ZJ , (2.100b)
aq, aq, aq,
a 2 2 a 2

h? = (—X J{ﬁ] + (—Z] . (2.100c)
00, 0d; 0d,

Céc biéu thirc (2.100) duoc sir dung dé tinh cac hé sb Lame khi biét
mdi lién hé gitra cac toa do Descartes vai cac toa do cong truc giao.
2.5.4. C4c phén tir vi phan
Trong muyc ndy ta s& tinh cac phan tir Vi phan khodng cdch, vi phin dién
tich va vi phdn thé tich trong hé toa do cong truc giao. Xét vi phan cua
vecto vi trf r(0,,0,,0;) , dua vao tinh chit ctia ham hop ta ¢
. or or or
dr = —dq, + —dqg, + —da,. (2.101)
oo aa, o

< L N , or
Mat khac, cadc dao ham riéng cia — , ta duogc:

dr = h, dg,€, +h, dqg,€, + h, dg,E, . (2.102a)
Tr (1.102), ta suy ra yéu t6 vi phdn khodng cdch trong toa dg cong:
dr = \/(hda,)’ + (hda,)* +(h,da,)° . (2.102b)

Pé tim cic phan tir vi phan dién tich va vi phéan thé tich ching ta s

dung tich vecto va tich boi ba vd huéng. Bat dr = MN (voi N va M rét
gﬁn nhau), ta dung ba mat toa d qua M va ba mat toa do qua N dé tao
thanh mot hinh hdp cong c6 d6 dai cac canh (nhu trén hinh 2.17):

dli = hidg; (i =1-3). (2.103)

Dua vao tinh chit cua tich vecto (xem muc 1.4.2), ta rat ra dugc
biéu thirc cta cac vi phdn dién tich mat:
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dS, =|&,dl, x&dl,| = h,h,da,dd,,
ds, = |éld|1 X é3d|3| = hh,da,da;, (2.104)
ds; = |éld|1 x ézd|2| = hh,dg,dq,,

trong do, dS; twong ing la mat vuéng goc vai cac duong toa do qi.

Theo tinh chit cia tich boi ba v hudng, vi phdn thé tich (bang thé
tich cta hinh hop) co thé duoc xac dinh theo:

dv=| (dI,&,).[(dI,&,) x (dI,&,)] | - (2.105)

Thay €, x€, =€ vadli = hidgi vao (2.105), ta duoc:

dV = hih2hz dgi dg2 dgs (2.106)

q2
dS) = hhydg.dqs /

q3

dS; = hihydq,dgs;

q1

dSy = hh,dq,dg,

Hinh 2.17. Minh hoa cac phéan dién tich mat va vi phan thé tich.
2.6. Cac toan tir vi phan trong hé toa d¢ cong truc giao
2.6.1. Gradient

Ta da biét, hinh chiéu cta vecto gradu 1én mot hudng nao d6 bang
dao ham cua ham u theo hudéng nay. Vi vay, dé xay dung cua biéu
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thirc gradu trong hé toa d cong truc giao, ta chi can tinh dao ham
cua U theo cac hudng cua 1, g2, va (s, nghia la:

gradu = € grad,u + &, grad ,u + €, grad ,u, (2.107)

voi, gradiu 1a hinh chiéu ciia gradu 1én phuong € cta dudng toa do q;:

grad.u = 2—9 (2.108)
Mat khac:
6_u:8_u= lim M: lim u(g, +Ag;, G5, 95) — (G, G5, Gs)
6 ol s Al, A0 Al
i Y00 A 0. 0) ~U(G, 0, G) AG _ U 1 o)
AQ—0 Aql AIl aql m

Két hop (2.108) va (2.109) ta c6:

grad,u = 1o . (2.110a)
h, oq,
Hoan toan twong tu dbi véi cac toa do 02 va gs cudi cing ta thu
duoc:
grad,u =~ (2.110h)
h, oq,
gradu=—-Y (2.110c)
h, od,

Vay, gradient ctia ham v6 huéng u tai diém M(qu, 02, g3) trong hé

toa do truc giao dugc xac dinh béng
€ Ou € ou € du
gradu(q,,q,,0;) = ——+—=—+2>—. (2.111)
Y hog, hyog, hyog,

Vi du 2.8: Trong hé toa do cau (r, 9, 9, béng cach tinh cac hé sb
Lame sau do6 thay vao (2.111) ta thu duoc biéu thire gradient:
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) )
gradu =§, a_u+e_ea_u+'_¢a_u . (2.112)
or r 00 rsinf 0¢

2.6.2. Dive

Xuét phat tir biéu thirc dinh nghia dive ciia mot trudng vecto

#Ad§
divA = Al\imo(S)T, (2.113)

ta co thé tim biéu thirc twong minh cia diVAtrong hé toa do cong
tryc giao. Mudn vdy, ta can tinh thong lugng cta truong vecto A
qua mit kin S bao quanh thé tich vo cing bé AV theo céc toa dod
cong [4].

Hoan toan tuong ty nhu cach lam trong hé¢ toa do Descartes, ¢ day ta
x6t mot hinh hop chit nhat cong, thé tich AV nhu trén hinh 2.17. Sau
khi tinh thong luong tong cong qua cac mit ctia hinh hop, ta chia
cho thé tich AV (tinh theo (2.106)) va liy gidi han theo (2.113). Két
qua thu duoc:

hhh | og 00, 00

Biéu thirc (2.114) mo ta dive cua truong vecto A tai diém M(qs, Gz, 03)
trong hé toa do cong truc giao ndi chung. Trong hé toa df try, ta co:

. d(pA) oA
divAi{ (p p)+ ¢+p66AZ}. (2.115)
Z

pl Op o¢

2.6.3. Rota
Duya vao biéu thire dinh nghia (2.57), ta c6 thé xay dung biéu thirc

cia rotA trong h¢ toa do cong tryc giao hoan toan twong tu nhu da
xay dung trong h¢ toa d§ Descartes. Ta chon cac mat dé tinh Iuu sd
vecto la cadc mat cua hinh hop chit nhat cong dugc mo ta nhu trén
hinh 2.17. Khi d6, cac vi phan do dai cung va vi phan dién tich duoc
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tinh theo (2.95) va (2.106). Két qua cudi cung thu duogc (viée ching
minh xem nhu ndi dung bai tap):

~ 1] e 0
rot A = < (Ah)--2(Ah)],
At 2 ) 2 (o)
- 1o 0
rot, A = 2 (Ah)--Z(A.n)], (2.116)
A Z(an)- 2 (an)
- 1[0 d
rot,A= 2 (Ah)-—2(Ah)]|.
At () 2 an)

Bidu thtc (2.116) biéu dién cac thanh phin hinh chiéu cia rotA tai
diém M(q1, G2, 03) 1én cac duong toa do trong hé toa dd cong truc
giao. Dya vao biéu dién dinh thirc, ta c6 thé viét lai (2.116) dudi

dang:
hlél h2é2 h3é3
roth=—+ | © 0 0 (2.117)
hh,hy joq,  og, o,

hl Ai h2 AZ h3 A3

Trong hé toa do cau, bang cach tinh cac hé sé6 Lame va thay vao
(2.117) ta thu dugc:
€ rg, rsind e,
1 0 0 0
r’sind| or 00 ¢
A TA, rsing 4,

rotA =

(2.118)

2.6.4. Toan tir Laplace
Trong hé toa d§ cong truc giao, todn tir Laplace A dugc xac dinh
hoan toan nhu trong hé toa d§ Descartes, & déy ta da thu duogc toan
tr A bang cach tac dung dive 1én gradient:

o*  9*  0°

A=VV=—t—+—.
ox® oy° oz
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Dé chuyén biéu thirc nay sang hé toa do cong truc giao (q1, 2, 03),
trwde hét ta thuc hién tinh gradient theo (2.111), sau d6 tac dung tiép
boi phép toan dive theo cong thic (2.114). Két qua thu dugc:

AL P[hzhai}i(%i}i[@iﬂ,(2,119)
hhhy| oo\ 6q,) o\ h, od,) og,\ hy og,

Vi dy 2.9:

Trong hé toa do cau (r, @, ¢), bang cach tinh cac hé s Lame va thay
vao (2.119) ta dugc biéu thirc cia toan tir Laplace:

2
A= 21_ sineg(r2£)+i(sinei)+ia—z (2.120)
resing or or) 06 06 ) sinf o¢
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BAI TAP CHUONG 2

2.1. Mot chat diém chuyén dong trong truong luc xuyén tam.
Chtrng minh rang vecto dong luong cua chit diém ludn ndm
trong mot mat phang c¢d dinh.

2.2. Chting minh céc cong thuc:
a) rot(uA) =urotA - Axgradu.
b) div(AxB)= BrotA - ArotB.
c) rot(AxB)= AdivB- BdivA+(B.V)A-(A.V)B.
d) grad (A.B)= BxrotA + AxrotB +(B.V)A
+(A.V)B.
e) div(grad u) = V.(Vu) = (V.V)u = = V2u = Au.
f) rot(grad u) = Vx (Vu) = (Vx V)u=0.
g) div(rot A) =V[Vx A] =0.

h) rot(rotZ\) = grad(divA) - AA.

2.3. Mot m6 men ludng cuc dién P (khong d6i) tao ra xung quanh
TNy S L _, PT s
mot truong theé vo hudng ¢(r) =k —-, trong do F 1a vecto vi tri tai
r
diém xét. Biét E = —grade, ching minh ring: vecto cuong do dién
truong cua ludng cuc dién dugc tinh boi

Ek(@i]

r5 r3
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2.4. Mot mo6 men ludng cyc tr M (khong ddi) tao ra xung quanh nd

M xr
ré

truong thé vecto A duoc xé4c dinh boi: A= Ho trong d6 1 la

47

vecto vi tri. Biét B= I‘OL&, chtrng minh rang vecto cam tmg tir B
cua ludong cuc tr dugc tinh bdi:

B—zﬁ(?)(l\_/i F)f M J
r '

2.5.Cho ¢ = 2x%y — xz3. Tim V¢ va V.
2.6. Tim mdt muc cua cac truong vo hudng sau:
a) u=x%-y%
b) u=x%+3y’+ 7%
2.7. Tim cac diém ma tai d6 gradient clia truong u = x2+y?+72
a) vuong goc vai truc Oz;
b) bang khong.
2.8. Thiét lap cac biéu thirc vi phan dién tich va vi phan thé tich
trong hé toa dd cau va trong hé toa do tru.
2.9. Tim biéu thuc cua div A trong hé toa do cau (r,6, ¢).
2.10.Tim biéu thirc graduva Autrong hé toa do tru.
2.11.Chtrng minh cong thirc (2.116) va tim rot A trong hé toa dd truy.

2.12. Tinh thong lugng cua trudong vecto A= (0,0,2) qua phan mit
cau X2+ 3y? +z°=a nam trong goc toa do phan tu thir nhat (x> 0, y> 0,
z>0).
2.13. Tinh luu théng cua trudong vecto A= (x,y,2) doc theo cac
duodng tron:

a) x*+y>=1,2=0;

b) (x—2)>+y?=1,z=0.
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2.14. Cho F = (t°+2t)€, —3e*'€, + 2sin5t€, . Hay tim cac biéu thirc
sautait=0.

a°r

dt?

ar

dt

d?r
. 0)—: d
)dt2 )

dr
a—: b
)dt )

2.15.Tim vecto don vi tryc giao véi mit muc 2x? + 4yz — 52%= -10 tai
P(3,-1,2)
2.16. Cho ham vo huéng f(r) voi r=\x*+y>+2> va gia thiét

o,
g

f(r)= g—f ton tai. Hay chimg minh rang: grad f (r) =
r

2.17. Mot hat chuyén dong trong khong gian theo phwong trinh
chuyén dong ¥ =F(t) v6i t Ia thoi gian. Hiy chimg minh ring gia
tdc d@ cua hat dugc biéu dién boi:

dv . v?

d=—¢€+—¢€,,
dt R

v6i v 13 van toc € va € tuong tng la vecto don vi theo hudng cua

gia tc tiép tuyén va gia toc phap tuyén cua chit diém; con R 12 ban
kinh cong cua quy dao.

2.18. Cho ham v6 hudng u = 2x%y — 3y?z va diém P(1, 2, -1).
a) Tim dao ham cua u theo huéng PQ véi Q = (3, -1, 5).

b) Theo hudng nao tir diém P thi dao ham cua u theo hudng
do la cuc dai.

¢) Hay tinh do 16n cua dao ham theo hudng ma tai d6 né cuc
dai.
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2.19. Mot hinh cau ban kinh R, tich dién déu trén bé mit ngoai véi
mat d¢ dién tich mat o, quay quanh truc ctia n6 vdi van tde géc w.
Hay tinh cam tng tir bén trong hinh cau?

2.20. Van dung dinh i O - G dé tim vecto cuong do6 dién truong &
trong va ngoai mot qua cau ban kinh R, duoc tich dién déu voi mat
d6 dién tich khéi p = const. Gia thiét hang s dién moi o trong va

ngoai qua cau déu bang .
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Chuong 3
PHUONG TRINH VAT Li-TOAN

3.1. Pai cwong vé phwong trinh vat li-toan

3.1.1. Mé dau

Phuong trinh c6 chtta cdc dao ham riéng cua ham hai hodc nhiéu

bién dwoc goi la phwong trinh dao ham riéng. C'Qip cao nhat cua dao

ham xuét hién trong phuong trinh duoc goi 14 cdp ciia phuong trinh.

Phuong trinh dao ham riéng 13 rat phd bién trong thuc té vi n6 cho

phép mo ta sy bién doi ciia mdt bién s6 theo hai hay nhiéu bién so

doc 1ap khac nhau. Phuong trinh dao ham riéng gin lién voi mo ta

hién tuong vat i thuong duoc goi 1a phuwong trinh vdt Ii - toan. Ta

x6t mot s6 thi du vé phuong trinh vt li-toan trong thuc té:

Phuong trinh Poisson: AU = f . Phuong trinh nay thudng xuét
hién khi nghién ctru thé tinh dién, tir truong tinh, thuy dong luc
hoc, thé hdp din, truyén nhiét dimg. Pic biét, khi f = 0 thi
phuong trinh Poisson tr¢ thanh phuong trinh Laplace;
. ; _ 10U o
Phuong trinh D Alember: Au=——-, m6 td qua trinh lan
a® ot
truyén song nhu: song di dién tir, cac song dan hoi;

Céc phuong trinh Maxwell mo ta cac hién tuong dién tr,

2
Phuong trinh Schrodinger: i# %// = —5— Ay +V (T, t)y, mo
m
ta su bién doi trang thai cta hat vi mé theo thoi gian trong
truong thé nang V (F,t) ;
2
Phuong trinh Klein - Gordon: Al,//—i2 aﬁtvz/
c

chuyén dong cta vi hat trong truong hop twong ddi tinh.

—k2y =0, mo ta
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Tuong tu phuong trinh vi phan thuong, phuong trinh dao ham riéng
duoc goi 14 tuyén tinh néu ham phai tim va cac dao ham cua no chi
xuét hién véi liy thira bac mot va khéng co tich cia chung voi nhau.
Néu thém vao d6, moi sb hang ctua phuong trinh déu chira ham phai
tim hodc dao ham cua né thi phuong trinh dwoc goi 1a tuyén tinh
thuan nhdt. Nguoc lai, tirc 13 c6 s6 hang khong chtra ham phai tim va
cling khong chira dao ham cua no6 thi ta c6 phwong trinh dao ham
riéng tuyén tinh khong thudn nht.
Chuong nay chi xét cac phuong trinh dao ham riéng tuyén tinh cp
hai duoc ing dung trong vat li. Dang tong quét ctia mot phuong trinh
dao ham riéng tuyén tinh cip hai ciia ham hai bién s6 u(x, y) la:
2 2 2
A(X, y)a—g+28(x, y) ou +C(x, y)a—l:+
OX OX oy oy
ou

+D(x, y)&+ E(x, y)%u+ F(x,y)u=G(xy). (3.2)

Phuong trinh dugc goi 1a thuan nhdt néu G(x,y)=0, con khi

G(x,y) #0 voi moi X, y thi phwong trinh 13 khdng thuan nhdt.

3.1.2. Phéan loai

Khi nghién ctru phuong trinh dao ham riéng tuyén tinh cip hai, tuy

thudc vao gia tri ciia cac hé sé A, B va C, phwong trinh (3.1) ¢o thé

dugc phén ra thanh ba loai: elliptic, parabolic va hyperbolic. Cu thé:
e Khi B2< AC trong mién Q nao d6 thi (3.1) dua duoc vé dang:

ou o ou ou
—+t—+D—+E—+FRu=G/(7n). (3.2)
og™  0n o " on
Luac d6, (3.2) duoc goi 1a dang chinh tic cta phwrong trinh elliptic
trong mién Q. Dang don gian nhat cia phuong trinh elliptic 1a
phuong trinh Laplace.
e Khi B> AC trong mién Q thi (3.1) dua duoc vé dang:

ou o4 ou ou
—2__2+ D2_+E2_+F2'UZG2(§177)' (3'3)
o0& on 0¢ on
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Phuong trinh (3.3) dwoc goi 1a dang chinh tic cua phirong trinh
hyperbolic trong mién Q. Dang don gian nhit ctia phuong trinh nay
1a phuong trinh séng mot chiéu.

e Khi B?= AC trong mién Q thi c6 thé dua (3.1) vé dang:

o°u ou ou
a_éz + D3@_§ + E:;a + F3.U = G31(&_’,T]) . (34)

Phuong trinh (3.4) dwoc goi 1a dang chinh tic cua phwong trinh
parabolic. Dang don gian nhat ciia phuong trinh parabolic 1a phuong
trinh truyén nhiét.
3.1.3. Piéu kién ban diu va diéu kién bién
Céc phuong trinh toan hoc mé ta hé vat 1i thong qua cac tham sb (vi
du nhu céac dai lugng vat 1i) thuong dugc xac dinh trong mot mién Q
nao d6, mién nay dugc gisi han bai bién C. Khi d6, mdi lién hé giira
cac qua trinh vat li xay ra & bén ngoai voi bén trong mién Q can
duoc xem xét khi xay dung mo6 hinh toan hoc. Mbi lién hé nay dugc
phan anh trén bién C giéi han hai mién. Lic d6, nhiing rang budc vé
mbi lién hé gilta cac tham s6 va cac dao ham cua chung trén bién ctuia
mién khao sat dugc goi 1a cdc diéu kién bién. Bai toan co su dung
cac diéu kién bién duoc goi 1a bai toan bién. Chung ta c6 thé phan ra
ba loai bai toan bién:

e Néu ham phai tim u dugc mo ta trén bién C thi bai toan bién

duoc goi 1a bai toan Dirichlet.

., Ou ,
e Néu T (1a dao ham cua u theo hudng phap tuyén cia C) dugc
n
cho trén C, thi ta cé bai toan Neumann.

A A A A oA N ou ., A
e Néu cho u trén mét phan cia bién C va cho a—tren phan con
n
lai cua C thi bai toan bién duogc goi 1a bai todn hén hop.
Trong vat li, chung ta thuong phan biét bién thoi gian Vva bién khong
gian (bién toa do thuc) dé tién khao sat va tim y nghia ciia chung.
Diéu nay ciing c6 nghia 1a mién Q duoc tach thanh mién khong gian
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V (dugc gidi han boi bién S) va mién thoi gian (dwoc gi6i han trong
khoang thoi gian T). Khi d6 chung ta can hiéu diéu kién bién la cho
biét qud trinh xdy ra ¢ trén bién S. CON diéu kién dau la cho biét
trang thdi cua hé tai thoi diém ban dau ciia mién thoi gian khao sat.

Dbi voi cac qud trinh ding (khong phu thudc vao thoi gian) thi bai
toan chi can diéu kién bién va day 1a mot bai toan Dirichlet. Vi du
nhu qua trinh truyén nhiét dung, phuong trinh cua thé tinh dién,
phuong trinh Schrodinger khong tuong dbi tinh ¢ trang thai dung, ...

Déi v6i qua trinh vat I xay ra trong ca mién khong gian vo han, luc d6
bai toan chi con didu kién ban dau va dugc goi 1a bai toan Cauchy. Vi du:
dao dong ngang cuia soi ddy dan hdi ¢6 chidu dai vo han.

3.1.4. Khai niém vé tinh d3it diing din bai toan bién

Su dat ding dén cua bai toan bién lién quan dén su ton tai va duy
nhit nghiém ctia bai toan. Néu sd cac diéu kién khong du thi co thé
ton tai nhidu nghiém. Néu s diéu kién 1a thira thi c6 thé dan t6i bai
toan v nghiém. Vi vay, mot mé hinh todan hoc duoc coi la thoa dang
néu tir cac diéu kién bién va diéu kién ban dau da cho thi bai todn ¢
nghiém duy nhat. Tuy nhién, chinh diéu kién d6 ciing chwa du. That
vay, trong mdi bai toan bién déu gén lién v6i mot hién tugng vat li
va bai toan diy phai 1a nghiém duy nhat ciia mé hinh dit ra thi méi
dam bao dugc tinh nhan qua. Mét khac, cac diéu kién bién va diéu
kién dau lién quan dén cac gia tri dugc xac dinh béng thuc nghi¢m
nén co sai sé nhat dinh. Néu cac diéu kién cua bai toan thay doi it
nhung kéo theo thay d6i 1on vé nghiém thi bai toan v6 nghia. Do do,
bai toan dwoc coi la dat dung ddn néu:

- Vi méi diéu kién cho trude déu ton tai nghiém cua bai toan.
- Nghiém dwoc tim la duy nhat.
- Nghiém phai phu thuoc lién tuc vao cac diéu kién cho trude.

Trong chuong nay, cac bai toan déu duoc xem 1a dat dung dén.
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3.1.5. Mot s6 phwong phap giai bai toan bién

Cac bai toan bién lién quan dén phuong trinh dao ham riéng tuyén
tinh cAp hai c6 thé duoc giai bang cac phuong phap khac nhau. Sau
day 1a mot sd phuong phap thudng duoc sir dung trong vt 1i.

a) Phwong phap nghiém tong quat

Theo phuong phap ndy, trudc tién ta tim nghiém tong quat rdi sau d6
tim nghiém riéng thoa man cac diéu kién bién. Hai dinh li sau ddy
lam co s¢ cho phuong phap ndi trén:

e Dinh li 1 (Nguyén Ii chong chat nghiém): Néu ui, Uz, ...Un 12
cac nghiém cta phuong trinh dao ham riéng tuyén tinh,
thuan nhat thi Ciuy +CauUp +...+ Cnun ciing 1 nghiém, véi Cy,
Ca, ...Cnla cac hang sd.

e DPinh Ii 2: Nghiém tong quat ctia phuong trinh dao ham riéng
tuyén tinh khong thuin nhét thu dugc bang cich cong
nghiém riéng ctia phuong trinh khong thuan nhét vao nghiém
téng quét ctia phuwong trinh thuan nhat.

Nghiém tong quat thuong dugc tim theo cic phuong phap da sir
dung cho phuong trinh vi phan thuong.

b) Phwong phap tich bién

Theo phuong phap nay, ta gia sir ring nghiém can tim u c6 thé biéu
dién duoc dudi dang tich ctia cic ham chwa biét ma mdi ham chi phu
thudc vao mot trong cac bién doc 1ap. Khi do, thay vao phuong trinh
dao ham riéng ta s& dugc cac phuong trinh vi phan thudng vai cac
diéu kién phy ma ta di biét cach giai. Phuong phap tich bién tim
nghiém ctia phuong trinh dao ham riéng gdm 3 budc co ban sau day:

Bude 1: Tach bién bang cach dat nghiém can tim dudi dang
tich clia cac ham ung véi cac bién doc 1ap dé chuyén phuong
trinh dao ham riéng thanh hé cac phuong trinh vi phan thuong
ma ta da biét cach giai. Khi d6, c6 bao nhiéu bién sé doc lap
trong phuong trinh dao ham riéng s& c6 twong tng by nhiéu
s6 phuong trinh vi phan thudng.
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Buwdc 2: Giai tim nghiém cua cac phuong trinh vi phan thuong
(sau khi tach bién) va cho thda man cac diéu kién bién.

Buwéc 3: Tim nghiém (thu duoc & bude 2) thoa mén cac diéu
kién ban dau ta dugc nghi¢m ri€ng cua bai toan.

Chuong nay s& trinh bay chi tiét 4p dung ctia phuong phap tach bién
cho cac phuong trinh truyén song va phuong trinh truyén nhiét.

¢) Phwong phap dung cac bién doi tich phén

Phuong phap nay ding cac phép bién dbi tich phan nhu bién ddi
Fourier, bién ddi Laplace. Y tuong cua phuong phap nay la chuyén
cac toan tr dao ham riéng theo mot bién nao ddy (trong khdng gian
cau hinh) thanh biéu thirc dai s6 don gian hon dé ta tién hanh tim
nghiém (trong khong gian anh), sau d6 thuc hién bién ddi nguoc dé
thu dugc nghiém cua bai toan. Phuong phdp nay dugc trinh bay &
chuong 4.

d) Phwong phap chubi liiy thira

Phuong phap chudi lity thira duge sir dung dé xac dinh ham can tim
(tc 1a nghiém) dudi dang chudi lity thira cta cac bién sé (nhan véi
hé s khai trién can tim) xung quanh mot diém nao d6 (co thé la
diém ki di). Bang cach thay chudi liy thira vao phwong trinh dao
ham riéng/vi phan roi thyc hién déng nhét thic hai vé chung ta tim
dugc gia tri cia cac hé s6 khai trién. Phuong phap nay c6 thé tham
khao ¢ céc tai li¢u [3, 6, 17].

e) Phuong phap ham Green

Phuong phap ham Green 1a phuwong phap khong giai truc tiép
phuong trinh vi phdn ma tim ham Green thong qua viéc giai phuong
trinh khac sau d6 biéu dién nghiém can tim thong qua ham Green.
Phuong phéap nay cé thé tham khao trong céc tai liéu [2, 4, 6].

3.2. Phuong trinh séng mét chiéu
3.2.1. Dao ddng ciia soi day dan hdi cing ngang
Xét soi ddy dan hdi dugc cing ngang theo truc Ox nhur trén hinh 3.1.

Gia sir day c6 do dai | va duoc gin chit tai cac mut x =0 va x = I.
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Kéo soi day léch khéi vi tri can béng mot doan nhé va tha cho dao
dong.

u

MM
ol >

0 \f x:JrAx ! X

Hinh 3.1. M6 hinh soi ddy dan hoi cing ngang (bén trai) va sy biéu dién
cac luc dan hoi tac dung 1én cung MMy(bén phai).

Dé thiét 1ap quy luédt dao dong cta sgi day, ta don gidn md hinh bdi
cac gia thiét: soi ddy rdt manh va dan hoi mot cach Iy tuwong; luc
chéng uon la khéng dang ké; ngoai luc tic dung trén mét don vi dai
ciia day la p(x,t) VA c6 phwong luén nam trong mdt phang thang
diing, vuéng goc véi truc Ox. Khi d6, mdi diém cua soi day chi dich
chuyén nho trong mat phang thang dimg, phuong dich chuyén luon
vuodng goc vai truc OX. Dong thoi goc tao boi tiép tuyén tai mdi diém
bat ky trén soi day véi truc OX ciing rat nho.

Quy luét dao dong cua soi ddy duoc mo ta théng qua sy thay doi do
léch u(x,t) cua mdi diém trén soi day so v6i truc Ox. Xét diém M
trong khdng gian va ta tuong tugng tich mot cung rat nho MMy trén
soi day (Hinh 3.1). Céc luc tac dung lén MMy 1a: T,,T,, pAx. Theo
dinh luat 2 Newton, phuong trinh dong luc hoc cia MM |a:

T,+T,+ PAX = pAxa, (3.5a)
v6i d 1a gia toc cia cung MMy,
Theo phuong dao dong u, phuong trinh (3.5a) duoc viét thanh:

o°u

Tasina - Tisinan + pAX :pry (3.5b)

trong do, p la mat do khéi lugng dai cua soi day.
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Tuong tu, theo phuong Ox, phwong trinh (3.5a) duogc viét :
Tacosaz - Ticosan = 0. (3.6)
Vi diém M duogc chon bat ky trén soi diy nén (3.6) chi théa man khi:
Tocosar = T1C0Sa1 = T = const. (3.7)
Chia hai vé cua (3.5b) cho TAx ddng thoi sit dung (3.7), ta dugc:

2
i[tgoc2 —tgocl]JrB _pdu

AX T Taot? (38)

Cho M1— M (ttrc 1a cho Ax — 0) va chl y dén tinh chat cta dao
ham:

lim i[tgoz2 ~tga, |= lim —

1 {au(x +AXt) 8u(x,t)} _d%u(xt)

Ax-0 AX M0 AX OX OX ox?
ta duoc:
o°u p pou
ou,p_pou 3.9
x> T T at? (39)
Pat a? =~ va g(xt) = PXY Shuong trinh (3.9) tr thanh:
P P
o°u o°u
¥:a2y+ g(X,t) (310)

Phuong trinh (3.10) mé ta quy luét thay d6i cua do 1éch u(x,t) d6i
v6i mdi diém trén soi day va duoc goi 13 phwong trinh dao dong ciia
soi ddy dan hoi.
Néu ngoai Iuc p(x, t) = 0 thi g(x, t) # 0. Khi d6 (3.10) 1a phuwong
trinh khéng thudn nhdt, md ta dao dong cudng birc clia soi day.
Néu khong c6 ngoai luc tic dung 1én vat thi p(x,t) = 0 nén g(x,t) = 0.
Lic 0, (3.10) tré thanh phwong trinh thuan nhdt mé ta dao déng tir
do cua soi day:
2 2

0 u(>2<, t) _ 2 0 u(>;, t) . (3.11)

ot OX
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3.2.2. Dao dong doc ciia m¢t thanh

Xét mot thanh dan hdi, ddng chit véi mat do khédi luong p, co tiét
dién khong ddi S va c6 do dai | dit doc theo truc X nhur trén hinh 3.2.
Gia thiét thanh dao dong doc theo truc OX (bang cach nén hodc kéo
gidn thanh theo truc OX rdi budng ra).

5!
o
N— 1
N ]
N ]
) I 4

=y

0 X x+Ax

Hinh 3.2. M6 hinh dao dong ctia thanh dan hdi.

bé don gian, ta xem thanh duoc gén chit tai ddu mat x = 0. Gia sir X
1a hoanh d6 cua tiét dién AB tai vi tri cAn bang ltc t =0, goi u(x,t) 1a
d6 dich chuyén cua AB ¢ thoi diém t. Do d6, toa do cua tiét dién AB
tai thoi diém t s& 1a X + u(x,t).

Xét chuyén dong cua mot doan nhod (mau) ABCD ndm & vi tri can
bang trén doan [X, X+AX] cua truc X. Bo qua nhitng luc ngoai tac
dung 1én no theo phwong OX trir Iyc dan hoi xuét hién trén hai thiét
dién & hai dau ciia mau. O thoi diém t, do dai cia 1a | = u(x+Ax, t) —
u(x, t)+ Ax, né léch so v6i khi & vi tri can bang mot doan Al =
U(x+AX, t) - u (x, t) nén do gidn twong déi ciia nd c6 dang [5]:

u(X+ Ax, t) —u(x, t)
AX '

(3.12)

Chuyén qua gi6i han cua (3.12) khi Ax— 0, ta c6 do gidn twong ddi
ctia mau khi duge dat tai diém c6 toa d6 X & vi tri can béng s€ la:
ou(x,t)

u, (x,t) = vt (3.13)
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Theo dinh luat Hooke, luc dan hdi tac dung 1én céc thiét dién AB va
CD lan luot 12 ES ux(x,t) va ES ux(X + AX, t). Do d6, luc tac dung 1én
mAu thanh ABCD ¢ thoi diém t 1a:

ES [ux (x+ AX, t) - ux (X,t) ], (3.14)

voi E dac trung cho tinh dan hdi cta chét tao nén thanh va duoc go1
1a sudt Young.

Theo dinh luat 2 Newton ta co:

o%u(x,t)
—,

ES [ux (x+ AX, t) - ux (X,t)] = p S Ax (3.15)

Chia ca hai vé cta (3.15) cho AX rdi chuyén qua gidi han Ax— 0, ta
duoc:

2 2
0 Ljai): ) _ 20 ‘;{i Y veia= JE/p. (3.16)

Biéu thirc (3.16) duoc goi 14 phuong trinh dao dong ty do cua thanh
dan hoi. Néu thanh chiu tac dung ciia ngoai luc c6 gia tri p(X, t) Ién
mot don vi chidu dai theo phwong OX, thi phuong trinh dao dong doc
cua thanh s€ c6 dang:

o%u(x,t) _, 0%u(x,t)
atZ =a aXZ
véi g(x,t)= p(x, t)/p.

Nhu vay,vé mit hinh thtc thi phuong trinh dao dong cua soi day va

+9(x, 1), (3.16a)

ctia thanh dan hoéi déu co dang gidng nhau nén dugc goi chung la
phurong trinh truyén séng mét chiéu. Phuong trinh truyén song la
trrong hop don gian cua phuong trinh loai hyperbolic.

3.2.3. Cac dieu kién ban dau va diéu kién bién

bé xac dinh dao dong cua day hoac cua thanh dan hoi, ching ta can
tim nghiém cua cac phuong trinh (3.10) hodc (3.16). V& mait toan
hoc cac phuong trinh trén ¢6 vo sb nghiém, nghia 13 s& c6 nhiéu hién
tuong vat 1i cing thoa man cac phuong trinh trén. Vi vdy, dé mé ta

-84 -



ding hién tuong vat li ta can xac dinh céac di€u kién ban dau va diéu
kién bién dé bai toan dugc dat dung dan.

a) Cac diéu kién ban dau:

u(x, 0) =f(x) (3.17)
cho biét dé 1éch ban dau cia diém x trén soi ddy hodc cua thanh,
con

t
WD _Ex) (3.18)
a o

cho biét phan bé van toc ban dau cua cac diém trén soi day hodac
trén thanh.

b) Cac diéu kién bién: diéu kién bién phu thuéc vao tinh chdt cia
tirng bai todn cu thé. Ta xét riéng truong hop cia ddy va cia
thanh.

* Péi véi dao dpng ciia soi diy:
Néu hai mut dwoc gcfn chat.
u(0,t) = u(l, t) = 0. (3.19)
Néu hai miit chuyén dong véi quy ludt a(t) VA go(t) cho trude thi:
u(o, t) = ga(t) ; u(l, t) = ze(t). (3.20)

* Péi véi dao dpng ciia thanh dan hoi:

Néu tai mat x = 0 12 ¢é ngoai lire V(t) tac dung thi ta co:

Es% 0 :V(t),hayaué);’t) o =V, (321)
voi
_v®
v(t) = £

Néu tai muat x = 0 12 a2 do thi v(t) = 0, lac d6 diéu kién bién c6 dang:

ou(x, t)

T X=0 :0. (322)
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Néu tai muat x = 0 dwroc gdn dan héi thi ta co:

)

ES =—a.u(0,t)

hay

u(xy) o =—hu(). (3.23)

trong d6 a 13 hing s6 (goi 14 hé s6 dan hdi) va h = Eis

3.3. Cac truwong hop truyén séng mdt chiéu

3.3.1. Tinh duy nhit nghiém

Trudc khi giai phwong trinh lan truyén séng ching ta xem xét tinh
duy nhat nghiém. Gia sir, U1, U 13 hai nghiém cua (3.11) théa man
cac diéu kién dau va diéu kién bién di néu trén day. Pat: v =ur- Uy
thi v cing thoa mén phuong trinh lan truyén song:

ov(x, 1) 52 d%v(x, 1)

=t (3.24)

v6i cac diéu kién dau va cac diéu kién bién déu bang khong. Dé
chimg minh tinh duy nhat nghiém, ta can chi ra v(x, t) = 0 voi {0< X
< I;0<t}.

Bo qua thé ning trong trudng, néu do 1éch cua mdi diém x 12 v(x, 1)
thi co nang cua soi day tai thoi diém t bat ky 1a:

B0 = [[2*(2)* + (Sl (3.25)

& day, s6 hang ddu dudi dau tich phan biéu thi thé ning dan hoi (lién
quan dén d6 cing cua day), sb hang th hai biéu thi dong nang.

Thuc hién dao ham theo t dudi dau cua tich phan (3.25) ta duoc:

< dx. (3.26)

| 2
dE:I[azava 8V8V
0
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Tinh tich phan ting phan sd hang dau cua (3.26) dong thoi cha y

ov 0%

= ta duoc:
otox  oxot
j[azﬁ o dx=a? X x=l —j'azﬁ—zv%x. (3.27)
< OX Otox oxot| x=0 ¢ ox* ot

Do su triét tiéu cua diéu kién bién: v(0, t) = v(l, t) = 0 v6i t > 0 nén vé
phai cta (3.27) ddng nhit bang khong. Vi vay:
| 2 2

&Y e Dax=0. (3.28)

dt 9ot ot OX
Tir ddy suy ra E(t) = const. Mt khéac, do cac diéu kién ban dau va
diéu kién bién déu bang 0 nén E(0) = 0. Tir day suy ra E(t) =0, Vt >
0. Can luu ¥ rang, do ham dudi dau tich phan ning luong (3.25) 1a
lién tuc va khong am nén E(t) = 0 chi thoa man khi:

2 aV 2 aV 2
Hay

NGY) _ vz MY _ g vxe[0,17, vt 0. (3.30)
ot OX

Vay, v(x,t) = const, ma v(x,0) = 0, nén v(x,t)=u,(x,t)—u,(x,t)=0,
nghia 14 bai toan trén c6 nghiém duy nhat u, = u, .
3.3.2. Su phu thudc lién tuc ciia nghiém vao diéu kién ban du

Gia str u1(x, t) va uz(X, t) 1a hai nghiém cua phuong trinh truyén song
thuan nhat cung thoa mén cac diéu kién bién va cac diéu kién dau:

u;(x,0) = f.(x), ou; (x,1)

=o =R (v6ii=1,2). (331

Pat f(x)= f(x)— f,(x) va F(x)=F,(x)-F,(x), ta can chirmg minh
nghiém phu thudc lién tuc vao didu kién dau, nghia 12 véi mot su
thay d6i nho cua f (x)va F(x) thi v(x, t) = ui(x,t) — uz(x,t) ciing thay
d6i nho.
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That vay, hiéu v(X,t) cling thoa man céac diéu kién va cac diéu kién
ban dau:

v(x,0) = f(x); % =F(x). (3.32)

t=0

Nhu ching ta d3 biét, tich phan ning lugng E(t) khong phu thudc
thoi gian, nén E(t)=E(0) hay:

1o,V OV, Ltroza,on =2

— @ (=) "+ (=) ldx==|[a" f“(x) + F*(x)]dx. 3.33

2![ &) 5] 2![ () +F(x)] (3.33)
Do gia thiét f(x)va F(x) kha bé nén binh phuong cta ching ciing

kha bé, nghia 1a vé phai cta (3.33) ciing kha bé. Khi d6 ta ¢ thé
chon:

2 1 2 I 2 2
a—j(@] dx < &” hay J’(@j dx < 2% (3.34)
5 LOX
Mat khac:
X 8\/ _
J(a—jdx =v(x,t)—v(0,t) =v(x,t) dov(0,t)=0. (3.35)
X
0
Khi do:
[lov
X

v(x,t)| < _[ 5

0

I e 2 V2 /
ov 2 ov V2
E < [.0'.1 dXJ {I(&j dX} < Tg . (336)

0

dxsj.
0

Diéu nay cho thy, khi f(x)va F(x)kha bé vé tri tuyét ddi thi v(xt)
cling khé bé vé tri tuyét déi, nghia la nghiém cua bai toan trén phu
thudc lién tuc vao diéu kién dau va diéu kién bién.

Tir céc két qua dugce rat ra trong hai muc trén ta di dén két luan: bai

todn hon hop mé ta sw lan truyén song trén day da dwoc dat ding
ddn.
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3.3.3. Dao ddng tw do ciia day hiru han c6é hai diu mut gin chit

Xét mdt soi day c¢6 d6 dai | duge cang ngang doc theo truc Ox trén
doan [0, 1], c6 hai mat gin chit va khong chiu tic dung cua ngoai
luc. Do 1éch ban dau va van tdc ban dau cua soi day tuong tng la
f(x) va F(x). Quy luit dao dong cua diém x bat ky trén soi day la
nghiém ctia phuong trinh (3.11) trong mién{0 <x < ; T >0} thoa man
céc diéu kién ban dau (3.17), (3.18) va cac diéu kién bién (3.19).

Ta can cha rang, do phuong trinh (3.11) 14 tuyén tinh va thuan nhat
nén bai toan luén c6 nghiém tam thuong u(x, t) = 0. Tuy nhién,
nghiém nay khong phan anh tinh chét dong hoc cua h¢ vat li duoc
khdo sat. Vi vy, ching ta can tim nghiém khong tam thuong cia bai
toan. Mat khéc, cac nghiém riéng cua (3.11) luén thda man tinh chat
tuyén tinh, nghia 1a téng cac nghiém riéng ciing 13 nghiém cua
phuong trinh nay.

Chung ta s& giai phuong trinh song mot chiéu (3.11) bang phuong
phap tach bién theo 3 budc nhu di trinh bay ¢ muc 3.1.6.

Buéicl: Téich bién va chuyén vé hé cac phiwong trinh vi phéin thuong.
Trong trudng hop nay, nghiém 1a ham c6 hai bién s6 doc 1ap nén ta
tim nghiém riéng dudi dang tich cua hai ham:

u(x,t) = X(x) T(t), (3.37)
v6i, X(X) va T(t) tuong tmg 1a cac ham chi phu thudc vao bién x va
bién t.

Lan lugt dao ham u(x,t) hai lan theo cac bién x va t sau d6 thay vao
(3.11) ta duoc:

17T
= (3.38)

XT" =a?X'T hay > = .

X a T
Vé trai ctia biéu thirc trén 1 ham chi phu thudc vao X, con vé phai chi
phu thudc vao t nén (3.38) chi thoa man khi ca hai vé cing bang
hang s6 nao day (ky hiéu 1a -1). Khi d6, phuong trinh dao ham riéng

(3.11) dugc chuyén thanh hé hai phwong trinh vi phan thuong sau day:
X"+ AX=0 (3.39)
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T'+a2AT =0. (3.40)
Buéce 2: Tim nghiém thoa man cac diéu kién bién.
Tir cac diéu kién bién (3.19) ta co:
u(0,t) = X(0)T(t) = 0 va u(l,t) = X()T(t) = 0. (3.41)

Dé tranh nghiém tam thuong u(x,t) = 0 hay T(t) = 0 thi diéu kién
bién (3.11) s& dan dén:

X(@0)=0va X(I)=0. (3.42)
Cén cht y rang, dang nghiém cua (3.39) va (3.40) phu thudc vao du
ctia A. Xét cac trudng hop sau day ddi voi A:
e Néu A=0: nghiém tong quat cua (3.39) 1a: X(x) = bx +d. Khi do,
cac diéu kién bién (3.41) din dén b =d = 0, hay X(x) = 0, tirc 1a
chi ¢6 nghiém tam thuong nén ta loai bo.

e Néu A=-c?<0:nghiém tong quat cua (3.39) la:
X(X)= C1*+Coe™™, (3.43)
Khi d6, tir cac diéu kién bién (3.41) s& dan dén:
Ci+ C2=0,
Cie%+ Ce = 0.

Tu day rat ra, C1= Co= 0, hay X(x) = 0 nghia la u(x,t) cling la
nghiém tam thudng clia bai toan nén ta loai bo.

e Néu A=c?>0:nghiém téng quat cta (3.39) 1a:
X(x)= Asincx + Bcoscx. (3.44)

Tir cac didu kién bién (3.41) suy ra: X(0) = B = 0 va X(I) = Asincl = 0.
DPé c6 nghiém khong tam thuong can phai lay A = 0. Vi vay,
sincl =0, hay:

c:”I—” =ch,v6in=+1,42, .. (3.45)

Nhu vay, (3.39) c6 nghiém khong tim thuong néu
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A=c?= (”I—”T — 4. (3.46)

Nghiém phu thudc khong gian luc d6 duoc viét:
. Nz
X(x)= Ansin T x, (n=1,2,3,..). (3.47)

O day, do An 14 hing s6 c6 du tuy ¥ nén ta chi can chon cac gia tri
duong cua n. Pat:

=ac, =—— (3.48)

va thay biéu thirc ctia @nvao (3.40) ta duoc nghiém tong quat:
Tn(t)= BnCOSant + DnSinant. (3.49)

Do d6 nghiém ciia (3.11) théa méan cac diéu kién bién (3.19) la:
Un(X,t) = (anCOS@nt +brsinant) sin ”I_”x, (h=1,2.), (3.50)

trong d6: an = AnBn ; bn = AnDn.

Cac ham u_(x,t) duogc goi la cac ham riéng cua dao dong cua soi
~ \ nma ciy . A N . x A £

day; con o, = T duoc goi 1a cac tri riéng va chinh 1a tan so dao

dong riéng cia soi day.

Budée 3: Tim nghiém thoa man cac diéu kién dau.

Ta thiy c4c nghiém un(x,t) trong (3.50) 12 ham tuan hoan, trong khi

cac diéu kién dau mo ta theo F(x) va f(x) néi chung khong phai 1a

c4c ham tudn hoan. Tic 14 tong hitu han cta C4C un(X, t) nhin chung

cling khong thdéa man céc diéu kién dau noi trén. Vi vay, dya vao

tinh chit tuyén tinh ta tim nghiém cua bai toan dudi dang tong vo

han cua cac un(x,t):

u(x,t) = > u,(xt)=> (a, cosw,t + b, sin a)nt)sinnTﬂX. (3.51)

n=1 n=1

Cho u(x,t) thoa mén diéu kién dau (3.17) ta dugc:
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u(x0) =Y a, sin@ — (%), (3.52)

2 .z .. - MxX , 1A ar A
bé tinh an ta nhan hai vé (3.52) véi SInT sau do lay tich phan
theo x trén doan [0, 1] dong thoi chi y dén tinh truc giao cia cac

. . MmMzXx . . NxzX P ) ur .
ham sml— va smT. Keét qua tinh toan thu dugc:

|
a :%jf(x)sin%dx , n=12.. (3.53)
0
Lay dao ham (3.51) theo t va cho thoa man diéu kién dau (3.18) ta
duoc:

0

=> wb, sm—_ F(x). (3.54)

t=0 0=l

au(x t)

Ta thay anbn lién hé véi F(X) trong (3.54) hoan toan tuong ty nhu an
véi f(x) trong (3.52). Vi vy, tir két qua (3.53) ta dé dang suy ra:

I
= —_[F(x)sm—dx = ijF(x)sin%dx, n=12,..(3.55)
nma |

Vay nghiém ciia bai toan ¢ dang (3.51) vdi cac hé sé an va by duoc
x4c dinh theo (3.53) va (3.54).

Y nghia vat li

M&i ham riéng Un biéu thi mot ham dao dong diéu hoa véi tan s& wn
va duoc goi 1a mode (hay dao déng riéng) thir n. Mode dau tién
(n = 1) duoc goi 1a mode co bdan, cac mode tiép theo dugc goi la cac
hoa dm. Tan sb ciia mode thit n phu thude vao luc cang T, khdi
luong riéng p va chiéu dai | cua soi day theo hé thuc:

L _ma_ne T

R
Tir (3.56) ta co thé 1y giai dugc 1y do cac nhac cu dung day (vi du
nhu dan ghi ta, dan thap luc ...) c6 d0 cao am gitra cac day la khac
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nhau. Su khac nhau vé d6 cao am cua céc soi day phat ra 1a do khdi
lwong riéng va sirc cing cia cac soi day khong giéng nhau. Véi mdi
soi dy xac dinh, chling ta co thé thay d6i do cao 4m clia cac nhac cu
d6 bang cach thay doi strc cang T cua CAC soi ddy.
Dé xét dang diéu cua mdi dao dong riéng, ta viét lai un(x,t) dudi
dang:

. NTX . b
Un(x,t) = Q, sin I—Sln(a)nt+g0n) ,Q, =4/az+b? | gy, =a—”. (3.57)

n

Biéu thtic (3.57) cho thiy, mdi diém trén sgi day Gmg v6i mode tht n
X A A e A 4 s Lt ~ . hzX A
déu dao dong dicu hoa vdi tan sO an va bién do Q, sin T Vi vay,

bién d¢ dao dong phu thudc vao vi tri cua diém x. biéu 1y thu ¢ day
1a ton tai cac diém trén soi day ma tai do hau nhu khong dao dong,
cac diém nay dugc goi 1a cac diém nat. Vi tri diém nGt thir n duoc
xac dinh tir phuong trinh:

Q, sin % .
Tir ddy suy ra toa do cac diém nut thir n 13
y =12 (=l (3.58)
n n n

Tir ddy ta thdy, mode thtr n ¢6 tat ca (n - 1) ndt trén doan [0, 1]. Xen
gifta hai nut song lién tiép s& 1a bung séng ma trong khoang d6 ton
tai diém dao dong v&i bién dd manh nhat, goi 1a bung song. Hinh
anh song nhu trén dugc goi la cac song durng va dugec minh hoa nhu
trén hinh 3.3.
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diém mit

bung song

Hinh 3.3. Minh hoa cac diém nat va bung séng ciia cac song dung.

Bay gid ching ta xem xét truong hop dic biét khi van toc ban dau
bang khong F(x) = 0. Khi d6, bn = 0 va nghiém bai toan trd thanh:

u(x,t)=> a, coswt sin@,a} _fra. (3.59)

n
n-1 I

Str dung cong thurc:
cosarll—”tsinr]—ﬁx =%[sinnl—”(x—at)Jrsinnl—”(XJrat)}
ta duoc:
1 . Nnm 1 . Nm
u(x,t) = EZansmT(x —at) + EZan smT(x +at). (3.60)
n=1 n=1

Hai chudi trong vé phai cta (3.60) twong tng chinh 1a chudi Fourier
sin ctia ham f(x - at) va f(x+at). Néu goi * 12 khai trién tudan hodn 1é
cua f voi chu ky 21 thi f(x) =% [ f*(x- at) - f*(x+ at)]. Mat khac, ta

biét rang f*(x- at) va f*(x+at) tvong tmg biéu thi song truyén theo
chiéu duong va chiéu 4m cua truc X nén u(x.t) 1a chong chap cia hai
song do [3, 16].

Vi du 3.1: Tim dao dong cua soi day dai | c6 hai mat gin chit tai X
=0 va x = |. Biét van tc ban ddu cua mdi diém trén soi diy déu
bang khong va d6 1éch ban dau dugc cho boi:
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4ax(l X) . ou(x.t)|

i F(x)=0 (3.61)

u(x,0)=f(x)=

v6i « 13 hang sb.
Ta 6, do van tdc ban ddu bang 0 nén hé s6 by= 0, con an dugc tinh
theo (3.53):

|
a, =8|—a£><(| —x)sin@: rllf;x (1-cosnr)
0, khi n=2m (m=0,1,2---)
1 3% dhin=2mal.
(2m+1) 7°

Thay bn= 0 va an vura tinh dugc ¢ trén vao (3.51) ta dugc nghiém
cua bai toan:

u(x,t) = 32;;( Z 1 sin 2m+1)zx oS (2m+1)zat  (362)
o (2m+1) | I

3.3.4. Dao dong cudng birc ciia sgi ddy c6 hai mut gin chit

Trong truong hop nay, chuyén dong ciia soi diy tuan theo phuong

trinh truyén song khong thuan nhét:

2
Zt—‘jzazz Y gxt) (3.63)

trong mién {0 < x< |;0<t} véi cac diéu kién ban dau:
6u(x t)

t=0

u(x,0) = f(x), =F(X) (3.64)

va cac diéu kién bién:
u(0,t)=0, u(l,t)=0. (3.65)
Ta c6 thé tim nghiém cua bai toan dudi dang tong ciia hai ham sé:
u(x,t)= v(x,t)+ w(x,t), (3.66)

trong d6, W(x,t) théa mén phwong trinh thuan nhét dang (3.10) va cac
diéu kién (3.64) + (3.65), con v(x,t) thoa man phuong trinh khong
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thuan nhit dang (3.63) voi cac diéu kién bién (3.65) va cac diéu kién

dau:
v(x,0)=0 (3.67)
N g (3.68)
o o

Ta d3 biét cach tim ham w(x,t) nhu trong tiéu muyc 3.3.3 nén nhiém
vu con lai 1a tim nghiém cta v(x,t). Thong thudng, ham v(x,t) co thé
duoc tim dudi dang chudi:

TCX

v(xt) = ZT Osin™= n (3.69)
trong d6, chudi ham (3.69) hoi tu déu, co thé lay dao ham theo x va t
hai 1an. Ham v(x,t) nhu thé thoa man cac diéu kién bién (3.65). Ta
can tim Tn(t) dé ham v(x,t) théa min phuong trinh (3.63) va cac diéu
kién dau (3.67) + (3.68).
Thay v(x,t) ¢ (3.69) vao (3.63) ta dugc:

222

ZU +1"8 7 (t))smT — g(x.t). (3.70)

Néu g(x,t) co thé khai trién thanh chudi Fourier sin trong doan [0, I]:
X
g(x,t) = Zg ®sin 22X, g, (t) = jg(x t)sml— (3.71)

thi ta c6 phwong trinh vi phan d6i véi T:

n’r%a’®

T, (t)+

T.0)=9.0- (3.72)

Dé v(x,t) thoa min cac diéu kién ban dau (3.67) va (3.68) thi Ta(t)
phai thoa man:

Th(0)=0; T.(0)=0; n=1,2,.. (3.73)
Nguoi ta dd ching minh duoc ring [3, 5], néu g(x,t) c6 dao ham

riéng theo x, lién tuc dén cip hai va thoa man g(0,t) = g(l, t) = 0 véi
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vt thi chudi ham trong (3.69) véi cac Tn 1a nghiém ctia (3.72), (3.73)
s& hoi tu déu trén mién {0 < x <I; 0 <t} va c6 thé dao ham theo ting
s6 hang hai 1an. Khi d6, chudi ham (3.69) 14 nghiém cua bai toan.

3.3.5. Dao ddng cudng birc ciia soi diy c6 hai mat chuyén dong
Xét soi day chuyén dong dudi tac dung cua ngoai luc va c6 hai mat
chuyén dong voi quy luat cho trude. Luc d6, chuyén dong cua soi
day tuan theo phuong trinh song khong thuan nhat véi cac diéu kién
bién:
Céc diéu kién dau van duogc gia thiét nhu (3.17) va (3.18).
Ta c6 thé tim nghiém bai toan trén dudi dang:

u(x,t)= v(x,t)+ w(x,t) (3.75)

trong do:
w(xd) = hi(®) + Tlh, (0 =0, )] (3.76)

con ham v(x,t) thoa man phuong trinh:

o ,0%
? =a y + gl(X,t) (377)
g,(x.t) = g(x,t)—h{(t)—lf[h;(t)—h;(o] (3.78)

v6i cac diéu kién bién v(0,t) = v(l, t) = 0 va cac diéu kién dau:
X
u(x,0) = f(x)-h,(0) _I_[hz (0)—h,(0)] = f,(x) (3.79)

ou(x,t)
ov

=F(-h O], -7 [nO],-hO|, |=R. 380

t
Nhu vy, dé tim nghiém cia bai toan ta quy vé viée tim v(x,t) ciia phuong
trinh (3.77) théa man cac diéu kién (3.79) va (3.80). D& thiy rang, v(x,t) &
day dong vai tro 14 u(x,t) trong bai toan da xét & muc 3.3.4 bang cach thay
g(x,t) boi gu(x,t), f(x) boi fi(x) va F(X) boi F1(X).
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3.3.6. Dao dong cua day vo han. Cong thirc D’ Alembert

Chung ta m& rong bai toan trén trong trueong hop s¢i day kha dai (co
thé xem la vo han) va khong chiu tdc dung cta ngoai luc. Khi do,
anh hudng cua diéu kién bién dbi véi cac diém & giira soi day co thé
dugc bo qua. Quy luat dao dong cua soi day thoa man phuong trinh
thudn nhat:

o%u(x,t) a2 o%u(x, t)

e v (3.81)

trong mién (- co<X < + oo, t> 0), thda man céac dicu kién ban dau:

ou(x,t)
ot

u(x,0) = f (), ~F(). (3.82)

t=0

RS rang, (3.82) chinh 1a bai toan Cauchy dbi voi phuong trinh
(3.81). Ta thay, bai toan nay khong bi rang budc bai diéu kién bién
nén 10i giai c6 thé thyc hién thong qua hai budc sau:

Buée 1: Tim nghiém téng quét.

Dung phép ddi bién sb: &= x + at, 7 = x — at. Ap dung quy tac lay
dao ham cua ham hop ta dugc:

Uy =Ug +2U,, +U, , U, =a’(u,—2u, +U, ). (3.83)
Thay cac dao ham riéng (3.83) vao phuong trinh (3.82) ta dugc:
u, =0.

Diéu nay ching t6 rang u;g chi la ham cua &. Vi vay ta dat:

u. = eu(8),
v6i @113 ham tuy ¥ ctia bién & . Tir 46 ta co:
U, m) = [ (&)dg+ym), (3.84)

trong d6 y(n) 1a ham tuy ¥ ctia bién .
Vi g1 1a ham tuy ¥ ctia bién & nén (&) = [,(€)dg ciing 1a ham tuy

y ctia &, Do do, ta co thé viét:
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u@&m) = o(&) + y(n). (3.85)
Thay tré lai bién cii vao biéu thire (3.85) ta duoc:
u(x, t) = o(x + at) + y(x- at). (3.86)
Biéu thirc (3.86) chinh 1a nghiém tong quat ctia phuong trinh (3.81).
Bay gio ta tim hiéu y nghia vét i ctia nghiém y(x- at). Gia st tai
diém x; ¢ thoi diém t; ham séng cia trang thai 14 yi(xi- aty). Dén
thoi diém to sau d6 thi trang thai duoc mé ta boi ham yo(xe- atz). Ta
chon céc diém X1, X2 va céc thoi diém t1, t2 sao cho:
X1- at1 = Xo- at2 (3.87)
nghia la
X2 — X1 = a(t2 —to). (3.88)
Tir (3.87) ta cd w1 = y2, diéu ndy c6 nghia 14 trang thai ctia né & thoi
diém t; tai diém x; da lan truyén di va dén thoi diém t, thi n6 dén x,.
Ta goi su lan truyén nay 1a lan truyén song. Mat khac, vé trai cta
(3.88) biéu thi quang dudng ma trang thai cta hé dugc truyén di tir
thoi diém t1 dén thoi diém to. Do do, hé s6 a chinh 1a van toc lan
truyén song, hay noi chinh xac hon 1a védn téc pha. Dong thoi, vi t, >
t1 Nén X2 > x1, nghia 14 y(x- at) biéu thi séng truyén theo chidu duong
clia truc X va ta goi ddy 1a song thuan. Tuong ty (X + at) biéu thi
song truyén theo chiéu 4m cua truc X va ta goi 1a song nghich.
Nhu vy, nghiém cta phuong trinh (3.81) 13 két qua cta viéc chong
chap séng thudn va séng nghich véi van téc pha bang a.
Buéc 2: Cho nghiém tong quat thoa mén cac diéu kién ban dau.
Cho phuong trinh (3.86) 1an lugt thoa man cac diéu kién ban dau
(3.82) ta duoc:
o(X) + p(x) = f(X) (3.89)
a(pt'(x—at)‘tzo —az//t'(x+at)L:O =F(x). (3.90)

LAy tich phan (3.90) tir 0 dén x ta duogc:

-99 -



L) - (O)] — allx) - ¥(0)] = EF(y)dy. (391)
it B = p(0) - 1{0), ta duoc:
Py () = %j F(y)dy+B. (392)
Giai hé phuong trinh (3.89) va (3.92) cho ta két qua:

o(X) :% f(x)+2—1a£F(y)dy+%B, (3.93)

w(X) =% f(x)—z—z_([F(y)dy—%B. (3.94)

Thay (3.93) va (3.94) vao (3.86) ta dugc nghiém cua bai toan:

u(x,t):%[ f(x—at)+ f(x+at) ]+2—2X+jatF(y)dy (3.95)

x—at

Biéu thuc (3.95) duoc goi 1a cong thire D 'Alembert, nd cho phép ta
xéc dinh d6 léch ctia diém X trén soi day ¢ thoi diém t.

3.4. Sy lan truyén so6ng hai chiéu

3.4.1. Thiét 1ap phwong trinh

Xét dao dong ciia mot mang dan hdi duoc cing trong mit phang Oxy
nam ngang. Dé don gian cho thiét 1ap phuong trinh dao dong, chiing
ta gioi han theo cac gia thiét sau [3, 6, 17]:

- Mang ¢6 @b day khong ding ké, ¢ thé uon tir do (khong sinh ra
liec chéng uon trong qud trinh dao dong)

- Phén bé khoi luong la déng nhat theo bé mat cia mang (mat do
khoi lwong mdt o= cosntant);

- Bién cua mang dwoc giir c6 dinh. BJ 1om luc cang T trén méi don vi
chiéu dai ciia bién la nhw nhau trong sudt qud trinh mang dao dong;

- Ngoai lic tdc dung luén vudng goc véi mdt phdang Oxy va c6 phan
bé vé cuong dé trén mot don vi dién tich la la P(X,y,1);
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- D léch u(x, Y, t) ciia mang tai diém M(X,y) & thoi diém t bdt ki 1a
rdt bé va c6 phwong luén vudng géc véi mét phang Oxy.

Ta tuong tuong tach ra mot phan tir vi phan dién tich bé mat hinh
chir nhat c6 cac canh dx va dy nhu trén hinh 3.4.

0 X X+ dx X

4 dy de

0 X X+dy X X x+dx X

Hinh 3.4. M6 hinh dao dong cia mang trong mit phiang Oxy va biéu dién
luc cing tac dung 1én phan tir bé mit c6 dién tich dxdy.

Cac luyc cing tic dung lén cac canh cia phan tor bé mat la
T,.T,,T,,T,. Véi nhiing gia thiét dd néu, do 16n cia cac luc cing
duoc xac dinh:

Ti=To=Tdy; T3=Ts = Tdx. (3.96)
Tuong tu truong hop soi ddy dan hoi, theo dinh luat 2 Newton ta co
phuong trinh dong luc hoc cho phan tir bé mit c6 dién tich dxdy theo
phuong dao dong u la:

Tdy(sinee- sinat) + Tdx(sing: - sinfi) + P dxdy

Uy, (3.97)

= o dxdy pe
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Do d6 1éch u ciia mang 14 bé nén cac goc léch i , 4 rat bé (Hinh
3.4). Khi @0, ta c6 cac gan dung:

sinai= tgai;sinfi= tg . (3.98)
Mait khéc, theo dinh nghia cua dao ham ta co:

ou(x+dx,y) au(x,y)

tga—tgan = Y (3.99)
ou(x,y+dy) au(x,y)

tgB —t = - ) 3.100

9/ — g : 5 ( )

Thay cac phuong trinh (3.98) + (3.100) vao (3.97) ta duoc:

Tay( ou(x gxdx, y) 8u(a>)<(, y) )+ Tdx ( 8u(x,ayy+ dy) auéyx, y) )

o%u(x, y,t)
b

+P dxdy = odxdy (3.101)

Chia hai vé cta (3.101) cho To dxdy, sau d6 chuyén qua gi6i han véi
dx va dy dan t6i 0, ta duoc:

o%u(x,y,t)

o’u(x,y,t)  o%u(x,
ot? "

y,t)
o Y )+a(x,y,t) (3.102)

a’(

trong do:

2

a :I va g(x,yt)= (3.103)
o

P(x,y,t)

.
Phuong trinh (3.102) dugc goi l1a phuong trinh dao dong ctia mang
khi c6 ngoai luyc tdc dung. Dang ctia phuong trinh nay duoc goi la
phirong trinh truyén séng hai chiéu. Khi khong ¢ ngoai luc tac dung
thi P(x,y,t) = 0, lac d6 phuong trinh trén tré thanh thuin nhét:

o%u(x, y,t)
Tz

a( 62u(x,2y,t) . azu(x,zy,t)).
OX oy

Dang cua (3.104) duoc goi 1a phwong trinh truyén séng thudn nhat

(3.104)

hai chiéeu.
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3.4.2. Dao dong tu do ciia mang chir nhat

Xét dao dong ctia mot mang hinh chir nhat ¢6 do dai cac canh la | va
d twong tmg dugc gén chat doc theo cac truc X va 'y. Goi do l¢éch va
van toc ban dau cua diém (x,y) twong tng 13 f(x,y) va F(x,y). Gia thiét
ngoai luc tac dung 1én mang 1a khong dang ké. Chuyén dong cua
mang duge mo ta theo phuong trinh thuan nhét (3.104) con cac diéu
kién bién va diéu kién dau c6 dang:

u(xy,0)="~(xy), (3.105)
‘3“0;3/_'0 =Ry, (3.106)
u@©,y,ty=u(l,y,t) =u(x,0,t) =u(x,d, t) =0. (3.207)

Ta giai bai toan nay bang phuong phép tach bién nhu bai toan truyén
song mot chiéu.

Buéc 1: Tdch bién dé chuyén vé cic phwong trinh vi phdn thuong.
Ta tim nghiém ¢ dang u(x,y,t) = V(X, y)T(t) va thay vao (3.104), ta
duoc:

VT, =a*\V,, +V>;;,)T . (3.108)
Chia hai vé cua (3.108) cho a?VT:
T 1
a’T Vv

V) +V,))) = —c2. (3.109)

O day, ta da dat hai vé bang hang sb - ¢ vi twong tuy nhu 1y luan véi
phuong trinh séng mot chiéu, néu hai vé clia phuong trinh trén bang
hing s6 khong am thi bai toan chi ¢6 nghiém tim thuong u(x, y, t) =
0. Véi cach dat trén, ta thu dugc phuong trinh vi phan thuong cho
T(t):

T+ afT=0 (v6iw =ac). (3.110)
Tuong tu, phuong trinh cho ham phu thudc khong gian V(x, y) Ia:

Vi +V,, +¢V =0. (3.111)

Biéu thirc (3.11) duoc goi 1 phwong trinh Helmholtz hai chiéu.
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Tiép tuc tach bién:
V(X y) = X()Y(y), (3.112)
lac d6 phuong trinh (3.111) dwogc bién ddi thanh:
X " " 2
A Y FCY e (3.113)
X Y

O trén, ta d dat hai vé cua (3.113) bang -k? dé bai toan c6 nghiém
khong tam thudng (nhu da chi ra ¢ bai toan truyén song mot chiéu).
Khi d6 (3.113) dugc chuyén thanh hé hai phwong trinh vi phan
thuong:

X"+ k2X = 0. (3.114)
Y'+p2Y=0 (v6ip?=c?k®>>0). (3.115)
Buéce 2: Tim nghiém thoa man cdc diéu kién bién.
Nghiém tong quat cua (3.114) va (3.115) c6 dang:
X(x) =A coskx +B sinkx, (3.116)
Y(y) = Ccospy +Dsinpy. (3.117)

ViV =XY bang khdng trén bién (gém bén doan x =0, x =1y =0,y
=d), nén:

X(0)=X(H)=Y(0)=Y(d) =0. (3.118)
Tuong tu bai toan truyén séng 1 chiéu ta co:
A= C =0, Bsinkl =0, Dsinpd =0. (3.119)

Pé c6 nghiém khong tim thudng ta cin phai lay B va D khac khong.
Khi d0, (3.119) duogc thoa man khi:

k:¥ (m=12,3..), (3.120)
p =r:j—” (n=12,3.). (3.121)

Tuong tu truong hop truyén sdng mot chiéu, ta khong can 13y cac gia
tri 4m cua n, m trong (3.120) va (3.121). Hon nita, ta c6 thé chon
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nghiém riéng cua V(X, y) 1a (cac hé sb s& duoc dwa vao phan nghiém

phu thudc thoi gian T(t)):

Vin(X, Y) :sin@sin%(m, n=12.). (3.122)

Quay lai phuong trinh (3.110) va (3.115) ta thédy:
w=ac=a\k? + p . Do d6, véi mdi k :? va p :% thi gié tri

twong ung clia o la:

2 2
w=aw, =a7z,/r|n—2+%, mn=12,.. (3.123)

Khi d6, nghiém (3.110) cho T(t) tng v&i @mn la:
Tmn(t) = amnCOS(,Omnt + bmnSin(Dmnt. (1124)
Vay nghiém ctia bai toan thoa man diéu kién bién (3.49) 1a:
. nry
u., (X, y,t) =(a,, cosa,t+b,,sina,t)sin I—sm 5 (3.125)
Cac ham umn dugc goi la cac ham riéng Gng véi tri riéng omn cla
dao dong.
Bude 3: Tim nghiém thoa man cac diéu kién dau.
Tuong ty trudng hop truyén song mot chiéu, dé thoa man diéu kién
dau ta phai tim nghiém ¢ dang chudi:
o0 0 ) nﬂ.y
u,y,t)=>" > (a,, Cosw,t+b,, sine,,t)sin Tsm ; . (3.126)
m=1l n=1

Theo diéu kién ban dau (3.105):

u(x,y,0) = i iamnsstm 4 - = f(xy). (3.127)

m=1 n=1

F O A A N -, L. s mrmz . nﬂ'y A-
Dé tim hé s6 amn ta nhan hai vé cua (3.127) vai SIn TsmT roi

thyc hién ldy tich phan hai vé trén mién {0 < x <1, 0 <y < d} ddng
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thoi cha y dén tinh chat truc giao ciia cac ham luong giac ta rit ra
duoc (twong ty bai toan truyén séong mot chiéu):

|
amn:% Oddyjf(x,y)sin@sin?dx, (mn=12 ) (3.128)
0

Cudi cung, ta xac dinh bmn tir diéu kién dau (3.106):

ou(x, y,t)
ot

=F(x, y)=i ibmna)mnsm@sm%. (3.129)

t=0 m=1l n=1

D@ thay b,,®., 1ién hé voi F(X, y) trong (3.129) hoan toan tuong tu
lién hé gitta amn v6i f(x, t) trong (3.127). Vi vdy, st dung két qua
(3.128) ta rut ra duoc:

b, = Id4 dij(x y)sstmTydx (mn=12.). (3.130)

Vay nghiém cia bai toan 1a (3.126) v6i cac hé s6 amn Va bmn tuong
tmg duoc tinh theo (3.128) va (3.130)

Chay:

Khéc véi bai toan truyén song mot chidu, & diy tuy thudc vao cac
gia tri cta | va d ma co thé c¢6 nhiéu ham Vmn cliing Gmg voi mot tr
riéng @mn. Do d6 co thé co nhidu dao dong riéng umn tmg voi cling

mot tan s6 omn (ta goi 14 su suy bién). Chang han, xét mang vudng
véi | =d = 1. Khi do:

2 2
— m n 2 2
Onn = arx |—2+F—aﬂ"\]m +N =W,

Mac du trong truong hop nay c6 @mn= @nm nhung theo (3.122) thi:
Vinn = sinmzax.sinnmy # Vam = Sinnax.sinmmy.

Y nghia vat li

Do tan sb ®,,, phu thudc vao mat do khéi luong o (xem (3.123)) va

strc cang T nén cac mang c6 mat do khdi luong khac nhau s€ c6 do
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cao 4m khéc nhau (v6i cing strc cing). Chung ta c6 thé thay ddi do
cao 4m cua mang bang cach thay dbi do cang.

Bang lap luan tuong tu trudong hop dao dong cua soi day, dbi véi
mang ta c6 thé tim dugc cac dwong mit cua dao dong riéng Umn khi
viét lai n6 dudi dang:

u.. (X, y,t)= [an sin @sin %}sin (Ot + P ) » (3.131)

Qu =+[a, +b2 . tgp,, = Zm” . (3.132)

Biéu thirc trong ngodc vudng (3.131) 13 bién dé cua dao dong riéng,

cac duong nit duoc xac dinh tir phuong trinh (theo diéu kién triét
tiéu cua bién dJ):
sin@sin%:& (Mmn=12 ). (3.133)

Mot sb mode dao dong dau tién cua mang chit nhat dugc minh hoa
nhu trén hinh 3.5.

Mode (1,1) Mode (1,2)

< P

Mode (2,1) Modc (2,2)

> o

Hinh 3.5. Mot s6 mode dao dong dau tién cua mang chir nhat.
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3.4.3. Dao dgng tw do ciia mang tron

Xét mot mang hinh tron ¢6 ban kinh d, tam ¢ géc toa d9, duoc cang
ngang trong mit phang Oxy va c6 bién dugc gin chit. DO 1éch cua
cac diém trén mang thoa mén phuong trinh séng hai chiéu (3.104).
Dé tién loi cho viéc tim phuong trinh mé ta dao dong chung ta sir
dung hé toa d6 cuc (r, #). Lac do, toan tir Laplace trong toa do cau
theo (2.120) & chwong 2 dugc chuyén vé trong toa d cuc bang cach
b6 s6 hang cua c6 dao ham theo ¢. Vi cach lya chon nay, phuong
trinh séng (3.104) duoc dua vé:

ou lou 1 84
PG 3.134
( o ror r? 6‘6) ( )

o°u

at?
Do tinh chat d6i xtng ciia mang tron nén ta chi can xét truong hop
d6 dich chuyén u khong phu thudc vao @, tie 1a u = u(r, t). Lic do,
phuong trinh (3.134) tro thanh:

oy, 0°u 1léu

—=a(—+—-—). 3.135

ot? ( or® r 8r) ( )
Vi bién duoc gén chit nén:

ud,t)=0,t>0. (3.136)

Pé chuyén dich u khong phu thudc vao 6, diéu kién ban dau phai
khong phu thudc 6

u(r, 0) = f (1), (3.137)
—a“g’t) _=0=F) (3.138)

Ta gii bai toan nay bang phuong phap tich bién theo 3 budc sau:
Budre 1: Tdch bién dé dwa vé hé cic phirong trinh vi phin thirong.
Dit u(r, t) =R(r)T(t) rdi thay vao (3.135) ta duoc:

T

1, .. 1.
—=—(R +=R). 3.139
a’T R( r ) ( )
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V& phai ctia (3.139) 12 ham chi phu thudc r con vé trai chi phu thudc
t nén biéu thirc trén chi thoa man khi chung déu bang hing hang sb -
c¢%. Khi d6 phuong trinh (3.139) chuyén thanh hai phuong trinh vi
phan thuong:

T +0°T =0, (w=ac), (3.140)
R'+1R+c?R=0. (3.141)
r

Bang cach ddi bién:
s=cr, (3.142)
lac d6 phuong trinh (3.141) dugc viét thanh:

+-—+W =0, (3.143)

day chinh 1a phuwong trinh Bessel véi v = 0 (xem thém cac tai liéu
[3] hoac [6]).

Buwée 2: Tim nghiém thoa man cac diéu kién bién.

Do phuong trinh Bessel (3.143) c¢6 hai nghiém doc 1ap tuyén tinh 1a
ham Bessel loai mot Jo va ham Bessel loai hai No. Nhung do ham No
khong hiru han tai tai S = 0 nén n6 khong phai la nghiém cua bai toan
[3, 5]. Khi @06, dat R(r) = Jo(cr) va cho thoa man diéu kién bién
(3.136) ta co:

Jo(cd) = 0.

Vi vay, cd phai ¢ gia tri bang cac khong diém om cia Jo. Suy ra:

C=Cm= % (3.144)
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Hinh 3.6. Db thi va cac khong diém cta ham Bessel Jo.

Chu y: Céc khong diém am c6 khoang cach khong déu nhau nhu trén
hinh 3.6 va thuong duoc tinh san dudi dang bang (vi du: ou = 2,408;
a2 = 5,5201; o3 = 8,6537...). Hinh 3.6 1a d6 thi ham Jo ing v&i mot
vai gi tri dau tién cua khong diém.
Do d6 cic ham Ru(r) = Jo(Cnl) = Jo(oé—mr) véim =12, .. 1a céc
nghiém cua (3.143) va thoa man diéu kién bién (3.136). Tuong ting
Vi Cm VA Rm 1 @ = om= acm va nghiém tong quat cua (3.140) la:
Tm(t) = amCOS wmt + bmSin mt, (3.145)
voi

8% (m=123...) (3.146)

m

Vay, nghiém riéng ciia (3.139) thoa mén didu kién bién (3.136) la:
Um(r, ) = Rm(r) Tm(t) = (amCoS@mt + bmSinomt) Jo(kmr). (3.147)
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m=1

Hinh 3.7. Dang ctia mdt s6 mode déu tién tmg véim=1,m=2,m=3.

Céac ham um dugce goi la ham riéng ciia mang tron Gng voi tri riéng

@m. Dao dong Um Ung véi tan s6 am dugce goi 1a mode thir m. Dang

ctia mot s6 mode dau tién duoc md ta nhu trén hinh 3.7.

Vé6im =1, thi uy khong c6 duong nit, tirc 13 v6i moi diém trén mang

thugoc mode dao dong nay s& cung dich Ién trén hoac cung dich

xudng dudi.

‘o s s A \ ;L L a A~ .

V6im =2, thi ¢c6 mot duong nat tng véi r =—2d . Dao dong riéng
A,

Uz ¢6 dang 13 tai mot thoi diém thoi diém nao do, toan bo cac diém

bén trong dudng nat dich chuyén 1én phia trén va phan con lai & bén

ngoai thi dich xuéng hodc nguoc lai.

Tong quat, ham riéng um(r, t) c6 m - 1 nit.

Buwéc 3: Tim nghiém théa man cac diéu kién dau.

Tuong tu cac bai toan truyén song trudc day, ta tim nghiém cua bai

toan dudi dang chudi:

u(r,t) = Su,(r,t) = > (a, cos ot + b, sin mmt).]o(% r). (3.148)
m=1 m=1
Cho (3.148) thoa man diéu kién ban dau (3.137) ta duoc:

u(r0) =Y a, JO(% = f(r). (3.149)
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s o . . A a s ens
Do cac ham Bessel JO(Tm r) truc giao voi nhau (xem thém ¢ cac tai

liéu [3, 6]) nén nhan hai vé cua (3.149) véi JO(% r)roi lay tich

phan theo r trén mién [0, d] ta thu duoc:
a rf(r)d mr dr, (m=12..). 3.150
"= 7 ( j (NI (=r)dr, ). (3.150)
Tuong tu, dé (3.148) thoa mén diéu kién dau (3.138) ta suy ra:
2 4 [0
b =—|rF(NJ (—nrdr, (m=12..). 3.151
D= ey %L, ). (3151

Chu y: Thong thudng, dé tinh cac hé s6 am , bm ta phai tinh céc tich
phan bang phuong phap sd (vi du xem chuong 6) két hop sir dung
bang gia tri cia ham Bessel Jo va Ji.

3.5. Phwong trinh truyén nhiét

3.5.1.Thanh 1ap phwong trinh truyén nhiét

Thuc nghiém da cho thiy rang, sy truyén nhiét trong mot vat dang
hudng ludn theo hudng tir noi nhiét d¢ cao té1 noi cd nhi¢t do thép
hon. Goi u(x,y,z,t) 1a nhiét d6 cta diém (x, y, z) tai thoi diém t thi
dong nhiét s€ c6 phuong trung vdi gradient cia ham nhiét do va co
chiéu nguge lai. Nghia la, t5c do dong nhiét J t 1& véi -
gradu(x,y,z,t) va dugc xac dinh:

J =—Kgradu, (3.152)
& day K 1a hé sb ty 1& va dugc goi 1a hé s6 dan nhiét trong cia vat
thé.
Goi V 12 mién bat ky c6 mat bién S nam trong vét thé. Ta thiy tong
nhiét luong ro1 khoi mién V truyén qua mat S trong mot don vi thoi

gian la:

= [[J.dS = K [[ oradu.dS . (3.153)
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Mit khéc, theo dinh Ii Ostrogradski- Gauss (xem chuong 2) biéu
thuc trén duge dua vé dang:

- —K”gradu.d§ = —Kﬂjdiv(gradu)dv = —KJ-J'J’AudV , (3.154)

v6i A 1a toan tir Laplace.

Gia sir trong vat c6 ngudn nhiét véi mat do F(X,y,z,t), nghia 13 nhiét
lwong sinh ra (hodc mat di) trong mot don vi thé tich trong mot don
vi thoi gian (¢ thoi diém t). Véi cach goi nay thi ta quy udc: néu
ngué)n sinh nhiét thi F(x,y,z,t) >0, con néu nguén nhiét tiéu thu nhiét
thi F(x,y,z,t) < 0. Khi d6, trong mot don vi thoi gian, lwgng nhiét Q2
do ngudn nhiét sinh ra trong mién V 1:

=HI F(x,y,z,t)dV . (3.155)

Mat khac, do bién thién nhiét luong trong mién V trong mot don vi
thot gian s€ la:
j j j C—dV (3.156)
(D]
& day, pva C tuong tng 1a khéi luong riéng va nhiét dung riéng cta

vat. Theo dinh luat bao toan nang luong, do bién thién nhiét luong

dQ

trong mot don vi thoi gian Y phai bang nhiét lugng do ngudn nhiét

sinh ra trir di nhiét lugng truyén qua dién tich S trong mot don vi thoi
gian. Nghia la

d
Q = Q- Q,. (3.157)

Thay (3.155) va (3.156) vao (3.157) ta duogc:

I} [— pCZt_u + KAU+ F(X, Y, z,t)}dv _0. (3.158)

V)
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Vi (3.158) diing voi mién V bat ky bén trong vat thé, nén ham dudi
d4u tich phan phai bang 0 & khip noi trong trong toan mién khao sat,

tuc la:
w =a’Au(x,y,z,t) +g(x,y,z,t), (3.159)
trong do,
a2 = (3.160)
pC

g0i 14 hé s6 khuyéch tan nhiét cia vat, con g(x, Y, z, t) 12 ham lién hé
v6i ngudn nhiét theo biéu thuc:

F(X, y,z,t).

3.161
C (3.161)

g(x,y,z,t) =
Phuong trinh (3.159) dwoc goi 14 phuwong trinh truyén nhiét khong
thuan nhdt trong khong gian ba chiéu. Néu trong vat khong cé
ngudn nhiét thi phuong trinh trén trd thanh phuong trinh thuan nhat
ba chiéu:

ou(x,y,z,t)

p a’Au(x,y, z,t). (3.162)

Trong trudng hop sy truyén nhiét thudn nhat chi xay ra theo mot
phuong trong khong gian (vi du theo phuong x ) thi (3.159) tré
thanh phwong trinh truyén nhiét mét chiéu c6 dang:

au__, 0

p a erg(x,t). (3.163)

Trong cic muc tiép theo, chung ta chi giéi han khao sat bai toan
truyén nhiét mot chiéu (cac truong hop 2 chidu hoic 3 chiéu ta ciing
c6 thé nghién ctru hoan toan tuong tu).

3.5.2. Piéu ki¢n ban dau va diéu kién bién

Do phuong trinh truyén nhiét 1a phuong trinh dao ham riéng cap mot
theo bién thoi thoi gian, nén bai toan truyén nhiét chi cin mot didu
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kién dau. Néu bai toan truyén nhiét dién ra trong khong gian hitu
han thi ta can ¢ ca diéu kién dau va céc diéu kién bién.
o Diéu kién ban dau: cho biét su phan bd nhiét do theo khong
gian tai thoi diém ban dau
u(x,0) = f(x). (3.164)
o Diéu kién bién: gia str tai cac mut X =0 va x = | ¢6 su trao ddi
nhiét v6i moi trudng bén ngoai. Goi h 12 hé so truyén nhiét ngodi
thi nhiét lugng truyén qua mot don vi dién tich mét trong mgt don
vi thoi gian tai cic ddu mut twong tng 1a:
h[u@t-u, |; hlul-u,], (3.165)
trong d6 Ui va Uz 1a nhiét d6 ciia moi truong tai cac mat X = 0 va x
= | twong mg. Nhiét luong nay phai bang dong nhiét di qua mot qua

mot don vi dién tich mat tiép xtc trong mot don vi thoi gian tuong

ung, nghia la — K 6_u
on

. r A 4 <A A 9 A au
Tai X = 0, phap tuyén hudng theo chiéu am cua truc X nén — =

on
_u . Tuong tu, tai mat x =1 thi u_ A . Vay ta c6 cac diéu kién
oX on  0oX
bién la:
ou(x,t)| . ou(x,t)
0,t)-U,) |=K ;o hult)-U,)|=—-K———= . 3.166
h[u@©t)-U,)] L. [u,t)-U,)] - x:.( )

Néu tai cic mut ctia thanh 1a cach nhiét thi hé sd truyén nhiét ngoai h
bang khong, khi d6 diéu kién bién (3.166) tro thanh:

ou(x,t) 0 ou(x,t)

=0. (3.167)
X oo OX

x=l
Néu tai cdc mut cua thanh luén dugc gitr ¢ nhiét do béng nhiét do
cua moi truong, luc do6 theo nguyén li thir hai cua nhiét dong luc hoc
thi khong c6 dong nhiét truyén nhiét qua hai mut (u, = 0). Vi vay
diéu kién (3.166) lac nay tré thanh:
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u(0, t) =Uy; u(l,t)=Uz>. (3.168)
3.6. Cac trwong hop truyén nhiét mét chiéu

3.6.1. Thanh hiru han, khong ¢é ngudn nhiét, c6 nhiét do hai mat
bang khong

Xét sy truyén nhiét trong thanh thang chiéu dai | dat doc theo truc X,
cO cac mat xung quanh duogc cach nhi¢t voi moéi truong. Khi do sy
truyén nhiét chi xay ra theo chiéu x. Gia thiét thanh khong c6 ngudn
nhiét va nhiét d6 hai ddu mut ludn duoc gilt ¢ nhiét do khong. Khi
do, su phan bd nhiét d6 cua thanh chinh 1a nghiém cua phuong trinh:

2
%“ — a2 Z—‘j, (3.169)
X

thoa méan cac diéu kién bién:
u@©,t)=0, u(l,t)=0 voit>0 (3.170)
va thoa mén diéu kién dau:
u(x, 0) =f(x),0<x<l. (3.171)

Ta giai bai toan nay bang phuong phap tach bién giéng nhu ddi voi
truong hop phuong trinh séng mot chiéu.

Buéc 1: Tdch bién dé chuyén vé cic phwong trinh vi phdn thuong.
Ta tim nghiém cua bai toan dang u(x, t) = X(x)T(t), thay vao phuong
trinh (3.169) va sau d6 chia ca hai vé cho a®X T, ta duoc:

X T 2

2 —_p?, 3.172

X a’T P ( )
O day, ta da dat hai vé ctia phuong trinh bang hang s6 am dé dam
bao bai toan c6 nghiém khong tim thuong. Tir d6, (3.172) dugc dua
vé thanh hai phuong trinh vi phan thuong:

X"+ p2X=0 (3.173)
T'+a%p?T=0. (3.174)
Buée 2: Tim nghiém thoa man cac diéu kién bién.
Tuong ty bai toan truyén song, diéu kién (3.170) suy ra:
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X (0)=0, X () = 0. (3.175)

Nghia 13 nghiém cta phan phu thuéc khéng gian trong bai toan
truyén nhiét hoan toan tring vé mat hinh thirc véi bai toan truyén
song. Luc d6, nghiém riéng cua (3.173) thoa man diéu kién bién
(3.175) la:

X(x)= sin”l—”x; ”I—”= P (n=1,2,3 ..). (3.176)

Véi p thu duge nhu trong (3.176) ta dé dang tim duoc nghiém tong
quat cua (3.174):
T(t) = adexp(- 0?t)]; ©,= @ . (3.177)

Vi vdy, nghiém riéng cua phuong trinh (3.169) thoa man diéu kién
bién (3.170) la:

un(x,t)zansinnil_xexp(—wft), n=1,2,.. (3.178)

Buwéc 3: Tim nghiém théa man diéu kién dau.

Tuong ty bai toan truyén song mot chiéu, ta tim nghiém ciia bai toan
truyén nhiét duéi dang téng vo han:

u(x,t)=> u,(x,t)=>"a,sin #exp(—a)ﬁt) . (3.179)
n=1 n=1
Cho (3.179) théa man diéu kién dau (3.171) ta duoc:
u(x,0=>a, sin@: £(x). (3.180)
=1

Tuong ty nhu trudng hop tinh hé sé an ciia bai toan lan truyén song,
tur (3.180) ta co:

|
a =|3jf(x)sin@dx, n=1,2,.. (3.181)
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Nhan xét:

Tir (3.179) ta thiy: néu nhiét do ¢ hai mat ludn duge gitr bang 0,
thi sau khoang thoi gian du 16n, nhiét d6 tai moi diém trén thanh déu
bang 0. Piéu nay ta ciing d& doan nhan dugc dwa vao nguyén 1i thir
hai ctia nhiét dong luc hoc khi diéu kién 6n dinh da duoc thiét lap.
Néu thay diéu kién bién & trén boi diéu kién: tai hai mat ludn duoc
gilt & cac nhiét do khong d6i Us , Uz nao d6 thi vé mat vat 1i s& co
hai qua trinh xay ra: qud trinh qud do Va qud trinh én dinh. Luc d6,
dia vao tinh chit tuyén tinh ctia phuwong trinh truyén nhiét, ta tim
nghiém cua bai toan dudi dang tong ciia hai ham:

u(x, t) = v(x) + w(x, t), (3.182)
trong d6, v(x) chi phu thudc vao x va dugc goi 1a nghiém on dinh,
w(x,t) duoc goi 1 nghiém qud dj va triét tiéu khi t rat 16n, tirc 1a khi
da thiét 1ap su truyén nhiét 6n dinh.

3.6.2. Thanh hiru han, khong c6 nguén nhiét, hai mit dwgc cich
nhiét
Xét sy truyén nhiét mot chiéu trong thanh hitu han, khong c6 nguén
nhiét, hai mat duoc cach nhiét (khong c6 dong nhiét truyén qua).
Khi d6, phan bd nhiét trén thanh théa man phwong trinh (3.169) véi
cac diéu kién bién:
Ux(0,t) =0, ux(l, )=0 voit>0 (3.183)
va céc diéu kién dau:
u(x,0) =1f(x),0< x<I. (3.184)
Ta giai bai toan niy bang phuong phap tach bién.
Budre 1: Tdch bién dé chuyén vé cac phirong trinh vi phin thirong.
Thuc hién twong nhu trudng hop thanh hitu han, khéng c6 nguon
nhiét, c6 nhiét d¢ hai mit bang khéng (muc 3.6.1) ta tich phuong
trinh truyén nhiét thanh
X"+p?X=0 (3.185)
T +a%p?T =0. (3.186)
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Buwdc 2: Tim nghiém thoa man cac diéu kién bién.
Tir (3.183), cac diéu kién bién duoc viét thanh:

ux(0,t) = Xx(0) T() =0, ux(l,t) =X« (1) T(t)=0.  (3.187)
Dé nghiém u(x,t) = X (X)T(t) khong tAm thuong can phai co:

Xx(0) =0, X«(I)=0. (3.188)
Mat khéc, nghiém cua (3.185) dugc xac dinh boi:

X (X) = Acospx + Bsinpx (3.189)
ta duoc

Xx (0)=pB =0, (3.190)

Xx (I) = -pAsinpl = 0. (3.191)

Tir (3.190) va (3.191) suy ra:
B=0: p:pn:r‘l—”, n=01,. (3.192)

& day, ta khong can 13y cac gia tri m ciia n. Vay nghiém cua (3.185)
thoa man diéu kién bién (3.184) la:

Xn(X)= An cosnl—”x (h=0,1,2,3,...) (3.193)

can chu y rang gia tri n =0, khong phai 1 nghiém tam thudng.

Vi T(t) duoc xac dinh tir (3.186) hoan toan giéng (3.174) nén hoan
toan tuong tu ta c6 nghiém riéng thoa man cac diéu kién bién cia
bai toan la:

u (x,t)=a, cos@exp(—coft); @, =$ (n=0,1,2,..). (3.194)

Cha y: Nghiém tng v6i n =0 (ap = 0) ciing 1a tri riéng cua bai
toan dang xét.
Buwée 3: Tim nghiém thoa man diéu kién dau.

Lap luan hoan toan tuwong ty nhu muc 3.6.1, nghiém can tim duoc
biéu dién dudi dang tong vo han:
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u(x,t) =>u,(xt)=>a, cos#exp(—mﬁt) : (3.195)
n=0 n=0
Cho (3.195) théa man diéu kién dau (3.184) ta duoc:
u(x0)=>a, cos@ — (). (3.196)
n=0

Tir day ta tinh dugc hé s6 an theo (3.181) nhung cha ¥ n 1dy tir 0. Két
qua thu dugc:

| |
ao:%jf(x)dx, an:%jf(x)sin@dx, n=1,2,.. (3.197)

Vay nghiém cuia bai todn can tim 1a (3.195) voi cac hé sb6 duoc tinh
theo tich phan (3.197).
3.6.3. Truyén nhiét trong thanh hiru han ¢é nguon nhiét
DPéi v6i bai toan truyén nhiét mot chiéu trong thanh hitu han c6
nguén nhi¢t thi sy phan bd nhiét d6 cia hé thoa man phuong trinh
khong thuan nhat (3.163). Xét hai truong hop sau day: nguon nhiét
khéng thay doi theo thoi gian V& nguon nhiét thay doi theo thoi gian.
a) Truong hop ngudn nhiét khong dobi theo thoi gian
Gia su ngué)n nhiét xuat hién vao thoi diém ban dau to = 0, déng thoi
tai hai mat x =0 va x =1 cua thanh dugc gitt ¢ cac nhiét d6 Uz va
U, khong d6i. Khi d6, vé mat vat li thi sy truyén nhiét c6 thé duoc
chia 1am hai giai doan: giai doan qud dg Va giai doan én dinh dong
nhiét. Tu déy, nghiém cua bai toan cé thé tim duoc dudi dang téng
ctia hai thanh phan: nghiém qud do w(x,t) va nghiém dirng v(X):

u(x,t) = w(x, t) + v(x), (3.198)

& day, w(x,t) va dao ham cta n6 dan dén 0 khi t— +co. Thay vao
(3.163) ta duoc:

@:azv"(x)+a262—vzv+g(x),03x£|,tzO (3.199)
ot OX
v(0)+ W(0, t) = Uz, v(I)+ w(l, t) = Uz (3.200)
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v(X)+ w(x, 0) =f(x),0<x<I. (3.201)

Cho t —» +oo tir ba phuong trinh trén ta dugc bai toan bién cho
phuong trinh vi phan thuong dé xac dinh nghiém duy tri v(X):

v (X) = —é (x), v(0)=U,, v(l)=U,. (3.202)

Cau phuong hai 1an phuong trinh ndy déng thoi str dung cac diéu
kién bién cua v(x) ta dugc nghiém:

v(x) = [u oy +j(j g(s)ds)dz} +U, j(o jdz. (3.203)

Thay v(x) vao bai toan diéu kién bién va diéu kién dau
(3.199)+(3.201) ta dugc phuong trinh cho w(x,t):

2
w_ a’ a_vzv w(0,t) =w(l,t) =0, w(x, 0) =f(x)- v(x). (3.204)
ot 19)4
Pay chinh 13 bai toan thuin nhat di giai va ta da biét nghiém co

dang (3.179) v&i an duogc tinh theo (3.181), tirc 1a:

w(x,t)zzansin@exp(—wgt); o, :@, (3.205)
n=1

2% . hzx
an:EI[f(x)—v(x)]S|anx, n=1,2,.. (3.206)

Vay, nghiém can tim 14 :
u(x,t) = v(x) + w(xt).

b) Truwong hgp ngudn nhiét thay ddi theo thoi gian
Dé don gian ta chi xét truong hop ngudn nhiét phy thudc vao thoi
gian nhung nhiét 46 & hai mut luén dugce giit bang khong. Khi do, dé
tim sy phan bd nhiét d¢ trong thanh ta tim nghiém ciia phuong trinh
khong thuan nhét (3.163) véi cac diéu kién bién:

u@,t)=0, u(l,t)=0 , t>0 (3.207)

va dieu kién dau:
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ulx,0) =f(x),0<x< . (3.208)

Tru6e hét, ta tim nghiém cta (3.163) duéi dang:
uxt) = ST, (t)sin @ . (3.209)
n=1
Thuc hién cac khai trién

g(xt)=>g,(®)sin @; 9. (x.1) = Igjg(x,t)sin @dx (3.210)

© |
f(x) =ansin@; f= szf(x)sin@dx. (3.211)
n=1 0

Luac @6 Ta(t) thoa man phuong trinh vi phan thuong:

. n

T + @ To-fa() = 0; Ta(0) =fn; an :nl—a. (3.212)
Gidi phuong trinh nay tim cac Tn sau d6 thay vao (3.209) ta duoc
nghiém cua bai toan.
3.6.4. Truyén nhiét mot chiéu trong thanh dai vé han, khong cé
ngudn nhiét
Xeét su truyén nhiét mot chiéu trong thanh dai vo han. Gia sir can tim
nhiét do u(x,t) tai diém c6 toa do x cta thanh rat dai khong co ngudn
nhiét, ndm doc theo truc OX, tai thoi diém t. Ta c6 thé coi mo hinh
toan hoc 1a thanh dai v han trén ca truc OX, khi d6 khong con diéu
kién bién ma chi con diéu kién dau:

u(x, 0) = f(x) , - co<x < +o0. (3.213)

Sur phan bd nhiét do trén thanh 13 nghiém cua phuong trinh thuan nhat

N _ 20U ey <t (3.214)
ot ox?
Ciing gidng nhu bai toan truyén nhiét hiru han khéng c6 ngudn
nhiét, & day ta tim nghiém bing phuwong phap tach bién u(x,t) =
X(X)T(t). Nhung can luu y 12 khong con diéu kién bién nén phuong
phap tach bién chi con hai bude.
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Buwéc 1: Tdch bién dé dan dén cdc phirong trinh vi phdn thuong.

bat u(x,t) = X(X)T(t), thay vao (3.214) va lap luan nhu trudc day ta
s& dan cac phuong trinh cho X va T :

X"+ X =0, (3.215)
T +a2AT = 0. (3.216)

Can chu ¥ rang, néu A = - p?< 0 thi (3.216) s& cho nghiém tién t6i vo
cuing khi t — +oo. Vi vy, ta can gia thiét A = p?>> 0. Luc d6, nghiém
cua hai phuong trinh nay la:

X(X) = Acospx + Bsinpx; T(t) = Ce """ (3.217)
v6i A, B, C 1a cac hang sb tuy y.
Nghiém cua (3.214) la:
u(x,t,p) = [ a(p) cospx + b(p) sinpx] exp(-a’p’t),  (3.218)
& day, a(p) = AC va b(p) = BC i cac hang sb tuy ¥.
Budce 2: Tim nghiém thoa man diéu kién dau.

Chu ¥ rang, voi mdi p, a va b nao d6 thi u(xt,p) xac dinh theo
(3.218) néi chung khong théa man diéu kién dau u(x,0) = f(x) vig t =
0 thi (3.218) 1a ham hinh sin. Trong bai toan truyén nhiét trong thanh
¢6 chiéu dai hiru han, nghiém dugc tim dudi dang chudi ciia cac Un.

Ao A A A n ~ 1a: A ‘A A
Tuy nhién, ¢ day do thanh dai vo han nén p = I_ﬂ s€ bién thién mat

cach lién tuc. Vi vy, viéc ldy tong vo han cac u(x,t,p) trong (3.218)
s& dan dén lay tich phan, nghia 1a ta s& tim nghiém dudi dang:

u(x,t) = _[u(x,t, p)dp = _[(a( p)cos px + b(p)sin px)s‘az"ztdp. (3.219)
0 0
Cho (3.219) théa méan diéu kién dau (3.213) ta duoc:

u(x,0) = T(a( p) cos px +b(p)sin px)dp = f(x). (3.220)
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Biéu thuc (3.220) cho thiy a(p) va b(p) 1a hé sb tich phan Fourier
cua ham f(x), tirc 1a

1 +00 1 ~+00 ]
a(p)=— [ f(§)cospsdg; b(p)=— [ f(§)sinpsd. (3:221)
Khi d6 (3.219) dugc bién d6i luong giac dé dwa vé dang

u(x) == [ dp [ 1(§)cos(px— pee " de

_ if f (§)d§T cos(px— p&ePidp.  (3.222)

St dung cong thire tich phan [6]:

Te‘sz cos 2bsds = g e, (3.223)
0
ta duoc:
fe‘azpzt cos(px — p&)dp = Knx/f exp {— (Xd;—ft)z} (3.224)
Thay (3.224) vao (3.222) ta c0:
u(x,t) = ﬁif © exp{— (X4;§t)2 }dg. (3.225)

Bay gio ta xét ¥ nghia vat 1i ciia nghiém (3.225). Gia st diéu kién
ban dau ciia bai toan duoc cho bai ham delta Dirac: f(x) = 8(X - Xo).
Thay vao (3.225) va dua vao tinh chét ciia ham delta ta duoc:

U(X,t)—Zajazﬂéxo)exp[( _f)z]dé

_1 k)
_Zaﬁexp{ 2t ] (3.226)
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D6 thi ctia u(x,t) duoc mo ta trén hinh 3.8, ¢ cac thoi diémt < t, <ts,
v6i ty rit gan thoi diém ban dau to = 0.

Ta thay rang, tai thoi diém ban dau t, = 0, phan b nhiét d6 tap trung
tai diém Xo, con nhiét d tai cac diém khac gan nhu bang khong. Khi
thoi gian ting dan, nhiét d6 tai diém X, giam dan con nhiét d6 tai cac
mién 1an cin X, thi ting dan. Qua trinh nay tiép tuc xay ra trong toan
mién khong gian khi thoi gian ting cho dén mot lac nao dé thi nhiét
d6 tai moi diém 13 nhu nhau, qua trinh truyén nhiét dat dén trang thai
dirng. Piéu nay hoan toan phi hop véi thuc té nhu cic nguyén 1i cia
nhi¢t dong luc hoc.

(1)

f1

Ko x

Hinh 3.8. Ham phén bé nhiét do & cac thoi diém khac nhau t, <t, <t,.

Chu y: Két qua thu duge trén day c6 thé van dung cho truong hop
truyén nhiét trong thanh nira vo han (xem nhu noi dung bai tap).

3.7. Phwong trinh Poisson va phwong trinh Laplace
3.7.1. Phuwong trinh Poisson va phwong trinh Laplace

Trong thuc té, khi nghién ctru cac hién tuong vat li ta van gip cac

qud trinh dirng. Luc d6, cac sb hang trong phuong trinh mé ta hé chi

con lai cac thanh ph:‘?tn phu thudc khong gian. Mat khac cac hién
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tuong vat li thuong dugc mo ta boi cac phuong trinh dao ham riéng
tuyén tinh cap hai nén dbi voi cac qua trinh dimg thi phuong trinh
mo ta nd tré thanh phuong trinh dao ham riéng cép hai theo bién
khéng gian. Lic d0, ta c6 thé dua cac phuong trinh d6 vé dang sau:

Au(r) =g(r), (3.227)

trong do, A 1a toan tir Laplace va (3.227) duoc goi la phwong trinh
Poisson. Khi vé phai cua (3.227) dong nhét bang khong thi phuong
trinh Poisson tr¢ thanh phwong trinh Laplace:

Au(r) =0. (3.228)
Ta xét mot vai vi du dan téi cac phuong trinh nay.
a) Ham phan bd nhiét do u(F) trong khong gian tuan theo phuong
trinh khong thuan nhét (3.161). O diéu kién dung thi 2—‘: =0, khi d6
phuong trinh truyén nhiét (3.161) trd thanh phuong trinh Poisson

(3.227). Néu thém vao diéu kién trong vat khéng co ngudn nhiét thi
phuong trinh truyén nhiét try thanh phuong trinh Laplace (3.228).

b) Theo 1y thuyét dién tir Maxwell, phan bd dién thé ¢ cia truong
tinh dién trong mién khong gian cé dién tich thoa man Possion:

Ag(F) :%, (3.229)

Vv6i p 1a mat do dién tich khoi, & 1a do dién tham ciia moi truong.
Trong mién khong gian khong chira dién tich thi thé tinh dién thoa
man phuong trinh Laplace:

Ap(F) =0. (3.230)

Nghiém cta phuong trinh Laplace ¢6 dao ham riéng cip hai lién tuc
duoc goi 1a ham diéu hoa.

3.7.2. Piéu kién bién ciia phwong trinh Poisson - Laplace

Twong ty nhu phuong trinh truyén song va phuong trinh truyén
nhiét, dé bai toan dugc mé ta béng phuong trinh Poisson — Laplace
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duoc dit ding dan thi ta can phai biét cac diéu kién bién cua chung.
Xét may loai diéu kién bién thudong gip sau:

a) Cho biét gia tri ctia ham u trén bién S cua mién khao sat:

ul, = f(r). (3.231)
Phuong trinh Poisson— Laplace véi diéu kién bién (3.231) duoc goi
la bai toan Dirichlet.

b) Cho biét toc do thay doi clia cia ham u theo hudng phéap tuyén

cua mat bién:

=F(F). (3.232)

Phuong trinh Poisson— Laplace véi diéu kién bién (3.232) duoc goi
la bai toan Neuman.

¢) Cho biét diéu kién bién c6 dang:

a_u
on

Phuong trinh Poisson— Laplace véi diéu kién bién (3.233) duoc goi
la bai todn hon hop.

+ hu|sj: K(F). (3.233)

Trong thuc té, ching ta thudng gip cac bai toan vat li trong do
phuong trinh Poisson - Laplace 4p dung trong mién khong gian ¢
tinh di xtng ndo d6. Khi d6, viéc chon hé toa d¢ thich hop dé thuan
tién cho viéc tim 10 giai 1a can thiét.

Trong chuong nay, ta chi yéu dé cap dén phuong trinh Laplace trong
hé toa d6 cdu voi phuong phéap tach bién nhu da trinh bay ¢ trén.
Nghi¢m hiru han va gidi ndi ciia phuong trinh Laplace dugc goi 1a ham
cau Laplace va dong vai trd quan trong trong 1y thuyét luong tir [3, 6].

3.7.3. Ham cAu

Xét phuong trinh Laplace (3.228) trong mién khong gian c6 tinh dbi
xtmg cau. Luc d6, chon hé toa do cau (r,0, ¢) thi phuong trinh
Laplace dugc viét thanh (xem chuong 2):
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2
Q(rza—“}_ii(sinea—“} 1 Uy (3234
or or) siné o6 060 ) sin“6 o¢

Chung ta cAn tim ham u(r,8,¢) lién tuc, don tri va théa man phuong
trinh (3.234). Trong hé toa d ciu, dé dam bao tinh don tri thi ham
u(r,6,¢) phai thoéa min diéu kién tun hoan c6 chu ky 2n  d6i voi
thanh phéan ¢

ur,0,4)=u(r,0, ¢ +2n),v6ir>0,0<0<n.  (3.235)

Do tinh chét tudn hoan ndy nén ta c6 thé biéu dién ham u theo chudi
Fourier [3, 16]:

u(r, 6, ¢) :%ao(r, 0) +i[am(r, 0)cosmg+b, (r,0)sinmg]. (3.236)

Thay (3.236) vao (3.234) ta dugc:

1 2 rzai +__1 i Singa;ao

2| or or singd 06 00
L) 2

+Z 9 rzai +ii sin49aan —%am cosme (3.237)
n| Or or sing 06 00 ) sin“6
Ee) 2

+>. o rZ% +_Li sineabn —%an sinmg =0
Tl or or sind 00 00 ) sin“ @

Tir day ta suy ra cac hé sb am va bm ciing thoa man phuong trinh dang:

2
ﬁ(r2@j+_ii(sin eﬂj— M_y-0. (3239
or or) sinf o6 060) sin“@
Trong d6, v = v(r,0 ) va khi m = 0 ta c6 phuong trinh ddi véi ao.
Nghiém ctia phuong trinh (3.238) dugc tim bing phuong phap tach bién:

v(r,0)= R(nG(0). (3.239)
Thay (3.239) vao (3.238) va bién doi vé dang:
2
li(rzd—Rj:—l_ii(sin ed—G}%. (3.240)
R dr dr Gsingd do dr ) sin“@
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Vé trai cua phuong trinh (3.240) chi phu thudc r, con vé phai chi
phu thudc @nén phuong trinh nay chi thoa man khi ca hai vé cia n6
bang hiang sd (ky hiéu 1a A). Luc d6, ta tach (3.240) thanh hai
phuong trinh sau:

PR"+ 2rR"— AR = 0, (3.241)
2
ii(sined—e}u A-—2_|G=0. (3.242)
sing dé de sin“ @

Dé tim nghiém cua (3.242) ta dua vao bién s6 mdi x = cos0 . Vi 0 <
f<nnén-1<x<1,lacdd y=G(x) la mot ham cta X dugc xac
dinh trén mién [-1, 1]. St dung tinh chat dao ham cta ham hop ta
dua (3.242) vé dang:

d’y dy m?
1-x —2X—+| A— =0. 3.243
(1-x)— e i ( vl (3.243)
Phuong trinh (3.243) xac dinh trén mién [-1, 1] dugc goi 1 phirong
trinh Legendre lién déi. Bé qua phan trinh bay chi tiét, cac tinh todn
cho thiy A bi rang budc bai [3, 6]:

A=n(n+l),véin=0,1,2,.. (3.244)
Lac do, nghiém cua (3.243) sé la cac da thuc Legendre lién
d6i P™(x):

d m 2 d m+n

P (x) = (1~ X)2 n(X)=2 (1-x°)

o —(x*-1)", (3.245)

véim<n.
Bay gio thay gia tri A = n(n +1) vao phuong trinh (3.241) va giai ra
duogc hai nghiém c6 dang r" va r™"". V& mit toan hoc, nghiém tong
quat cta (3.241) 13 t6 hop cua hai nghiém nay. Tuy nhién, do
nghiém tht hai khong hitu han khi r tién téi 0 nén trong vat li ta
thuong chi gitr lai nghiém thtr nhét. Lac do:

Ra(N=1". (3.246)
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Vi vy, dang cta cac hé sb chudi Fourier by gid 1a v(r,0) =Rn(r)Gn(0 ).
Ta dua vao cac hé sb méi amn Va bm, n dé cac hé sb Fourier cia chudi
(3.236) duoc tinh:

a,(r,.0)=> a, r"P®(cos6)=> a, r"P,(cos6),

n=0 n=0

a,(r,0)=>a, ,r'P"(coso), (3.247)

n=m

ba(r.0)=> b, r"P™(cos o).

n=m
Tong lay tir m dén vo cung vi P™ (cos®) = 0 khi m > n. Thay cac hé
sd ndy vao (3.236) thi nghiém cua phuong trinh Laplace dugc viét:

u(r,o,9) =%iaoynr”Pn (cos @)+

n=0

+ i{[i a, .F"P™ (cos 6’)}05 me {i b, ,r"P™ (cos H)}sin m¢}

m=1 n=m n=m

Thay d6i tht ty 1dy tong trong s hang thir hai ta co:

U<r'93¢>=iao,nr”vn@(wi{i[am,nr”vé””(e,@+bm,nr”Yn<m><e,¢>]}, (3.248)

n=l (m=1

trong do, ta dua vao ky hi¢u

Y9 (0) = % P (c0s0),

Y™ (9,4) = P™ (cosd)cosmg, (3.249)
Y™ (0,4) = P™ (cos@)sinmg.

duoc goi la cac ham cau Legendre cap n.

Ung vOi moi gia tri cia n cho trude thi m nhan cac gia tri 0, £1,
+2,..., +n, nghia 1a c6 2n+1 ham cau Legendre. Cac ham ciu
Legendre c6 chi s am phia trén tuong ng v6i da thic Legendre
lién d6i duoc nhan véi cosmg. Con cac ham ciu Legendre c6 chi sd
trén duong thi da thirc Legendre lién d&i dugce nhan vai sinmé.
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T hop tuyén tinh cac ham cau Legendre duoc ham cau Yn(0 ,¢):
Y,(60.9) =2, Y2 (0)+ Y| &, Y (0. 4)+D, Y (6.4) |. (3.250)
m=1

Cac hamr"Y, (0,4), véi n = 0, 1, 2, ... dugc goi 1a cac ham cau
Laplace va la nghiém cua phuong trinh Laplace (3.228).

Vay trong hé toa do cau, nghiém gidi ndi ciia phuong trinh Laplace 1a:
u(r,0.4)=>_r",(6.4). (3.251)
n=0

3.7.4. Céc tinh chit ciia ham ciu

a) Tinh truc giao

Ham cau duoc dan ra trén day c6 hai tinh chit rat quan trong 1a tinh
tryc giao va tinh ddy dii. Trude hét, dé khao sét tinh truc giao cua hé
cac ham cdu ta can chimg minh cac ham Yngml) (6,9) va Yn(zmz)(H, )
tryc giao v6i nhau trén mit cau S ¢6 ban kinh p va co tam tai gbc toa
do O.

That vy, xét yéu to dién tich mat dS (xem chuong 2) nim trén mat

cau S. Khi do:

HYE™ (0. Y™ (0.0)d5 = JPY.E™ (0,9)Y ™ (6,4) 0 sin 06 dg =

S S

2 {cos mg cosm,¢
=p J'

= _ _ d¢j P™) (cos #)P™ (cos ) sin 8d 6. (3.252)
sinmg sinm,g k 2

0

cosmg cosm,g

Trong do < . )
sinmg sinm,¢

} 1a ky hiéu ctia mot trong bdn tich sau:

COSM1¢ COSM2¢; COSM1 ¢ SINM2¢; SINM1P COSM2; SINM1 SINM2 .

Do tinh tryc giao cia hé lugng giic nén tich phan trén s& bang
khong khi mi= my,

Khi mi=mz2=m thi tich phan thr nhét trong (3.252) s& c6 gié trj bang:
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2n 2n
[cos? mode = [sin*mede=r. (3.253)
0 0

Luc do, tich phan (3.252) tr¢ thanh:
K 1
ﬂpZJ. Pnim) (COS 9) Pn(zm) (COS 9) sin@d o = TIZpZ J' Pngm) (X)Pn(zm) (X)dX (3254)
0 -1

Vi céc da thirc Legendre lién d6i Pn(™(X) truc giao véi nhau trén [-1,
1] (xem thém tai liéu [3]), nghia la
1
[RM ()P (x)dx =0 khi n, #n, (3.255)
-1
nén cac ham cau Yn(6,¢) lap thanh mét ho tryc giao trén mat cau S
nhan gdc toa d6 1am tdm. Néu chon S 1a mit cau c6 ban kinh p =1
(mat cu don vi) thi ta co thé ching minh duogc rﬁ“mg:

0, khi (m;,n,) #(m,,n,)
3.256
PV 0,01 0,015 = | -2 OM iy i, =m0 o)
2 2n+1(n—m)!

(8)

271'%, khin =n,=n;m =m,=m=0.

St dung tinh truc giao cta hé cac ham ciu Yn(@ ,¢), cic hé sb cua
chudi Fourier (3.250) dugc tinh:

T I
dr p )
2n+1(n+m)! 1 (-m) (3.257)
= —qp f(6,9) 0,¢)ds ,
= (n—m)!p"cgEE) ©,9)Y, ™ (0,9)
_ 2n+1(n_m)!i f(e ¢)Y(m)(€ ¢)ds
m, n 272_ (n+m)! pn 2 ! n ’

trong d6 f(6, #) 1a nghiém cua phuong trinh Laplace 1y tai gi4 tri
bién cia mat cau S, nghia 1a f(6, @) = u(p, 6, ¢).
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b) Tinh diy di

Tinh chit quan trong thtr hai ctia ham cau 1a tinh ddy dii. Theo d0,
néu ham sé bat ky g(0, ¢) kha vi, lién tuc va c6 dao ham cip hai thi
1n6 ¢6 thé khai trién duoc theo chudi cac ham cau noi trén:

9(6.9) = iao,nYn‘o’ 0.4)0" + i{i a, Y™ (0,4)+ ibman;"‘) o, ¢)}p” (3.258)

trong d6 cac hé s6 cua chudi duoc tinh theo (3.257).

BAI TAP CHUONG 3

3.1. Tim cac mién trén mat phang ma cac phuong trinh sau ddy 1a
elliptic, hyperbolic va parabolic:

a) - X2Uxx + 2XyUxy +2(y - 4)uyy = 0,
b) uxx + iUy + 5ux + 2u = 0.
3.2. Giai bang phuong phap tach bién dbi véi cac bai toan bién:
a) Ux = 4uy , biét u(0, y) = 8e™¥.
b) Ut =2ux, biét: 0<x<3,t>0, u(0,t)=u(3,1t)=0.

3.3. Xdac dinh dao dong tu do cua mot s¢i day hitu han, gén chat tai
cac mit x = 0, x = I. Biét do léch ban dau bang khong va van
tdc ban dau duoc cho boi:

ou(x,t)
ot

v,cos(x—c)  khi |x—c|<%
N khi [x—c|>%

. LS £ . T T
trong do Vo la hang s6 duong va r <c<l =5

3.4. Xac dinh dao dong cua mot day gan chat & mat X = 0,con mut X
= chuyén dong theo quy lut Asinot. Biét rang do léch va van
tdc ban du cua soi day bang khong.
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. o .. 0u o o

3.5. Tim nghiém cua phuong trinh ro = Pl +bx(x —1) thoa man

X
cac didu kién dau bang khong va cac diéu kién bién u(0, t)= u(l,
t)=0.

3.6. M6t thanh dong chit c6 @6 dai 21 bi nén cho nén do dai ciia nd
con lai 1a 2I(1 - ). Ldc t = 0, ngudi ta budng ra va ldy gbc
hoanh d6 tai tim cta thanh. Chimg minh rang d6 1éch u(x, t) cua
thiét dién c6 hoanh d6 x & thoi diém t duoc cho boi:

_8l& ()™ (2n+1)nx _(2n+rat
Hext = Z(2n+1) a o

3.7. V& dang cua s¢i day vo han dao dong néu vén tdc ban dau b?mg
khong, con do Iéch ban dau duoc cho bai:
0 khi x<1
x=1 khi 1<x<2
Xx—3 khi 2<x<3
0 khi x>3

u(x,0) =

tai cac thoi diém to = 0; 1 = 0.5; t3= 1; t3 = 2.5 (5).
Xét dao dong tai cac dimx=0;x=2; x=1;x=-1 (khi nao bat
dau dao dong, khi nao két thiic), biét van tdc truyén song a = 2.

o%u 2

coe g n- , n u A
3.8. Giai bai todn day rung: —- = 4? trong mién 0 <X < m,
X

thda man cac diéu kién ban dau va cac diéu kién bién:
u(x, 0)=sin3x —4sin10x ;0<x<m,

8—u|t o = 2Sin4x+sin6x ,

u0,t) =u(r t)=0; t>0.

3.9. Mot mang rung hinh vudéng dong chét, tai thoi diém t = 0 d6
l1éch ctia n6 duoc xac dinh bai u(x, y, 0) =Axy(l - X)(I - y), trong
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d6 0<x<I,0<y<I Biét van toc ban dau bing khong va cac
mép duoc gén chat, hay xac dinh dao dong cua mang.

3.10. M6t mang rung hinh chit nhat 0 < x < I, 0 <y < d, dugc gin
chit & cac mép. O thoi diém t = 0, mang bj tac dong boi mot
xung tap trung tai tdm cua mang, sao cho

Im ” v,dxdy = A,

trong do6 A 1a hang s0, Vo 1a van toc ban dau, ce 1a mién 1an can
cua tdm cia mang. Hay xac dinh dao dong ctia mang.

3.11. Tim phan bd nhiét do tai thoi diém t > 0 trong mot thanh dong
chat c6 d6 dai |, thanh bén cach nhiét, hai dau dugc giit & nhiét
d6 khong, phan bd nhiét ban dau co dang:

cx(l-=x)
1z

u(x,0) =

3.12. Mot day rit manh, dan nhiét doc theo chiéu dai cua nd. Mat
khac, sg1 day cling birc xa nhiét ra méi truong xung quanh (luén
gilt & nhiét 46 khong). Gia sir rang téc do thay doi theo thoi gian
cua nhiét do do sy buc xa 1a ty 1¢ v&i nhiét do. Ching minh
rang, ham u(x,t) thoéa man phuong trinh dang: Ut = a’uxx- bu, véi
b 13 hang s6 duong. Chimg t6 rang, c6 thé dua phuong trinh trén
vé dang thuan nhét bang cach dat: u(x, t) = v(x, tw(t) vdi w(t)
thoa man céac diéu kién thich hop.

3.13. Mot thanh AB dai | , hai dau A va B cuia n6 dang duoc gitt &
cac nhiét d6 U1 va U, tuong tmg cho dén khi thiét 1ap ché d6 6n
dinh. BAt ngd ting nhiét d6 dau A 1én Us va ting nhiét do dau B
lén U, Biét Us < Uz < Uz < Ug. Hay tim su phan bd nhiét caa
thanh ké tir thoi diém thay d6i nhiét 6 cac dau A va B.

3.14. Xac dinh sy phan b nhiét 46 cua thanh bang dong chiéu dai |
= 100 cm, c6 thanh bén cach nhiét, cac dau mut duge gt ¢
nhiét do br:ing 0°C, sy phéan bd nhiét d6 ban dau trong thanh
duoc cho boi:
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u(x,0) = 5o°sin@.

Cho biét: C = 0.09 Kcal.g™, p =8.9 g.cm™, h = 0.9 Kcal.cm™.s.

3.16. Mot thanh dong chit chiéu dai | c6 mot mut cach nhiét, con
mot mat dugce gitt & nhiét do khong ddi Uo. Tim phén bd nhiét
d6 trong thanh biét nhiét do ban dau duoc phan bd dang: u(x, 0)
= f(x).

3.16. Tim phéan bd nhiét d6 trong mot thanh dong chat dai I. Biét
nhiét d6 ban dau bfmg khong, nhiét do tai mat x = | béng khong,
con nhiét d6 tai mat X = 0 dugc cho bai u(0, t) = At.

2
, 0U

3.17. Tim nghiém cua phuong trinh %J =a PVl thoa man cac diéu
X

kién:
u(, 1) =0, u(l, t) = Aet, u(x,0) = Ali.
3.18. Giai phuong trinh Au(r,6, ¢) = 0. Biét rang, trén mit cau tim O
ban kinh R thi u(r,6, ¢) khong phu thudc vao 6, nghia la u(r, 6,

@) = f(#). Dong thoi gia sir ham u(r,6, $) triét tiéu khi r tién t6i
vO cung.
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Chuong 4
HAM BIEN PHUC

4.1. S6 phirc
4.1.1. S6 phirc
Nhu ching ta da biét, phuong trinh bac hai x*+1 = 0 s& v nghiém
theo céch hiéu thong thudng trong trudng sd thuc. Tuy nhién, chling
ta co thé mo rong sang trueong sé phirc dé phuong trinh trén van ton
tai nghiém. Trong truong s6 phirc, ngudi ta dinh nghia don vi do (ky
hiéu 12 i) théa man diéu kién [8]:

i”=1, (4.1)
v6i khai niém don vi 4o i, nguoi ta dinh nghia s6 phuc z dudi dang
dai s6 nhu sau:

7= X + iy, 4.2)
trong d6 X va y 1a cac sb thuc biéu dién tuong Gmg voi phdn thuwc Va
phan do cua sb phitc z. Vi vay, ta c6 thé xem sd thuc 13 truong hop
dic biét cua s6 phirc khi phan ao bang khong.
Nguoi ta dinh nghia lién hop phirc ctia z hay 1a sé phike lién hop (Ky
hiéu 1a z°) duoc x4c dinh boi

7' = x—iy. (4.3)
Dua vao dinh nghia lién hgp phuc ta goi do /on (d6i khi goi 1a bién
d6 hodc 1a module) caa sb phire z, ky hiéu 13 121 duoc xac dinh boi:

2| =X +y? =~zz". (4.4)

Hai s6 phirc z1 = X1 + iy1 VA 22 = X2 + iy2 dugc goi 1 bang nhau khi
va chi khi X1 = X2 va y1= yo.
4.1.2. Céc phép toan co ban trén sé phirc
Cho hai s phirc z1 = X1 + iy1 VA 22 = X2 + iy, giita hai s6 phirc nay co
cac phép toan co ban dudi day:

a) Phép cong: 71 + zo= (X1 + x2)+ i(y1 + Y2) (4.5)
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b) Phép trur: Z1 - 2= (X1 - X2)+ i(y1 - ¥2) (4.6)
¢) Phép nhan: z12o= (X1X2 - y1y2)+ i(X1y2 — X2y1) (4.7)

d) Phép chia: 2 =2"D XX TN, X h7HY, 4 g
22 X2 + Iy2 XZ + y2 XZ + y2

4.1.3. Dang lwong gic ciia s6 phirc va dinh li De Moivre

Ngoai dang dai s6 thi sé phirc con c6 thé dugc biéu dién dudi dang
hinh hoc va dang lugng giac. Ta c6 thé xem cip s6 thuc (X, Y) nhu 14
mot s6 phtic v6i phan thuc va phan 4o tuong Gmg 1a x va y. Khi do,
ta c6 thé bicu dién sé phirc theo dang hinh hoc trong mat phang xy
(con goi 14 mdt phang phirc) nhu trén hinh 4.1.

Y
z=x+iy = (x,y)

(0]

I=x—iy

Hinh 4.1. Biéu dién hinh hoc cuia s6 phirc trong mét phang phurc.

Khi @6, nho tinh chét luong giac ta c6 thé biéu dién s6 phirc z dudi
dang luong giac:
Z =X+1y =p(cose+ising) , (4.4)

vOl1

p=+X2+Yy? (4.5)
duoc goi la bién do, con ¢ dugce goi la argument. Nhu vay, bén canh

dang dai s6 ta con c6 thé biéu dién so phirc dudi dang lugng giac
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nhu (4.4) va (4.5). Cach biéu dién luong giac c6 mot sd thuan tién
khi tinh toan nhd st dung céc tinh chét quan trong sau:

2,2, = pyp,[Cos(q, +@,)+isin(e, +¢,)], (4.6)
z -
= :&[COS((Pl_(PZ)-HSIn((Pl —¢,)], (4.7)
Z, P,
2" = p"[cos(ng)+isin(ne)], (4.8)
7t = pt {cos( P +n2k“ )+isin( 2 +n2k" )} k=0,1,2,..,n-1 (49
e'* = cosp +ising. (4.10)

Cong thure (4.10) duoc goi la cong thirc Euler.
4.2. Ham bién phirc
4.2.1. Khai niém
Cho tap cac s phirc z va gia str tng voi mdi z s& ¢ twong tng mot
hodc nhiéu gia tri cua s phic w. Khi d6,w dugc goi 13 ham cua bién
sO phuc z, ky hiéu 1a w = f(2).
Mot ham bién phirc dugce goi 1a don tri néu mdi gia tri cta z tuong
g v6i mot gia tri cia w. No6i chung, ching ta ¢ thé viét:

w =1(z) = u(xy) +iv(xy),
trong d6 u va v la cac ham thyc cia x vay.
Vi du 4.1. Chow =22 = (x + iy)? = x? — y? +2ixy = u + iv; khi d6 u(x,
y) = X2 —y? va v(x,y) = 2xy tuong tng 1a phan thyc va phan 4o cta w.
Vi du 4.2. Vi e?® = 1, nén dang luong giac ctia z 1a z = pe'@**™
dang nay thyuc chét 1a cac ham logarit va ham mii dugc suy ngugc
v6i dinh nghia sau day cua Inz la:

Inz=Inp+ (6+ 27K)i, voi k=0, 1, 2...n.

Moéi gia tri cua k xac dinh mot ham don tri tor mot hé cac ham da tri
nay, ddy 1a cic nhanh ma tir d6 (trong pham vi ciia cic bién phtc)
mot ham don trj ¢6 thé dugc xay dung.

-139 -



. s 1 :
Vi du 4.3. Bi¢u dién ham W:E thanh dang u(x,y) + iv(x,y),

trong d6 U va v la cac ham thyec.

Ta co:
1 1 1 1-x+iy 1-x+iy
W= = — = —. = =
1-z 1-(x+iy) 1-x-iy 1-x+iy (1_x)2+y2
Do d6
U(X y)=1_—x V(X y)=+
’ (1- x)2 +y? ’ ’ (1- x)2 +y? '

Chung ta dinh nghia cac ham bién phiic co ban bang cach sir dung
khai trién cac ham bién thuc tuong tng, rdi thay bién thyuc X boi bién

phuc z.
Vi du 4.4. Chung ta dinh nghia:
2 3
e =1+z+—+—+...,
2! 3!
: S 7
sinz=z—-——+——-—+...,
31 51 71
2 24 26
cosz=1-—+———+
21 41 6!

4.2.2. Giéi han va lién tuc

Dinh nghia vé gidi han va lién tuc ddi voi cac ham bién phuc tuong
tu nhu dinh nghia ddi v6i cac ham bién thyc. Theo d6, mot ham f(z)
duoc goi 14 ¢é gidi han bang | khi z tién toi 2o néu né don trj trong
1an cén zo, ddng thoi voi bat ky &> 0 cho trudc thi ton tai §> 0 sao
cholf(z)—l|< & voi0<|z—2z0| < O

Tuong tu, f(z) duoc goi 14 lién tuc tai zo, néu v6i moi &> 0 cho trudc
thi t6n tai 5> 0 sao cho [f(z) — 1| < & véi bat ky |z — zo| <6, Ngoai ra,
f(z) lién tuc tai zo, néu lim f(z) = f(z,).

-1,
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Chu y: Cac dinh nghia nay c6 dang gidng véi cac ham bién thuc,
nhung can luu ¥ diéu kién |z — 20| < §d6i voi sb phurc s& ¢6 dang:

|(x—x0)+i(y—y0)|:\/(x—x0)2+(y—y0)2<5. (4.11)

4.2.3. Pao ham

Gia sir f(z) 12 mot ham don trj trong mét mién C nao o, ngudi ta
dinh nghia dao ham cua f(z), dugc ky hiéu 1a 1'(2):

£1(z) = lim f(z+Az)-f(2)
Az—0 AZ

(4.12)

sao cho ton tai gigi han khong phu thudc vao cach thirc Az —0.
Néu gi6i han (4.12) ton tai d6i véi z = 2o thi f(z) dwoc goi 1a gidi tich
tai zo. Néu gidi han d6 ton tai v6i moi z trong mién C, thi f(z) duoc
goi 1a giai tich trong C. Dé f (z) giai tich thi n6 phai 1a ham don trj va
lién tuc.
Céc quy tic ldy dao ham d6i v6i cac ham bién phtrc ciing gidng nhur
cac quay tac ddi voi cac ham bién thuc. Chang han:

d

d .
") =nz"",—(sinz) =cosz, ...
dz( ) dZ( )

. 1+7 dw
Vi du 4.5. Cho ham s6 w= f (z)=1—. Hay xac dinh o
VA

Cach 1. Str dung dinh nghia (4.12), ta c6 :

dw 1—(z+Az) 1-z . 2 2

_— I = Ilm = 21

dz 40 Az 220(1-z-Az)(1-2) (1-2)
voi z #1.

Céch 2: Str dung quy tic thong thuong cta dao ham voi diéu kién z
# 1, ta co:
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d d
i(“ ZJ _ (1—2)5(1+ 2)-(1+ Z)a(l— 2) _(-7)(@)-@+z)(-)_ 2
dz\1-z (1-2)° (1-2) (1-2)°
RO rang, ham s6 da cho giai tich voi moi mién ngoai trur tai diémz = 1.
4.2.4. Phwong trinh Cauchy - Riemann
Diéu kién can dé ham w =f(z) = u(x,y) + iv(x,y) giai tich trong mién
R la u va v phai théa man cac phuong trinh Cauchy-Riemann:

Z_i _ %, (4.13a)
%” _ _%. (4.13b)

Néu céc dao ham riéng trong (4.13) lién tuc trong R, thi cac phuong
trinh nay 1a cac diéu kién du dé f(z) giai tich trong R.

Néu cac dao ham riéng bac hai ctia u va v dbi véi x va y ton tai va
lién tuc, thi ching ta tim duoc bang cach ldy dao ham riéng cia
(4.13ab) theo y va xta duogc:

o°u o

y"F?: 0, (414a)
2 2

%+% ~0. (4.14b)
X

Nhu vy, cac phan thyc va phan ao thoa man phuong trinh Laplace

hai chiéu. Cac ham thoa mén phuong trinh Laplace duoc goi 1a céac

ham diéu hoa.

Vi du 4.6. Trong dong hoc chét khi va co hoc cht luu, cac ham ¢va

w (duoc goi twrong tmg 13 ham thé vin téc va ham dong) thoa mén:
)= g+iy

trong d6 f(z) 1a ham giai tich.

Cho ¢=x?+ 4x —y? + 2y. Hay tim: y va f(2).

Ta c0: tir cac phuong trinh Cauchy-Riemann:
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9 _Oy Ov_ _0¢
ox oy ox oy

ta rut ra duoc:
0
(1) 2 o2x+a, @ Y_2y_2
oy OX

Lay tich phan (1), ta dwgc w = 2xy + 4y + F(x). Thay vao (2), dan
dén
2y + F'(x) =2y - 2 hay F'(x) = -2 va F(x) = -2x + C.
Do do:
w=2xXy+4y—-2x+cC.
Tir két qua trén, ta co:
f(2) = g+ iy =x2+4x -y?+ 2y +i(2xy + 4y -2X +C)
= (X2 —y? + 2ixy) + 4(x + iy) — 2i(x + iy) + ic = 2% + 4z — 2iz + C1.
trong d6 ¢1 1a hang s6 bét ky.
4.2.5. Tich phan
Gia st ham f(2) hitu han, don tri va lién tuc trong mién R. Ching ta
dinh nghia tich phan cia f(z) doc theo duong cong C trong mién R
tir diém z1 &én diém 2o, trong d6 71 = X1 + iy1 VA 22 = Xz + iy2 |&:
(%21¥2) (%2,¥2) (%2,¥2)
If(z)dz= _[ (u+iv)(dx+idy)= j (udx —vdy)+i J (vdx+udy) (4.15)
c (x4:¥1) (x4:¥1) (x4:¥1)
Véi dinh nghia nay, tich phan ctia ham bién phirc phu thudc vao céac
tich phan dudng ddi voi cac ham thyc.

Céac quy tic ddi véi cac tich phan phirc cling twong tu nhu cac tich
phan thuc. Mot két qua quan trong la:

j f(z2)dz

<[|f @)||dz] <M [ds =ML, (4.16)

trong d6 M 1a gidi han trén cua [f(z)| trén duong cong C, tic 1a, [f(z)]
<M, conL la chiéu dai cia dudng cong C.
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2+4i
Vidu4.7.Tinh | = j 2%dz doc theo dudng thing néi 1 +iva 2 + 4i.

1+i
Ta co:
2+4i (2,4) . (2,4) .
I:I : zzdz:J‘(M;1 (x+iy)’ (dx+idy) .[.1 (x> = y® + 2ixy ) (dx +idy)

1+i
= _[((2’4)(x2 —y )dx—2xydy+ij(m) 2xydx+(x* — y* )dy.

1.1)

Trong mit phang phtic, duong thang ndi cac diém (1, 1) va (2, 4) co
phuong trinh:

y -1=L21—j(x—1) hay y = 3x 2.

Do d6, chung ta tim duogc:

mx ~(3x-2)" |- 2x(3x~2)3] dx

86

+ij{2x(3x—2)+[x2 ~(3x-2)"3]fox =261,

a. Dinh li Cauchy

Gia sir C 1a mot duong cong kin. Néu f(z) giai tich trén toan mién
dugc gidi han boi C thi chang ta c6 dinh li Cauchy:

¢ f(z2)dz=0. (4.17)
C
Ching minh:
Ta co:
SBC f(z)dz= Sﬁc(u +iv)(dx+idy) = cjicudx—vdy+ icﬁcvdx—udy .

Mat khac, theo dinh li Green:

gSudx vdy = jj(-@-a—“jdxdy,

trong d6 R 1a mién dugc giéi han béi bién C.
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Vi f(2) giai tich nén a_ @ N —a—u, nén cac tich phan trén bang
ox oy ox oy
khong, tir d6 ta c6 hé thac (4.17).

P
Hé qua: néu f '(2) lién tuc thi tich phénj f(z)dz ¢ gia tri khong
R
phu thudc vao duong cong ndi cac diém P; va P2. Khi do, tich phan
duoc tinh boi:

PZ
If&ﬂz:F@Q—$¥ﬁ)nmgdéP@):Ka. (4.18)
R

That vay, khao sat hai duong cong ndi cac diém P; va P2 nhu hinh 4.2.

Nhanh 1
A P2

P1

Nhanh 2

Hinh 4.2. Puong cong nbi hai diém Py va P..

Theo dinh li Cauchy ta co:

[ f(z)dz=0
RARBR
Do 3o,
I f(ﬂdb+j f(z)dz=0
RAP, P,BR,
hoiac
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Nhu vy, tich phan doc theo dudng cong P1AP; (nhanh 1) bang tich
phan doc theo P1BP> (nhanh 2), tirc 1a khong phu thudc vao duong
cong ndi diém P; va Pa.

Vi du 4.8. Tinh tich phan trong vi du 4.7 dua theo dinh 1i Cauchy.

Vi céc tich phan duong khong phu thudc vao duong cong nén ta co
thé tich phan truc tiép gidng nhu cac bién thuc. Khi do:

i (2+4i)3 _(l+i)3 _ 86

I :J.zf“zzdz SN =
L 3 3 3 3

—6i.

b. Cong thirc tich phin ctia Cauchy

Néu f(2) giai tich bén trong va trén duong cong kin don C va a la
mot diém & bén trong C, thi:

fl@)= <_|’> "2 g, (4.19)

Z—a
trong d6 C duoc ldy theo chiéu duong (nguoc chiéu kim dong ho).

Ngoai ra, dao ham bac n cua f(z) tai z = a, dugc cho boi:

@ g, (4.20)

fM(q)=
(a)=o - qﬁ(z_a)m

duoc goi la cong thure tich phan cua Cauchy.

RO rang, néu ham f(z) duoc xac dinh trén duong cong kin C thi nd
ciing duoc xac dinh trong C. Ngoai ra, cac dao ham khac tai cac
diém trong C cling co thé dugc xac dinh. Vi vay, cong thuc tich
phan ctia Cauchy rat ¢ ich trong viéc ap dung dé tinh cac tich phén.

Vidud4.9.Tinh | = <j>—dz trong d6 C la duong tron |z -1| =

Vi z = 7nam bén trong C, nén theo cong thirc Cauchy, ta co:

1 rcosz
|l=—¢p——dz=cosz=-1.
2ris -7

Vi f(z) = cosz va a = mthi:
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COSsz
PR LI
li-rx

5722 -3z2+2

Vi dy 4.10. Tinh 1=¢ ““dz, v6i C 1a duong tron don

¢ (z-1)
chua diém z = 1.
Theo cong thure tich phan Cauchy, ta co:
()= 2§12 gz
27l ¢ (z — a)

Véin=2va f(z) =522 -3z + 2, thi f (1) = 10. Do d6:

2
10— 2!.9552 _32:2dz
271y (z-1)
hay
2
$E2E2 4 107
¢ (z-1)
Vay | =107i.

4.2.6. Chudi Taylor

Gia st f(z) giai tich bén trong va trén duong tron C ¢6 tam tai z = a.
D6i v6i tat ca cac diém z trong dudng tron, chudi Taylor ciia ham
f(z) xung quanh diém a dugc cho boi:

f(2)=f(a)+f ‘(a)(z—a)+%(!a)(z—a)2+%(!a)(z—a)3+...(4.21)

Néu z = 0 thi chudi Taylor tro thanh chudi Maclaurin.

=\ N
. r . . \ o 1 X = Z—1 A
Vidu 4.11. Vi céc gié tri nao cua z thi chuoi Z( 7 ) hoi tu?
n=1

Ta co:
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(Z_i)n+l 3n

A
3n+1 (Z—I)n

3

un+1

un

=lim

n—oo

lim

n—oo

Chudi hoi tu néu |z - i| < 3 va phan ky néu |z - i| > 3.

Néu [z - i| = 3 thi z — i = 3e'. Lic do, chudi trg thanh > e™ . Chudi
n=1
nay phan ky vi sb hang thr n khong tién t6i khong khi n—oo. Nhu
vay, chudi noi trén s& hoi ty bén trong duong tron |z - i| = 3 nhung
khong hoi tu trén dudng bién.
4.2.7. Cac diém ky di
Mot diém zo duoc goi 1a diém ki di ctia ham f(z) néu tai diém d6 ham
f(z) khong giai tich. Chang ta phan biét mot sd loai diém ki di sau
day:
e Diém bdt thuong cé ldp: Piém 2o dugc goi 1a diém bat
thudng c6 1ap néu ta c6 thé im dugc & > 0 sao cho ham f(z)
giai tich tai moi diém trén mién |z - zo| < & ngoai trir zo.

Vidy 4.12: Ham f(z)= nhan diém 2o = 2 lam diém

1
(2-2)

bat thudng cb 1ap.

e Diém cyc: Néu chiing ta c6 thé tim duoc s nguyén dwong n
sao cho:

lim(z—z,)" f(z) = A=#0 thi zo dugc goi 1a diém cuc cdp

n. Khin =1 ta goi 2o 1a cuc don. Vi du 4.12 trén day thi zo = 2
la cuc don.

e Diém ki di bé dwoc: Piém zo duoc goi 1a diém ki di bo duoc
ctia ham f (z) néu lim f (z)ton tai.
757,
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sin z

Vidu 4.13: Ham f(z)= c6 diém bat thuong tai zo= 0.

Nhung lim f (z)= 1 (ton tai gi6i han) nén diém zo= 0 duoc
z—0
goi 1a diém bdt thiuong bé duoc.
o Diém ki di cot yéu: Diém zo dugc goi 1a diém ki di cot yéu cua

ham f () néu no ¢6 cuc cip n bt ki nhung ham(z - zo)"f () .

Vi du 4.14: ham f (z) = e¥¢2) ¢6 diém ki di ¢t yéu tai 0 = 2.
4.2.8. Chudi Laurent
Khai trién ham s6 f(z) theo chudi Taylor chi thoa méan truong hop
ham nay giai tich tai diém diém z = a. Trong truong hop diém z = a
la ky di thi khai trién Taylor s& khong con hiéu lyc nén nguoi ta
thuong dung khai trién Laurent.
Gia str ham f(z) c6 diém cuc cap n tai z = a nhung giai tich tai tit ca
cac diém trén dudng tron C trong hinh vanh khin tao boi cac dudng
tron C1 va Cz nhu hinh 4.3 (C nam trong mién tao bai C1 va Cy).
Luc do, ta 6 thé khai trién f (z) thanh chudi Laurent [8] nhu sau:

Hinh 4.3. Minh hoa khai trién Laurent trong mién nam giira C; va Co.

+00

f(z)=> a(z-a)", (4.22a)

n=—
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trong do,

1 f (w)dw
= —d—" n=0,+1+2,.. 4.22b
27zi(1>(w—a)”+1 " ( :

n

Céc sb hang g v6i n < 0 dugce goi la ph&n chinh, céac s hang con
lai (Ung véi n > 0) duoc goi la phan gidi tich.

Vi du 4.15. Tim chudi Laurent quanh diém bat thuong z = 1 cua
ham duéi day. Xac dinh loai diém bat thudng va cho biét mién hoi
tu ctia chudi.

z

f(2)=—— taiz=1.
(z-1)
batz—-1=u,khidoz=u+1va:
z 1+u u 2 3 4
f(z)= © = :ee—zzi2 ETILL
(z_1) u u® u 21 31 4]
e(z-1) e(z-1)
= e2+e+3+( )+( )+
(2—1) z-1 2! 3! 41

Nhu vay, z =1 1a diém cuc bac hai va chudi hoi tu ddi v6i moi z = 1.
4.2.9. Thang duw

Xét phan chinh cta khai trién Laurent (4.22a,b). Trong phép khai
trién do, hé s6 a.1 duoc goi 1a thiang dw cua f(z) tai diém cuc z = a
(ky hiéu 1a Res f (2))va dugc tinh boi:

a, =Res f(2) =%<ﬁ f(z)dz, (4.23)
z=a T s

hay
gS f(2)dz = 27ia, (4.24)

C
Tich phan trén duoc ldy nguoc chiéu kim dong hd doc theo duong
tron don C bao quanh diém cyc a. Nhu vay, tich phan cua f(z) quanh
mot dudng cong khép kin chira diém cuc don cua f(z) bang 27 lan

- 150 -



gia tri thang du tai diém cuc. Tong quat hon, ching ta c6 dinh Ii vé
thang dw nhu sau [8]:

Pinh li vé thing dw: Gid sir ham f(z) gidi tich tai hau hét cdc bén
trong va trén duwong bién C ngogi trir tai mot $6 hitu han cdc diém
cue 21, Z2... zm (HINh 4.4) ¢6 cac gia tri thang duw twong ting a1, b.,
Ct ... thi:

§ f(2)dz =2xi(a, +b,+c, +..) (4.27)

tire 1a, tich phan cia (Z) bang 2mi lan tong cia cdc gid tri thiang du

cia 1(z) tai cdc diém cwc nam trong C.

Hinh 4.4. Minh hoa dinh li vé thing du.

Trong truong hop ham f(z) c6 mdt cuc don tai z = a, luc do
(z - a)f(z) giai tich tai a nén tir khai trién Laurent ta suy ra duoc:

a,=limz-a)f(2). (4.28)

(2—2)(22 +1)

Vi du 4.16. Xac dinh thang du cua f(z)= tai cac

diém cuc z=2, i, -i.
Ap dung cong thirc (4.28) ta co:
Thang du tai z = 2 1a:
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. z? 4
- g

Thang dutaiz =i la:

LT

Thang dutaiz=-1ila:

2

)(z+|)} (i-2)(2i) 10 °

ZZ

, .
lim (z-+i) = 1+

o {(z 2)(z- )(z+|)} (ni-2)(-2i) 10

Ngoai cach tinh thing du nhu (4.28), chung ta con c6 thé tinh theo
cach khac néu f(z) duoc biéu dién dang phan thuc:

f(z)=P@) (4.29)
q(z)

v6i, p(z) va q(z) giai tich tai z = a dong thoi p(a) #0 va q(a) = 0
Luc d6, thang du cua f(z) tai a dugce tinh boi [8]:
Res f (2) = 2@ (4.30)
2=2 q)
trong d6 q'(a) 1a dao ham cua q(z) tai diém a.

Thang du lién hé vdi cong thic tich phan (4.27) nén n6 thuong dugc
ung dung trong tinh céc tich phan ham thyc va ham phec.

4.2.10. Tinh cac tich phan xac dinh

Khi tinh mot sé tich phan xéac dinh, chung ta c6 thé str dung dinh 1i
thang du dbi v6i mot ham thich hop (z) x4c dinh trong dudng cong
C duoc chon mot cach tién loi nhat. Sau day la cac dang thuong gap:

a) Tich phan dang:

j: F(x)dx, voi F(X) 1a mot ham chén.
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Ta xét tich phan S[)C F(z)dz doc theo dudng cong C bao quanh mot

duong doc theo truc X tir -R dén +R va ntra dudng tron phia trén truc
X.

© dX
Vidy4.17. Tinh | = [ ——.
0 x"+1
- ~ | = --“‘*\, I
/ N
b
|'ll \".I
| . '1
—R R

Hinh 4.5. Khdo sat tich phan trong duong cong C.

g R dz : .
Xét tich phan 3524—+1 , voi C 1a mét duong cong kin bao gom mot
C

duong thang tir -R dén R va nira dudng tron I duge dinh hudng theo
chiéu dwong nguoc chidu kim dong hd nhu hinh 4.5.

Ta thdy, z = e®*  z =3 7 =5 7 =74 13 cac diém cyc don
ctia 1/ (z* +1). Tuy nhién, chi c6 cac diém cuc z = e®* va z = 34"
nam trong dudng tron C. Do d6, str dung quy tic lay thing du, ta co:

Thing du tai €™ la;
||m (Z—e”iM)% _ ||m ia‘:lef&rim :_leﬁim,
7574 7 +l 75em/4 42 4 4
Thing du tai €'* 1a

. - 1 . 1 1 - 1
3ril4 _ _ T 974 _ = -rild
ZJ)LI;QM {(Z_e )m_ _leeg:]im 4Z3 - 4e - 4e !

Nhu vay:
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@ dz :Zni{—%e””“+%e””4}:ﬂﬁ. *)

Tuc la,

J-R dx +j dz 72'\/5.
r

-Rx*+1 211 2

(%)

Lay gidi han ca hai vé ctia (**) khi R—o, ta duoc:

. R dx SN )¢ 72
lim — = — = )
Rowd-Rx"+1 J=x"+1 2

Vi ham duéi déu tich phan 1a ham chin nén ta co:

o dx o Ox
[ =2 =
-0 X" +1 0 x"+1

Ttr @6, ta dé dang suy ra:

b) Tich phan dang:
2z
jG(sin 6,cos0)d0, G la mot ham hitu ti cua sind va
0

cosé.
Ta dat, z = e'?, khi do:

—z1 Z+12

sin¢9:Z —, C0Sd =
2i

-1

, dz = ie'é hay do =

dzliz.
Tich phan da cho twong duong voi gSC F(z)dz, trong d6 C la duong

tron don vi c6 tam tai goc toa do.

] o 2= do
Vi du 4.18. Tinh tich phan: | = .[0 5r3sing”

Pit z=€" ta co:
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: —e" z-77 oy
sin@ = =~ =2 - dz=ie"d@=izd6.
2i 2i

Khi do:
:J-Zfr déo =95 dz/iz =q-> 2dz
0 5+3sin@ C5+3[z—z‘l) ' 32° +10iz -3’

2i

v6i C 1a duong tron don vi c6 tam tai géc toa do, nhu hinh 4.6.

Hinh 4.6. Buong tron don vi C.

Cac cuc cua la cac cuc don:

3z° +10iz-3

—10i ++/-100+36 —10i£8i i

7= , . =3l va ——.
6 3

(. o
Do chi ¢6 —gném trong C nén thang du tai —§ la:

. ( |j( 2 j ) 2 1
lIim|z+— || =—————=|= lim -=—,
2-i/2 3/ 3z2°+10iz—-3) =z>-il26z+101 4i

A

Vay:
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| = gS—ZdZ = 27i (ij =z
3z° +10iz-3 4i) 2°

C

¢) Tich phan dang:

© Cos mx .
j F(x){ _ } véi F(x) 1a mot ham hitu ty.
- SIn mx

Ta khao sat tich phan 4} F(z)e™ , trong d6 C la mot dudng cong
gidng nhu duong cong trong dang a).

: « COS MX
Vi du 4.19. Chung minh rang | = .[0 71
X+

dx=Ze™ , m>0.
2

Ta khdo sat tich phan <J.) ©

——dz, trong d6 C la dudng tron nhu
C

z°+1

trong vi du 4.17. Tich phan c6 cac diém cuc don tai z = +i , nhung
chi ¢6 z = i nam trong C.

Thangdutaiz=1ila

Do doé:
imz -m
Pz dz =27 — |=ze ™,
s z°+1 2i
hay
R eimx eimz .
-[—R x2+1dX+IF S
Tuc la:
R COSMX . R sinmx em” .
J.—R X2 +1 d I—R X2 +1 d IF z? +1dZ e
Nhu vay:
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imz

dz=7ze™".

ZJ-R COSMX
o x*+1 rz?+1

Ly gioi han khi R—oo, ta thay rang tich phan quanh T tién t6i
khéng, chung ta thu dugc két qua can tim.
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BAI TAP CHUONG 4
4.1. Xac dinh quy tich cac diém duogc cho boi:
Q) lz-2[=3;
b)[z-2|=z+4|;

C) |z— 3| + |z +3| = 10.
4.2. Hiy biéu dién m&i mot ham sau ddy thanh dang u(x,y) + iv(x,y),
trong d6 u va v la cac ham thyc:
a)z®; b) % ;

c) Inz.
4.3. Chimng minh rang:

(@) sin(x + iy) = sinxcoshy + icosxsinhy,

(b) cos(x + iy) = cosxcoshy — isinxsinhy,

1+z dw
4.4. a) Cho w= f (z)==——, x4c dinh —;
1-z dz
b) Chirng minh rang w khong giai tich.
2+4i

4.5. Tinh z°dz

1+i

a) Doc theo parapol X =t, y = 2, trong d6 1 <t< 2.

b) doc theo duong thang 1 + i t&i 2 + i va sau d6 tdi 2 + 4i.

- _ 1 - f(2) s
4.6. Hay tinh f(a)= Z—MCﬁC ZTadZ , trong d6 C la:
a) duong tron |z| = 1.

b) duong tron |z+i| = 4.

4.7. Tinh a) gﬁc‘;cﬁdz R .
— T

dz , trong d6 C la dudong
z(z+1)

tron |z - 1] = 3.
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4.8. Tinh (]SC %dz trong d6 C la duong tron kin don chira
Z —_

diémz = 1.
4.9. Vi céc gia tri nao cua Z thi cac chudi sau day hoi tu?

- )n -1 ZZn—l

0 Zn
a 5
) ; n*2" le (2n-1)!
4.10. Xac dinh cac diém bét thuong trong mat phang hiru han z (néu
c6) va tén goi cua chung.

z° 27° -z +1 _
a) 3 b) I =
(z+1) (z—4) (z-i)(z-1+2i)
sinmz _ (e
9 22+22+2,m¢0 ’ et

4.11. Tim chudi Laurent quanh diém bat thudng duogc chi ra cia moi
ham sau day. Néu tén goi diém bat thudng trong mdi trudng hop va
cho biét mién h¢i tu ctia mdi chudi.

a) zcosl,zzo; b)ﬁ,z:n;

z -1

z 1
c) ——— ,z=1; d—,ZZO,-Z.
) @) (2+2) ) ey

4.12. Xac dinh thiang du cia mdi ham s6 tai cac diém cuc di chi ra.

2

.. 1
A ————————,2=2,1,-; by ————,2=0,-2;
)(2—2)(22+1) ) 2(z+2)°
7t
C) € >, 2=3,; d) cosz, z =5m.
z-3)
4.13. TlnhcﬁLptrongdéCduqcchobGi 2| = 10

1)(z+3)
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) s x*dx T
4.14. Chimg minh ring; I‘”(xz +1)2 () =<

415 Tinh {99
0 54+3cos@

. = €0S360
4.16. Chﬁ'l’lg to réng 02 mdg = % .
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Chuong 5
BIEN POI TICH PHAN

5.1. Pai cwong vé bién ddi tich phan

Bién ddi tich phan duoc tmg dung nhiéu trong giai cac phuong trinh
vi tich phan. Uu diém chinh cta bién d6i tich phan 1a chuyén cac
toan tir vi tich phan sang cac phép tinh dai s trong khong gian anh
ctia phép bién d6i ma ¢ d6 dé tim nghiém hon. Chuong nay trinh
bay hai bién ddi tich phan thuong gap: bién doi Fourier va bién doi
Laplace.

5.1.1. Dinh nghia

Cho ham sé f(X), ngudi ta dinh nghia bién ddi tich phan ctia ham f(x)
la ham F(a) dugc biéu dién dudi dang tich phan phy thudc tham sb:

F(a) = i f(X)K (o, x)dX. (5.1)

Trong biéu thirc (5.1), ham F(a) duoc goi 1a dnh cua f(x) qua phép
bién doi tich phan (5.1) boi nhan K(g, x), con f(x) duoc goi 1a goc
ctia F(a). Phép bién d6i (5,1) ¢ thé dugc mo ta nhu 1 dnh xa ham
f(x) trong khong gian cau hinh X (V61 X = X1, X2, ...Xn) sang ham F(c)
trong khong gian anh a ( voi a=ai, az,...0n).

Trong trudng hop tdng quat, X VA « 1a ky hidu chung cho tap hop céac
bién twong ung trong khong gian ciu hinh va khong gian cta phép
bién d6i. Sau nay, khi xét timg bai toan cu thé ta c6 thé ky hiéu lai
cac khong gian x va a cho phu hop voi quy ude thong dung trong
vat . Chéng han khi x va « dac trung cho toa do va dong luong
trong khong gian ba chiéu thi chung twong tmg duoc ky hiéu 1a F va
P, tuong tu khi mudn dic trung cho tin sb goc va thoi gian thi ta ky

hiéu wvat,...
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Dé thong nhét cach viét, ta quy udc ham gdc viét bang chir thuong,
ham anh viét bang chit in hoa twrong 1ing.

Tuy thudc vao dang cta nhan K(a, X) chung ta c6 cic phép bién dbi
tich phan khac nhau. Mot s6 vi du:

e Khi K(a, X) co6 dang e, twong Gmg v6i bién doi Fourier:

F(a) = f(x)e"*dx.

L
2r °,
e KhiK(e, X) c6 dang e, tuong (mg voi bién doi Laplace:
F(a)= [ f(x)edx.
0
e Tuong ty ta c6 bién déi Hankel, bién doi Mellin:

F(a)= j f (x)xJ, (@x)dx  (bién d6i Hankel),

0

F(a)= [ f()x*dx (bién di Mellin).

0
5.1.2. Tinh chat chung
Véi dinh nghia (5.1), ta thay tinh chat chung ctia phép bién doi tich
phan 1a tuyén tinh. That vay, véi ¢1 Va C 1 cac hang s thi ta dé
dang nghiém lai dugc cac hé thuc sau:

Iclf (XK (e, x)dx = clj f (X)K (e, x)dx, (5.2)
T[cl f,(x)+¢, f,(X)]| K (e, X)dx = cj f. (K (e, x)dx+cj f,(X)K (a, x)dx - (5.3)

Chiing ta tam thoi ky hiéu toan tir bién ddi tich phan tuyén tinh &
trén bang chit T (vé sau, ky hiéu nay s& dugc thay dbi cho phu hop
vé6i timg phép bién ddi cu thé), lac do:

F(a) =T{f(x)}. (5.4)
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Khi d6, ham f(x) c6 thé duoc xac dinh theo F(c) thong qua phép
bién ddi nguoc (ky hicu 1a TY):
f(x)=T{F(a)}. (5.5)

Trong thuc té, khi tim nghiém truc tiép cua bai toan gbc (trong
khoéng gian cau hinh) khé khan, chung ta sir dung phép bién dbi tich
phan dé chuyén bai toan sang khong gian anh ma trong d6 1oi giai
clia bai toan tim duoc d& dang hon. Tir d6, thuc hién bién di nguoc
dé chuyén nghiém trong khong gian anh thanh nghiém can tim cta

bai toan (trong khong gian ciu hinh).

Dé tim nghiém

Bai toAn trong Nghiém trong

khdng gian anh khong gian anh

Bai toin ban dau Nghiém cua bai

(trong khong gian

Kho tim nghiér toan ban dau

cau hinh)

Hinh 5.1. Quy tic tim nghiém cta bai toan bang bién dbi tich phan.

Quy tic chung cho 4p dung cac phép bién d6i tich phan duge minh
hoa trén hinh 5.1 va duoc chia lam 3 budc sau:

e Budc 1: Chuyén bai toan gdc ban dau trong khdng gian
ciu hinh sang bai toan twong Gng trong khong gian anh
thong qua phép bién dbi tich phan T;

e Budc 2: Giai bai toan, tim nghiém trong khong gian anh;

- 163 -



e Budrc 3: Thyc hién bién dbi nguoc dé chuyén nghiém trong
khong gian anh thanh nghiém trong khong gian cau hinh.

5.2. Bién d6i Fourier

5.2.1. Pinh nghia

Bién doi Fourier (ky hiéu boi ‘F) cuaham f(x) 1a ham F(w) duoc
dinh nghia [3, 16]:

F(w)= j—"{ f (x)} = %f f (x)e "*dx. (5.6)

Trong cong thic (5.6), F(w)= f{f(x)} duoc goi 1a bién doi

Fourier hoac 1a dnh Fourier cua ham f(x); con ham f(x) dugc goi 1a
ham géc cia ham anh F(w).

MB&i lién hé nguoc giita gbe va anh dugc thuc hién qua phép bién doi

nguoc (ky hidu boi toan tir F):

f(x)=F* { F(a))} = %f F(w)edw, (5.7)

duoc goi 1a bien doi Fourier nguoc cua F(®).

Str dung céac ky hiéu toan tr F va F'ta viét lai duoc cip bién doi

Fourier duéi dang:
F(o) = F{t(0}, (5.8)
f(x)=F"{F(o)}. (5.9)

Céc cong thirc (5.6) va (5.7) duoc ap dung cho cip bién dbi Fourier
trong khong gian mot chiéu tir khong gian cdu hinh X sang khong
gian anh . Mot cach tuong tu, ta c6 thé chuyén cip bién d6i Fourier

& trén sang khong gian ba chiéu ( k - ) nhu sau:

F(k) = Ly [ f(F)e™d°F, (5.10)
(27)"2
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f(r)= [F(K)e™dk . (5.11)

(2 7:)/

Céc tich phan trén duoc ldy trén toan mién khong gian khao sat.
Phuong trinh (5.11) c6 thé dugc xem nhu 13 khai trién ham f(F ) theo
cac ham riéng cta séng phing exp(ikF) co bién dd F (k).

5.2.2. Bién ddi Fourier sin va cosin

Trong trudng hop néu f(x)1a ham chin hodc ham 1¢ thi phép bién
ddi Fourier ¢ trén co thé dugc dua vé thanh cac bién doi Fourier
cosin hodc bién doi Fourier sin tuong tmg.

St dung cong thirc Euler ta viét lai (5.6) dudi dang lugng gic:
1 -

— [ f(X)[coswx+isinwx|dx. (5.12)

VR ]

Néu f(x) 1a ham chin thi f(x)sinx 1a ham 1é theo bién X, nén:

F(w) =

j f (x)sin wxdx =0.

—00

Luc d6, anh Fourier ciia ham f (X) duogc bién ddi dwa vé dang:

F.(0) = J_ T £.(x) cos oxdx = \/%f f(x)cosoxdx.  (5.13)
Vi vay:
f.(x) = \/ETFC (w)cosmxdw . (5.14)
T 0

Cac cong thuc (5.13) va (5.14) duoc goi 1a cip bién doéi Fourier
cosin 13n nhau, trong d6 ta viét thém chi sé ¢ & phia du6i dé chi 16 1a
bién doi Fourier cosin.

Hoan toan twong ty, néu f(x) 1a ham 1¢ thi (5.6) va (5.7) tré thanh cap
bién doi Fourier sin nhu sau:
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F.(0) = \Ef f.(x)sin xdx, (5.15)

£(x) = \Ef F.(w)sin oxdao. (5.16)

Trong do, ta dung chi s6 s & phia du6i dé biéu thi bién d6i Fourier sin.
5.2.3. Bién ddi Fourier ciia dao ham

St dung cong thire (5.6), ta tinh truc tiép anh Fourier ciia dao ham
nhu sau:

X=+0

X=—00

——— [ f(x)e™"dx (5.17)
Gia sir rang f(x) triét tiéu khi | x| >0, ta duoc:

f{%}:f{f'} =—ioF{f(X)}=(-i0)F (o). (5.18)

Tu (5.18) cho théy, bién dbi Fourier ctia dao ham béc nhit béng anh

cia ham gdc ban dau nhan véi (- iw). Bang quy nap ta dé dang
ching minh dugc anh Fourier ciia dao ham cép n nhu sau:

F{HOW} = (o) F{f (0} =(-io)'F(0).  (5.19)

Hé thirc (5.19) cho thay: trong khéng gian dnh thi todn tir dao ham
cap N dwoc thay bang (-iw)". Pay 1a tinh chit quan trong va ciing
chinh 13 vu diém khi ap dung bién d6i Fourier vao giai phuong trinh
vi phan. Lic d6, phuong trinh vi phan trong khong gian cau hinh s&
duoc thay thé boi phuong trinh dai sb trong khong gian anh nén c6
thé giai mot cach dé dang hon.

5.2.4. Bién ddi Fourier ciia tich chap

Nguoi ta dinh nghia tich chap (f * g)(x) nhu sau [3, 16]:
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1 +00
f*ox)= — | f X—p)dp. 5.20
(F* 9)(x) \/Z[O (P)g(x— p)dp (5.20)
Ap dung bién d6i Fourier (5.6) 1én biéu thirc nay va thyc hién tinh
tich phan vé phai ta thu duoc:
f{ f *g(x)} = \/27[77{ f }j-"{g} =\27F(0)G(w). (5.21)
Thuce hién bién d6i nguoc:
(f*g)(X) = | F(0)G(w)e " dw. (5.22)
Céc cong thirc nay sé& ¢6 nhiéu tmg dung khi giai phuong trinh dao ham
riéng hoic phuong trinh tich phan dugc biéu dién theo céc tich chap.
5.2.5. Bién d6i Fourier ciia ham thuc
Gia sir ta ¢c6 ham thuc f(x) va ky hiéu f “(x) la lién hop phirc

cta f(x). Thuc hién bién dbi nguoc cua f(x)va f (x) theo dinh
nghia (5.6) ta dugc:

f(x)= %]ﬁ F(w)e'”dw, f°(x)= %ii F (w)e"dw. (5.23)
Miit khac, do f(x) 1a ham thuc nén f'(x) = f (x). Thay vao (5.23), ta
co:

F(o)=F (~w). (5.24)
5.2.6. H¢ thirc Parseval

Gia su f(x) va g(x) twong ung coé cac anh Fourier la F(w) va

G(w),hé thirc Parseval phat biéu rang:
T (X = [ F(@)G (@)da, (5.25)

trong d6, g"(x) va G”(w) twong tmg 14 lién hop phirc ctia g(x) va G(w).

Dic biét, néu f(x) = g(x) thi luc do:
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T (0dx = [ F@)F (@)do,
hay:
11109 ax= [F(@)f deo (5.26)

Biéu thirc (5.26) cho ta két luan: néu mét ham goc dwoc chudn hod
(tich phan cua binh phuong ham gbc trong khong gian cau hinh bang
don Vi) thi dnh Fourier ciia né ciing dirge chudn hod (tich phan cia
binh phwong ham anh trong khong gian anh ciing bang don vi). Hé
thirc nay thuong dugc sir dung (ddc biét 1a trong co hoc lugng tir) dé
doan nhén cac y nghia vat li ctia ham anh khi ta da biét y nghia vat 1i
ctia ham gdc.

5.2.7. Tinh tién ham géc

Gia st ham géc f(x) dugc duoc tinh tién a don vi theo chiéu
duong cua truc X, ta dugc ham f (x—a) . Van dung cong thire (5.6) ta

xét anh Fourier cia ham f(x—a):

F{f (X—a)} = e_i“’af{ f(x)} = e "F(w). (5.27)
Nhu vay, khi ham géc duoc tinh tién theo chiéu duwong a don vi thi
danh Fourier ciia né sé thay doi itng véi mot hé sé nhan €102,
5.2.8. Mét s6 vi du ciia bién déi Fourier
Vidu 5.1: Tim anh Fourier cua ham Gauss.

Xétham f (x) phan bd c6 dang Gauss dd duoc chudn hoa:

f(x) = 1llexp( XzJ. (5.28.3)

242
r4a?

Khi d9, ap dung (5.6) ta thu dugc anh Fourier cua f(X) la:

F () zi?exp(— aZZ‘"Z ) (5.28.5)

T4
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Nhu vay, dnh Fourier cua ham dang Gauss cing la ham co dang
Gauss. Hon nita, néu dé rong ciia ham goc cang nhé (ticc la gid tri
cua a cang bé) thi do rong cia ham danh cang lon.

Vidu 5.2: Tim anh Fouriercia ham delta Dirac

Ta nhéc lai mét tinh chit quan trong cta ham delta §(x-a) 1a [14, 17]:
[ £003(x—a)dx = f(a). (5.29)

Do d6, ap dung (5.6) va str dung tinh chat (5.29) ta c6 anh Fourier
ctua ham 6 (X) la:

FL5(x) = %T S(x)edx = % | (5.30)

—o0
5.3. M6t so0 rng dung cua bieén doi Fourier

Trong muyc nay ta xét vi du vé ung dung bién d6i Fourier dé giai cac
phuong trinh dao ham riéng. PSi voi cac phuong trinh vi phan
thuong ta co thé ap dung dé giai mot cach twong tu (chi tiét co thé
tham khao thém ¢ cac tai liéu [3, 15, 18]).

Xét phuong trinh séng mot chiéu

2 2
‘Zt_t; = az%, (- 00<X< +00) (5.31)

voi cac diéu kién ban dau:

u(x, 0) = f(x); ut(x, 0) = 0. (5.32)
Gia thiét ham séng u(x.t) triét tiéu khi x tién téi vo cliing, cac ham
f(x) va u(x, t) co anh Fourier twong tmg 1a F(w) va U(w, t).

Ap dung bién d6i Fourier theo bién X 1én hai vé phuong trinh séng
(5.31) dong thoi sir dung (5.19) ta dugc:

Flux 0} =a’Flu, (x1)}=a’(-iw)’U(at).
Trong do6, chi sé phia duéi biéu thi 14y dao ham ctia ham u theo chi

s6 d6, U 1a anh Fourier cta u. Phuong trinh nay dugc viét lai dang:
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Un+ a2e?U = 0. (5.33)

Trong (5.33), ta xem @ 1& tham sd, con t 13 bién sb. Lac do6 ta dé
dang tim duoc nghiém tong quat:

U (o, t) = A(w)cosaat + B(w)sinact. (5.34)
Tur diéu kién ban dau (5.32), ta co:
U(w, 0) = A(w) =F(w), Ul(w, 0) = awB(w) = 0.
Do do:
U (@, t) = F(w)cosaat. (5.35)

Dé tim nghiém u(x, t) ta thuc hién bién d6i Fourier nguoc. Trudc
hét, ta biéu dién cosaat theo cong thirc Euler dé sir dung cong thirc
tinh tién ham gbc (5.27):

U(, 1) = F(a)cosaat :% F() (et eiot), (5.36)

Do d6, ap dung cong thirc (2.27) vé dich chuyén ham géc, ta dé dang
suy ra dugc ham can tim la:

u(x.t) = % [F(x + at)+ f(x - at)]. (5.37)

Day chinh 1a nghiém D Alembert cta bai toan truyén song véi van
toc ban dau bang khong ma ta da biét trong chuong 3.

5.4. Bién d6i Laplace

5.4.1. Dinh nghia

Cho f (t) 1a ham sb xac dinh v&i moi t > 0. Bién déi Laplace (KY
hiéu bang toan tir £) cia ham f (t) 12 ham F(s), duoc xac dinh bai
tich phan sau day [3, 15, 18]:

+00

F(s)=£{f(t)} = [e*f@)dt, s>0. (5.38a)

0

Ham F(s) duoc goi la dnh cua f (t)qua phép bién doi Laplace, con

f (t) duoc goi 13 ham goc hodc bién doi Laplace ngwoe ciia ham F(S):
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f(t) =L {F(s)|. (5.38Db)
5.4.2. Mt s6 vi du vé bién d6i Laplace ciia cac ham don gién
Vidu 5.3: Tim anh Laplace cua f(t)=1.

Taco: L{f@O)-L£A = [e"dt = L \6i s> 0 (do's <0 thi tich phan
S

0

s€ phan ky). Vay:

£ =1 veis>o. (5.39)
S

Vi du 5.4: Tim anh Laplace ctia ham Delta Dirac 3(t-a). Ta co:
Li5(t-a) = j e'5(t—a)dt =e ™, (a> 0). (5.40)
0

Vi du 5.5: Tim anh Laplace cua f(t) = e®. Ta co:
ay = 1
L") = —,(s>a). (5.41)
s—a

Vi du 5.6: Tim anh Laplace cua Sinwt va coswt . Ta co:
Bang cach ap dung dinh nghia (5.38) ta c6 thé tim truc tiép
Lisinat]va L{cosat]. Tuy nhién, & day ta ding thu thuat bién doi
dua theo cong thuc Euler:
g'“'= cosat + isinat. (5.42)

Vi vay:

Lle""}= L{cosat|+iLisin et} (5.43)
Mat khéc, theo (5.41) ta co6:

1 S ®

Ll = = +i . 5.44
{ } s—iw P+t ST+’ ( )

So s&nh giita cac phan thuc va giita cac phan ao cua (5.43) tuong
ung voi (5.44), ta dugc:
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Licosat| =

) 5.45
s+’ (549

L{sin ot} = (5.46)

s+p?’

Vi du 5.7: Tim anh Laplace cta f(t) =chat va f(t) =shat .

Ta co:

2's-a s+a s -a

ﬁ{chatfzﬁ{eatzeat}z%ﬁ{ea‘}%ﬁ{ea‘}:l( L, 1 5 (s>a) (5.47)

Tuong tu ta co:

L{shat| = , (s>a). (5.48)

2 2

ST —a
Viduy 5.8 Tim ham gdc (bién ddi nguge £ {F(s)}) cia ham anh:
= > azb

(s—a)(s-h)

F(s)

Trudc hét, ta phan tich F(s) thanh cac phan thirc don gian:

> :1£a—bj. (5.49)
(s-a)(s-b) a-b\s—a s-b

Vi vay:

> =
(s—a)(s—h)

= L L'l{ a }— L E'l{ b }= L (ae™ —be™). (5.50)
a-b s—-al a-b s-b] a-b

5.4.3. Bién ddi Laplace ciia dao ham

Giasir f(t) c6 anh Laplace 1a F(s), khi d6 anh Laplace ctiia f (t) la:
L{f ()] =sF(s)—f(0). (5.51)

That vay, xét truong hop ' (t) lién tuc trén [0, +o0). Khi d6, sir dung
tich phan timng phan ta dugc:
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IO j‘“f() = (e O]+ j-“f()dt sC{f(t)]-1(0)

0
=sF(s)— f(0).
Bang phép quy nap ta d& dang ching minh dugc bién d6i Laplace
ctia dao ham cép n nhu sau:

L{fOM)=s"F(s)-s" f(0)-s"*f (0)—..— f"7(0), (552

trong d6 f'(t),..., f " (t)1a cac ham lién tuc trén [0, +o0) va co cip
mii o, cOn ™ (t) lién tuc timg khiic trén moi doan con hitu han cua
[0, +0). Mot trong nhing coéng thirc quan trong 1a bién d6i Laplace
cua vi phan cap 2:

L") =s’F(s)—sf (0)— f (0). (5.53)
Céc cong thuc (5.15) - (5.53) rat ¢6 ich khi ap dung bién d6i Laplace dé

giai cac phuong trinh vi phan. Liic d6, cac toan tir vi phan duoc chuyén
thanh cac phép nhan dai s trong khong gian anh (xem muc 5.5).

5.4.4. Bién d6i Laplace ciia tich phan
Gia st f(t) c6 anh Laplace la F(s), luc d0, anh Laplace cua tich
phan cua f(t) 1a:

c{} f(r)dr}: %L{f(t)}:éF(s). (5.50)

0

Tir d6, ta suy ra cong thirc ctia phép bién doi nguoc:

c {FS)} [ (r)dr. (5.55)

0

Viéc chting minh tinh chat nay kha don gian, chung ta c6 thé dé
dang kiém tra tir dinh nghia. Biéu thuc (5.55) duoc tng dung dé tinh
Cac tich phan xac dinh néu ta bién ddi nguoc cua anh Laplace chia

chos, thcla L™ {@}, tim dugc dé dang.
S

-173 -



5.4.5. Pao ham cua anh Laplace

Gia st F(s) 1a anh Laplace cua f(t) va c6 dao ham dén cip n, ta co:

aFE) L{EYE®)}.n=0,1,2, .. (5.56)
ds
Ta chirmg minh biéu thirc (5.56) bang phép quy nap. That vay, do

+o0

F(s)= j e f(t)dt nén véi k = n =1, ta tinh F(s) bing cach dao ham

0
biéu thirc nay qua déau tich phan:

+o0 d +o0

F(s)= j Ee-st f(t)dt =- j e f(dt=L{(-D'F (W)} (5.57)

Vi biéu thire (5.56) dung véi n = 1 nén gia st né dung véi moi k = n.
Luc do, ta can chimg minh (5.56) ding voi k = n+1, tirc 1a:

(n+1) _W e —st _im deist _iﬂc =st(_q\ngn _

F (5)_£ds"+1e f(t)dt—dSJ;[ - ]f(t)dt_dsg(e (D"t () dt =
— _T(est (_1)ntn+lf (t)) dt — T(est (_1)n+1tn+lf (t))dt

FO(s) = L{(-D)™t" f (1)} (5.58)

Vi dang thirc trén dung voi k = n +1 nén nd sé dung véi moi n.
Vidy5.9: Tim £{t"}. Ta co:

Vi £{t"}= £{t".1}, nén theo (5.56) ta rit ra duoc:

£t} = (AYFOs), oday F(s) =£{1) = <.
s
Tur do:
n N
F(n)(S) = (_1) g+l '
Vi vay:
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c{t"}=L{t".}=(-1)'F(s) = o (5.59)

5.4.6. Tich phén cta anh Laplace
( )

Goi F(s) 1a anh Laplace ctia ham f(t) va gia thiét ton tai bién

ddi Laplace. Thuc hién 1ay tich phan hai vé cia blen ddi Laplace
trong (5.38), ta co:

+JiOF(u)du = T(Te‘“tf (t)dtJdu .

S

Doi thi ty lay tich phan va tién hanh tich phan theo bién u ta duoc:

T F(u)du = f f(t) Qwe“tdu} dt =+f e @dt :

S

Vay, tich phan ctia ham anh F(s) duoc xac dinh:

TF(u)du E{ f(t)} (5.60)

S

5.4.7. Dich chuyén anh

Chung ta biét rang, khi ham F(s) dich chuyén a don vi theo chiéu
duong cia truc s ta dugc ham F(s - ). Luc do, dé xem xét su thay
d6i ctia ham gdc ta ap dung dinh nghia ciia bién ddi Laplace nhung
thay s boi (s — a):

F(s—a)= Te(”)t f (t)dt = +j:oe“[eat f()dt. (5.61)
Tur (5.61) ta co:
F(s—a)=L{e"f (1)}, (5.62)

LH{F(s—a)}=e"f(1). (5.63)

Nhu vay, néu ham anh dich chuyén theo chiéu duwong a don vi thi
ham goc twong twong ciia né dwoc nhdan véi €2 so véi ham goc ban
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dau khi dnh chia dich chuyén. Cong thirc ndy rat tién loi cho tim
anh Laplace cta cac ham khi chung duoc biéu dién nhu 1a tich cta
e v&i mot ham don gian nao do.

Vi du 5.10: Tim £ {e*sinawt}. Ta cé:

0] A

Do L {sinat}= T nén:
L {e*sinat}= (S_a)+wz (5.64)
Tuong tu:
L {e*cosat}= (S_i)_—zi)wz. (5.65)

5.4.8. Dich chuyén ham gbc

Khi ham gbc f(t) dich chuyén theo chiéu dwong truc hoanh mot doan
la a ta duoc ham f(t-a). Ching ta xem xét su thay doi anh Laplace
F(s) ctia ham f(t) ing voi phép dich chuyén nay. Trudc hét, do ham
gbc f(t) trong bién d6i Laplace x4c dinh v&i t >0 nén f(t - a) chi xac
dinh vé6i t > a. Vi vay, dé anh caa phép chuyén dich ham f(t) van co
¥ nghia ta can dich chuyén f(t) theo nghia sau [3,15, 18]:

~ 0, t<a,
f(t)= (5.66)
f(t-a), t>a.
Nguoi ta dinh nghia ham budc nhay don vi u(t-a) nhu sau:
ut-ay={0 < (567)
1, t>a '

Khi d6, ham f(t - a)u(t - a) chinh 1a ham chuyén dich f (t) ma ta can
xdy dung & (5.66). Bé tim su thay ddi ctia ham anh ung véi dich
chuyén ctia ham gbc ching ta van dung biéu thtrc dinh nghia (5.38).
D@ thay:

e *F(s)= Ie‘s(”")f(r)dr :IOdt+ j e f(t—a)dt (ditt=r +a).
0 0 a
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Ta c6 mo rong thém mién 14y tich phan [0, a] dé duogc tich phan trén
khoang [0, +o0 ). Khi 0, chi can thay f(t - a) boi f(t - a)u(t - a) ta
duoc:

e *F(s) = Te‘“ f(t—a)u(t—a)dt = L{f(t-a)u(t- a)}.

Tur day ta co:
L {f(t-a)u(t-a)}= e*F(s). (5.68)

Nhu vay, khi ham géc dich chuyén a don vi theo chiéu dwong thi
ham anh thay d6i mot thira s6 nhdn €,

5.4.9. Bién ddi Laplace ciia ham tuin hoan

Gia sir ham f(t) tudn hoan vé6i chu ky T duwoc minh hoa nhu trén hinh
5.2. Gia thiét f (t) thoa man diéu kién ton tai bién d6i Laplace. Goi
F1(s) 1a anh Laplace cua f(t) trong chu ki [0, T]:

F(s) = ]e‘“ f(t)dt. (5.69)

0 T 2T 3T t

Hinh 5.2. Minh hoa ham tuan hoan c6 chu ki T.

Luc d6, anh Laplace F(s) cua f(t) trong mién [0, o] lién hé véi Fi(s)
béi hé thirc:
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F(s)=L{f}= Te‘St f(t)dt = F(s). (5.70)

1_ e—ST

T ©

Chimg minh: Phan tich F(s)=[e™f(t)dt+ e f(t)dt rdi thuc
0 T

hién d6i bién r =t- T & tich phén thir haita duoc:

j e f (t)dt = j e N f(z+T)dr = j e f(r)dr =e"F(s)
T 0 0

Tur day ta rat ra dugce hé thace (5.70).
Vidub5.11:
a) Tim Bién d6i Laplace cua u(t-a). Ta co:

e—as

L{ut-a)}=e*L{1} = 5 (5.71)

b) Tim bién d6i Laplace cua f(t), biét:

2, O<t<r,
f(t)=<0, T<t<2rz
3sint, 27 <t < +oo.

Ta c0: trude hét ta dung ham budc nhay don vi dé bicu dién lai f(t).
D¢ kiém tra duoc:

f(t) = 2u(t) - 2u(t- m)+ 3u(t — 2m)sint.
Nhung do ham sint = sin(t — 2r), nén:

f(t) = 2u(t) - 2 u(t- )+ 3u(t — 2m)sin(t-2r).

Vi vay ta co:

2 2™ _e?*”
Lif@) =—=- +3 :
o} s s s?+1
5.4.10. Bién d6i Laplace ciia tich chap
Gia st f(t) va g(t) co6 cac ham anh tuong ung la F(s) va G(s), nguoi
ta dinh nghia tich chap bdi [3, 15, 18]:
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(o)) = j f(Ng(t-ndr. (572)
Luc do:
FOIGE) = [e 106 = [e 6@ M. (573)
Mit khac:

e®'G(s) = L{g(t—ru(t-r)}= +jice‘s‘g(t —r)u(t—r)dt

= [e~'g(t-r)dt. (5.74)
Thay (5.74) vao biéu thire (5.73), ta duoc:
F(s)G(s) = j f (r)( j e tg(t - r)dtjdr.
0 r
Doi thir ty 14y tich phan, ta co:
+00 t
F(S)G(s) = | e‘“[ [fng(t- r)drjdt = L{f*g(®)}, (5.75)
0 0

hay
(f*9)(t) =L {F(s)G(s)}. (5.76)

Trong thuc té, d6i khi ta gip bién dbi Laplace cta tich chap. Chang
han, xét bai todn dao dong cudng birc véi cac diéu kién dau béng
khoéng:

y"+ay'+by = r(t), véi y(0)=0,y'(0) =y"=0. (5.77)
Ap dung bién ddi Laplace hai vé (5.77) ta duoc phuong trinh anh:
Y(s)= R(5)Q(s), (5.78)

trong do:
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1

R(s)= L{r},Q(s) = 57— (5.79)
s“+as+b
Thuc hién bién d6i nguoc cia (5.78) ta duoc:
y®) =L{Y ()} =L {R(s)/Q(5)},
hay
y(t) = (rg)(t)= I r(v)a(t —vidv, (5.80)

0
trong d6 q(t) 1a goc cua Q(S).

Nhu vay, dé tim nghiém cua bai toan nay ta phai tim gdc cua tich hai
ham anh (con goi 1a nghich dnh cua tich hai ham) ma cac ham gdc
ctia ching duoc biéu dién dudi dang tich chap (5.80).

5.5. Mt s6 irng dung ciia bién doi Laplace
5.5.1. Gidi phwong trinh vi phian thuwong

Bay gio ta xét tng dung cua phép bién d6i Laplace dé giai céac
phwrong trinh vi phén tuyén tinh cdp hai, khéng thuan nhdt va c6 hé
$6 1 hang s6:

y"+ay'+by =r(),  y(0)=VYo,Y'(0) =Vo" (5.81)
Trong thyc té, nhidu bai toan vat li duoc dua vé dang phuong trinh
vi phan cép hai nhu (5.81), vi du nhu dao dong co hoc tat dan chiu
tac dung cua ngoai luc, dao dong dién tir trong mach RLC... L(c
d6, vé phai cua (5.81) thuong dong vai trd 1a cac “nguon” (bao gdm
ngoai luc, ngudn dién...). Pic biét, c6 nhimng trudong hop trong do
r(t) dong vai tro la cac ham xung (vi du ham budc nhay, ham delta
Dirac, v.v). Trong nhiing truong hop nhu vay, giai bang phuong
phép ding bién d6i Laplace s& rat thuan lgi. Ta minh hoa quy trinh
giai phuong trinh (5.81) bang phép bién dbi Laplace theo ba budc sau:
Bude 1: Chuyén bai todn sang khéng gian anbh.
Ap dung bién ddi Laplace 1én hai vé cua (5.81) dong thoi sir dung
cong thirc bién d6i Laplace cua dao ham (5.52), ta duoc phirong
trinh anh:
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[s2Y(s) - syo— Vo] + a[sY(s) - Yo] + bY(S) = R(s), (5.82)
trong d6
Y (s)=L{y(t)},R(s)=L{r(t)}. (5.83)
Buwdc 2: Giai tim nghiém trong khong gian anh.

Ta viét lai phwong trinh anh dué6i dang:

(s?+ as + b)Y = (s + a)yo + Yo' + R(S). (5.84)
bat
1
Qs)=—————. (5.85)
s“+as+b

Khi do, phuong trinh anh (5.84) cho ta nghiém trong khong gian anh:
Y(s) = [(s + @)yo + Yo'] Q(s) + R()Q(S)- (5.86)
Néu co6 thém diéu kién yo = 0, Yo' = 0 ta c6 c6 thé bién ddi (5.86) thanh:

Y(s) _L{output}

Q)= R(s) Lf{input} '

hay

L{output} =Q(s)L{input} . (5.87)
Theo 1y thuyét didu khién, r(t) 12 ddu vao (tac dong ngoai 1én h¢),
y(t) 1 ddu ra cia hé nén tir (5.87) ta thdy Q(s) dong vai trd 13 ham
truyén, tic 1a “truyén” tir dau vao sang dau ra. Mit khéc, theo (5.85)

thi ham truyén chi phy thudc vao a va b tic 1a phu thuje vao cau
tric cua hé [3, 18].

Buwérc 3: Bién doi nguwoc dé tim nghiém.

Tir biéu thirc nghiém trong khong gian anh (5.86), ta thuc hién phép
bién ddi nguoc dé tim nghiém cua bai toan:

Y=L {Y ()} (5.88)

Can chu ¥ rang, vé phai cua (5.86) 1a tong cta hai s6 hang, mdi sd
hang biéu dién dudi dang tich cua hai ham, trong d6 c6 mot ham la
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Q(s) biéu dién dudi dang phan thic (5.85). Tuy theo dang cua R(S),
ta co thé phan tach Y(s) thanh c&c phan thirc don gian d& tim bién
ddi nguoc hon. Xét mot sd trudng hop sau [15, 18]:
e Khi R(s) c6 dang as + b (a va b 1a cac hing s6) thi Y(s) ¢ thé
dua duoc vé dang:

voi A 12 hing sd);
as+b( gs0)

e Khi R(S) c6 dang (as + b)" thi Y(s) ¢6 thé dua dugc vé dang:
AL A LA

as+b (as+b)®  (as+h)

— (v61 A, Az,... Anla cac hang s6);

e Khi R(S) c6 dang as? + bs + ¢ thi Y(s) c6 thé dua duoc vé dang:

As+B

————(v6i Ava B 1a céac hing sd);
as“+bs+c
e Khi R(5) c6 dang (as? + bs + ¢)" thi Y(s) c¢6 thé dua dugc vé dang:

As+B, As+B, As+B,
a " A PR i R
as” +bs+c (as2 +bs+c) (a52 +bs+c)

(v6i At,...AnVa By,...Bn 12 cac hang sd);

Trong truong hop chung, viéc tim bién d6i nguogc theo (5.88) twong
dbi khé khin va thuong phai dung mot sé tha thuat dic biét. Dudi
day, chang ta xét vi du don gian.

Vi du 5.12: Dung bién d6i Laplace dé giai phuong trinh vi phan

y () +y@® =1, (5.89)
théa méan cac diéu kién dau:
y'(0)=y(0)=0. (5.90)

Budée 1: Ap bién ddi Laplace 1én hai vé cua (5.89) dong thoi st
dung (5.52) ta dua vé dugc phuong trinh anh:

c{y ) +£{y®}=c{1},
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hay

[s2Y(s) - syo— Yo+ Y(s) = =. (5.91)

1
S
Buwdc 2: Giai tim nghi¢m trong khong gian anh.
Thay diéu kién dau (5.90) vao (5.91), ta thu dugc nghiém trong
khong gian anh:

1

Ts(52+)) (592

Y (8)

Budre 3: Bién d6i ngugc dé tim nghiém trong khong gian cu hinh.

Thuc hién bién d6i nguoc hai vé (5.92), ta co:

1 1 s
t)=£{Y (s)l = £ ——— :51{__ }
y(O)=L{Y(s)] {s(s%l)} s s?+1
:ﬁl{l}—ﬁ{ S } (5.93)
S s°+1
Pbi chiéu (5.93) véi (5.39) va (5.45) ta thu duoc nghiém can tim:
y(t) =1-cost. (5.94)

5.5.2. Giii phuwong trinh dao ham riéng

Bién doi Laplace c6 thé dugc ap dung dé giai cac phuong trinh dao
ham riéng véi cac diéu kién bién va diéu kién dau theo cac budc
gidng nhu 4p dung giai phuong trinh vi phan thuong trén day. Dé
minh hoa didu ndy ta xét bai toan truyén song mot chiéu theo
phuong trinh:

2 2
gt—IZJ:aZ%,VdiOSXSHO, (5.95)
X

v6i cac dieu kién dau va di€u kién bién:

u(x, 0) = 0; u, (x,t)L:O =u,(x,0)=0 (5.96)
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sint,0<t<2r

u(o, t) =f(t) = 5.97
©.H=10 {O, t=[0,27]. (5.97)
Day chinh 13 bai toan truyén séng mot chiéu nira vo han ma ta da
gip trong chuong 3. Ap bién d6i Laplace 1én hai vé cua phuong
trinh (5.95) theo bién t ta dwoc phuong trinh anh:
, 0,U

s?U —su(x, 0) - u,(x,0) =a’ -, (5.98)

voi
U =U(X,s) = Lu(x,t).
Str dung cac diéu kién dau trong (5.96), phuong trinh (5.98) dugc
bién do6i thanh:
oU s

—U =0. 5.99
ox*  a? (5.99)

Nghiém tong quét ciia phuong trinh nay la:
U(x,s) = A(s)e? +B(s)e 2. (5.100)
Dé tinh cac hé s6 A(s) va B(s) ta cho nghiém tong quat (5.100) thoa
diéu kién bién (5.97). Tur diéu kién bién dbi v6i ham gde u(xt) ta co
diéu kién bién twong tng cho ham anh U(x,s):
U, s) =L {u(0, t)} = L {f()} = F(s). (5.101)

Gia st rang c6 thé chuyén qua dugc giéi han duéi dau tich phan thi:

lim U (x,s) = lim j e~tu(x,t)dt = j e lim u(x,t)dt =0. (5.102)
0 0

X—>+00

Vi e2 — +ookhi X — +o0, nén hé sb A(s) = 0. Do do, nghi¢ém trong
khong gian anh la:
U(x,8) = F(s)e @. (5.103)
Thuc hién bién d6i Laplace nguoc va st dung cong thuc dich
chuyén ham gdc ta dugc nghiém cua bai toan:
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sint—2), khi Z<t<Xy2,
a a

ux,t) = ft=u(t-2) = (5.104)
a a

0, khi t# (>, =+a).
2' 2

5.5.3. Giai phwong trinh tich phan

Bang cach str dung bién d6i Laplace, ta c6 thé chuyén cac toan tur
tich phan trong khong gian cdu hinh sang phép toan dai sé don gian
trong khong gian anh. Vi thé, bién d6i Laplace c6 thé van dung dé
gidi cac phuong trinh tich phan, nhit 1a khi ham duéi d4u tich phan
c6 dang tich chép.

Vi du 5.13:Tim nghi¢m cta phuong trinh tich phan:
t
yt) =t+ j y(r)sin(t - r)dr. (5.105)
0

Ta dé nhan thay, tich phan ¢ vé phai (5.105) chinh la tich chap
y(t)*sint. Vi vay:

y(t) =t + y(t)*sint . (5.106)

Ap dung bién d6i Laplace 1én hai vé (5.106) ta thu dugc nghiém
trong khong gian anh:

s?+1 1 1
st 8% st

Y(s) = (5.107)

Tir day, thuc hién bién ddi nguoc ta suy ra nghiém ciia phuong trinh
tich phan (5.105):

41 41 t®
S S 6
5.5.4. Cac bai toan vé mach dao dong dién tir

Mot mach dao dong dién tir co ban thuong dugce ciu tao tir cac dién
tré thuan R, cudn cam c6 hé sd tu cam L, tu dién c6 dién dung C va
nguon dién c6 suat dién dong E(t) nhu trén hinh 5.3.
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=

E® c_—

=

Hinh 5.3. Mach dao dong dién tir gdm ngudn E va cac phan tir R, L, C.

Theo dinh luat Ohm thi d6 giam thé qua cac phan tor R, L va C ¢
cac gia tri la iR, L% va %; trong d6 q va i tuong ng la dién tich
trén ban tu va dong dién di qua mach. Téng do gidm thé qua cac
phan tir nay s& bang hiéu dién thé E ciia ngudn. Phuong trinh dao
dong cua dién tich trén tu dién la:
d’qg .dg 1

L—+R—+=qg=E(). 5.109

e R fcd=EO (5.109)
Dé tim dao dong dién q theo thoi gian ta 4p bién doi Laplace 1én hai
vé (5.109) dong thoi sir dung bién doi Laplace ciia dao ham (5.52),
ta thu dugc phuong trinh anh. Tiép dén, ta giai tim nghiém trong
khong gian anh roi thuc hién bién doi ngugc dé thu duoc nghiém
trong khong gian cau hinh.
Vi du 5.14: Cho mach dao dong dién tir dugc méc nhu hinh 5.3, véi
cac phan tir R = 16 Q; C = 0.02 F; L = 2 H. Gia thiét dién tich trén
mbi ban tu tai thoi diém ban dau 1a go = 0. Tim biéu thuc cudng do
dong dién trong mach va dién tich trén mdi ban tu tai thoi diém t >0
biét nguodn dién c6 gi tri: E = 100sin(3t)V.
Trude hét, ta tim phuong trinh dao dong dién tir ciia mach dién bang
cach thay gia tri ctia cac phan tir (R, L, C, E) vao (5.109):

d’q

F+8?j_?+25q:503in3t' (5.110)
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Dé tim nghiém cta phuong trinh nay thoa man diéu kién dau go =0
ta str dung bién d6i Laplace theo 3 budc di biét.

Buwéc 1: Thuc hién phép bién dbi Laplace hai vé (5.110) ta thu duoc
phuong trinh anh:

3

o (611)

{s°Q-sa(0) - '(0)} +8{sQ - q(0)} + 25Q =50
trong d6
Q=Q(s) =L{aM}, qt) =L7{Q(s)}.
Budce 2: Tim nghiém trong khong gian anh.
Thay cac diéu kién dau q(0) = 0, ¢'(0) = 0) vao (5.111) ta thu dugc
nghiém trong khong gian anh:

150

- . : (5.112)
(s“+9)(s” +8s+25)

Q(s) =

Budre 3: Bién doi ngugc dé tim nghiém trong khong gian cau hinh.
Pé thuc hién diéu nay ta tach Q(S) trong (5.112) thanh cac ham don
gian (da biét gbc):

751 75.s 75 1 75 s+4
26s°+9 52s°+9 26(s+4)°+9 52(s+4)°+9

Q(s) = . (5.113)

Khi d6, bién d6i Laplace nguoc Q(S) ta duoc:

75 1 75 s 75 1
t)=—," ——=rt TR R S — Y
a(t) 26 {32+9} 52 {52+9} 26 {(52+4)+9}

+EL”1 —SJF;‘ .
52 (s+4) +9

Str dung bién do61 nguoc cia cac ham sin, cosin va cong thuac dich

chuyén anh ta dé dang tim duoc ham gdc:
25 . . 25 4 .
q(t) = > (2sin 3t —3cos 3t) +§e (3cos3t +2sin3t) [C]. (5.114)

Cuong d6 dong dién chay trong mach la:
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i(t)=(;—? =S(2c053t+35in 3t)—%e4“ (6cos3t+17sin3t)[A]. (5.115)

Nhin xét: Nhom sé hang thtr nhit trong vé phai cua (5.114) va
(5.115) biéu thi dao dong didu hoa véi tan sd bang tan s6 ctia ngudn
dién E, nhom s hang thér hai ciing biéu thi dao dong diéu hoa nhung
c¢6 bién do tit dan theo quy luat ham mi. Vi véy, sau khoang thoi
gian du lon thi dao dong dién va cuong d¢ dong dién s€ duoc duy tri
theo quy luat:

q(t)zg(ZSin3t—30053t) [C] (5.116)
o dg_ 75 .
i(t)= i (2cos3t +3sin3t) [A]. (5.117)

Bai toan co ban trén day co thé duoc mé rong cho cac truong hop
khac nhau cta nguén (nguén mét chiéu, nguon 13 cc xung,...) hodc
cho trudng hop mach dao dong cé ciu triic phic tap hon (vi du
mach hd cam).
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BAI TAP CHUONG 5

5.1. Ching to rang cac bién doi Fourier sin va cosin cua f(t) = e® 1a:

2 o 2 a
Fs(w)=\/;w2+a2 ! F°(a)):\/;a)2+a2'

Tt d6 rat ra:
T wsin wX T
J‘ﬁd =—eg¥ , X>O,
y @ +a 2
© COSwX T
I ——do=—e™ | x>0.
o +a 2a

0
5.2. Tim bién ddi Fourier ciia f (x) =e ™.
, . |x|<a
5.3. Mot xung hinh chir nhat duge mo ta béi f(x) = .
0, [x>a

a) Chimg t6 rang bién ddi Fourier cta f(x) la

F(a)) _ \/Zsmaa)
T @

b) Sir dung dang thirc Parseval, hay tinh J.

sin’t

- dt.

5.4. Cho F(w) va G(w) tuong tng la anh Fourier cua f(x) va g(x).
Chumng t6 rang:

[If -9 dx = [|F(@)-G(e)do.
Vi vy, néu g(x) 1a mot gan ding ctia phép do f(X) thi trung binh cta

binh phuong do 1éch trong khéng gian ciu hinh s& bang trung binh
cua binh phuong d6 I¢ch trong khong gian Fourier.

5.6. St dung dang thrc Parseval hiy tinh:
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+o0

do
) [ vy

—00

+00 2
odw
b) | —————.
) _J;O (0)2 + a2)4
5.6. Giai bai toan truyén nhiét mot chiéu trén thanh dai vo han bang bién
dbi Fourier. Biét u(x, t)— 0 va ux(X, t)— 0 khi [x|—a0 , u(x, 0) = f(x).

5.7. Sir dung bién d6i Laplace ctia dao ham chimg minh cic cong

thirc sau:
a) L(tcoswt) = %;
b) £(tsin wt) = (sZiL;Z)-’- .
c) L(tchwt) = %;
d) L(tshat) = (SZZ_L;)Z

1 .
(32 +w2)2 20°

2

s .

f) Ll[— =2i(5|na)t+a)tCOSa)t).
(s* +w°)? @

5.8. Tim bién ddi nguoc (nghich anh) ctia cac ham sau:

) T b s—-2
(s+7)% s?—4s+5’
S 6
C)———; d ——;
)(s+3)2+1 ) s*—4s-5
1 1
) ——= —
) (s-1)° " s’(s—3)
) s s*—a’
J (s> +a?)?’ (s+a%)?
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5.9. Dung bién d6i Laplace giai bai toan Cauchy:

a)y'+y= 3, y(0)=0,y'(0) = 1;
b) y"-y = te, y(0)=1,y'(0) =1,
c)y"-2y"-y+2y=e®  y(0)=0,y(0)=0, y'(0) = 2;
d)y'+4y = H(t- 1), y(0) =0, y'(0) = 0;
e)y"+ 4y =r(t), y(0)=0,y'(0) =3,

voi
3sint, O<t<ur,
r(t) ={ "

-3sint, t>r.

5.10. Giai cac phuong trinh tich phan:

a)y(t) =1+ j y(r)cos(t —r)dr;
b) y(t) =te' — 2etjery(r)dr;

c)y()=5+ I(t —r)y(r)dr.

5.11. M6t tu dién c6 dién dung C dugc nap dién dién luong qo. Tai
thoi diém t = 0, nguoi ta méc n6 vao hai diu ctia mot cudn day co6 h¢
sO ty cam L. Dung bién d6i Laplace, tim dién tich q(t) cta tu dién va
cuong do cua dong dién trong mach tai thoi diém t > 0?

5.12. Cho mach dao dong dién tir dwoc méc nhu hinh 5.4. Biét, R =
50 ; C =0.001 F; L = IH. Gia thiét dién tich trén mdi ban tu tai
thoi diém ban dau 13 go = 0. Tim biéu thirc cudng do dong dién trong
mach va dién tich trén mdi ban tu tai thoi diém t > 0.Biét nguén dién
duoc biéu dién dudi dang: E(t) = 220sin(100nt)V.
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Hinh 5.4. Mach dao dong dién tur.

5.13. Mot vat nho c6 khbi luong m duogc gén vao dau mot 10 xo ¢o
doé cung k. Pau con lai cua 10 xo duge treo cho dao dong theo
phuong thing ding. Biét rang lyc can ctia moi trudng ti 1& bac nhit
véi van tde cua vat voi hé sd tylé 1a y. Gid s rﬁng trong luc khong
dbi trong pham vi khong gian khéo sat.

a) Thiét 1ap phuong trinh dao dong ctia vit.

b) Tim li d6 dao dong cua vt tai thoi diém t bat ky bang phép
bién d6i Laplace.
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Chuong 6
PHUONG PHAP SO VA MO HINH HOA SO LIEU

6.1. Mé dau

Khi khao sat cac bai toan vat li, déi khi chung ta gap cac truong hop
phirc tap rat kho tim nghiém chinh xac. Cac bai toan nay thuong
dugc mo ta boi cdc phuong trinh vi phan hoac tich phan. Khi do,
ching ta thuong phai chap nhan tim nghiém gan ding dudi dang giai
tich hodc dang sb. Nghiém gin dung dang giai tich cho ta buic tranh
vé sy thay ddi lién tuc cua dai lugng duoc khao sat theo céc tham sb
cta bai toan nhung nhin chung phuong phap tim nghiém theo cach
nay chi ap dung dugc trong mot ) truong hop nhat dinh. Vi vay,
thong dung nhat trong tim nghiém gan dang 1a st dung phirong phdp
s6. Dic biét, su phat trién cua cong nghé may tinh voi tbe do xur i
td1 hang triéu phép tinh trong mot gidy da cho phép tang do chinh
xéc 1én rat nhiéu. Hién nay, cac phuong phap sé két hop véi may
tinh tr& thanh cong cu chinh ctia nganh vat 1i tinh toan.

Ngoai viéc sir dung cac phuong phap sd, trong thyc nghiém ching ta
thuong thu thap s6 liéu cua cac phép do dudi dang tap hop cac gia
tri/diém roi rac (c6 khi t6i hang nghin diém). Khi d6, viéc biéu dién
tap hop s6 liéu d6 theo mot biéu thirc/phuong trinh todn hoc don
gian nhung mang day du thong tin cia truong sd lidu 1 rat quan
trong va duoc goi la su mo hinh hoa s6 liéu thuc nghiém.

Chuong nay gidi thiéu so luge mot s6 van dé co ban cua phuong
phap s6 va mo hinh hoéa s6 liéu thyc nghi¢m.

6.2. Pao ham bing s

Khi giai cac phuong trinh vi tich phan bang phuong phap sb ching

ta can phai tinh cac dao ham hodc tich phan bang s tai nhitng diém

101 rac nao d6. Pé tinh gan ding dao ham cua ham sé y = f(X) tai

diém X = Xk nguoi ta thuong ap dung cac cong thirc ndi suy Newton

tién, néi suy Newton Iii hodc ndi suy Stirling. Cac cong thirc nay
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duoc dung khi diém tinh dao ham nim & dau, ¢ cudi hodc ¢ giita
bang s6 liéu.
6.2.1. Cac cong thirc ndi suy Newton tién

Gia sir ham y = f(x) duoc xac dinh tai n+1 diém cach déu nhau Xo,
X1...Xn tuwong ung voi cac gia tri Yo, Yi... Yn. Pat xi = Xo + ih va

X=X . . \ . o :
u :TI , trong d6 h 1a d6 dai cua budc (khoang cach gitra hai
diém canh nhau X Va Xi+1). Khi 40, cdc céng thirc néi suy Newton
tién duge cho bai [10, 11]:

2_ 3_ 92 4_ @3 2 _
f(x):y0+uAy+u UA2y+u 3u +2uA3y+u 6u”+11u 6uA4y
2! 3! 41
5 4 3 2
L 10u +35;| 50u” +24u Ayt 6.1)

Pao ham phuong trinh (6.1) theo x ta thu duoc:

2u-1 , +3u2—6u+2 4u3—18u2+22u—6A4

1
f'(x)==| Ay + A A%y +
() h / 2! Y 3! Y 41
4 3 2
, 5u’ —40u® +105u” ~100u +24 Ag,y] 62)
5!

« o du 1 . o ix 1 en
O day, ™ = H; Ay 1a hi€u hai gia tri lién ké nhau cua y, A%y la hiéu
hai gié tri lién ké nhau cta Ay, V.V (ta goi day 1a cac sai phan).

Dao ham phuong trinh (6.2) mét 1an nita, ta dugc:
— 2 —
. AZy+ 6u , 6A3y+12u 3?u+22 N
£(x)= = 3 4 (6.3)
h 20u® —120u® +210u—100
+ o1 Ay

Céc phuong trinh (6.2) va (6.3) cho ta gia tri gan dung cua dao ham
cAp mot va cép hai cua ham f(X) tai diém x = Xo + uh bat ki.

Khi X = xo, U= 0, cac phuong trinh (6.2) va (6.3) trd thanh
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1 1 1 1 1
f'(x =—z&——A2+—A3——A4+—A5—m] 6.4
(o)h{y2y3y4y5y (6.4)
1 11 5

f7(x,) =—| A’y — A’y + = A"y —=A°y+...|. 6.5
(Xo)hz{y y12y6y} (6.5)

, e e dy o d?y , .
Vidu 6.1: Tim gia tri ciia i va e tai X = 1.0 theo bang 6.1 sau day:

X
Bang 6.1

Xi 1.0 1.1 1.2 1.3 1.4 1.5
Vi | 6.4680|6.6665|6.9264 |6.2551 |6.6601 |7.1488

Ta c6, do diém can tinh cac dao ham tring véi diém dau tién (Xo =
1.0) ctia bang s6 liéu nén ta ap dung (6.4) va (6.5). Trudc hét, ta tinh
cac sai phan tai cac diém duoc cho theo bang trén. Két qua duoc

trinh bay nhu trén bang 6.2:

Béng 6.2

Xi Yi AYi=Yir—Yi | A= Ay — AYj| A= APyier — A%k
1.0]6.4680

0.1985
1.1]6.6665 0.0614

0.2599 0.0074
1.2|6.9264 0.0688

0.3287 0.0074
1.3|6.2551 0.0763

0.4050 0.0074
1.4|6.6601 .0837

0.4887
1.5(7.1488
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Do xo=1.0, h=0.1vau =0 nén taco:

d , 1 1 1
s y(1-0)=H{Ayo——A2yo+—A3yo—--}

dx 2 3
1 1 1
=—=0.1985—=(0.0614) + = (0.0074)} =1.7020,
0.1 2 3
dzy " 1 3 1

Vi du 6.2: Tim dao ham bac nhat va bac hai tai diém x = 1.1 cua
ham s6 c6 cac gia tri dugc cho theobang 6.3 nhu sau:

Béang 6.3.
X 1 1.2 1.4 1.6 1.8 2.0
y 0 0.1 0.5 1.25 2.4 3.9

Dé tinh dao ham cdp 1 va cdp 2 ta tién hanh tinh cac sai phan theo
bang s liéu trén. Két qua dugce trinh bay trén bang 6.4:

Bang 6.4.
X y Ay A%y A%y Aty
1.0 0
0.1
1.2 0.1 0.3
0.4 0.05
1.4 0.5 0.35 0
0.75 0.05
1.6 |11.25 0.40 0
1.15 0.05
1.8 12.40 0.45
1.5
2.0 13.90

- 196 -



Nhan théy tai diém x= 1.1 khong c6 trong bang s6 liéu nén ta chon mot
diém gan véi gia tri tinh dao ham nhét (chinh 1a xo = 1.0). Khi do:

X—X% 11-1.0
h 0.2
Thay u =0.5vao (6.2) va (6.3) ta dugc gia tri ctia cac dao ham:

dy 1 2p-1 ., 3p*-6p+2
R A BV Bl ey AV i b
dx h{ T T d

u= 20.5.

2_
:ébum“%)gw“aw§kwww

2
9y _ LAy +(p-1)A%y ] = —= 0.3+ (05-1)0.05] =6.875.

@ h (02)

6.2.2. Cac cong thirc ndi suy Newton lui

Gia str ham s6 y = f(x) dugc xac dinh tai cac diém cach déu nhau Xo,
X1..Xn twong Gng voi cac gia tri Yo, Yi... yn. Pt Xi = Xo + ih va

X=X
L= - T cdc cong thire ndi suy Newton lui duge cho bai [10, 11]:
00 =y, +ony, + L0 ey, KOO oy
N v+ (L+2)(v+3) X (6.6)
41
Dao ham (6.6) theo x ta dugc:
3 2
f (X)— Ay, + 20+1A2yn+41) +18v +221)+6A4yn
2 41
4 3 2
+51) +400° +1050° +100v + 24 AS 6.7)

5! "
Tiép tuc dao ham (6.7) theo x ta dugc:

2
61)3—:— 6 Ny, + 120 + j?u +22 Ay,

F(x) = {Azy

-197 -



(6.8)

200° +1200% +2100+100 , 5
+ 5l A%y, .

Tir (6.7) va (6.8) ta c6 thé tinh gin dung dao ham cap mot va cap hai
cua ham f(x).

Néu X = xn thi v = 0. Luc d6 (6.7) va (6.8) tré thanh:

1 1 1 1
f'(x)==| Ay +=A%y +=A%y +=A%y +=A° , 6.9
(){ynzyngynélynsyn}()
f'(x.)=— [Azyn+A3yn+l—;A4yn+2A5yn } (6.10)

Vi du 6.3: Mot vat trugt doc mot duong ray. Quang dudng S cua vat
dugc xac dinh tai cac thoi diém t theo bang 6.5 nhu sau:

Bang 6.5.
t (gidy) 1 2 3 4 5 6
s(mét) | 0.0201 | 0.0844|0.3444|1.0100|2.3660|4.7719

Hay tim van tdc va gia toc ctia vat tai t = 6 gidy?

Ta c6, dua vao bang 6.5 ta tinh cac sai phan (véi h = 1.0)véi két qua
dugc trinh bay trén bang 6.6. Do diém tinh van tdc va gia toc tring
v6i diém cudi (t = 6) cua bang sd lidu nén ta str dung cac cong thirc
(6.9) va (6.10). Tir (6.9), van tdc cua vat tai t = 6 gidy la:

o _1 AS + 1Azs+1A3s+1A“s+1A53+...
dt h 2 3 4 5

:ﬁ{2.4059+%(1.0499)+%(0.3595)+%(0.0748)+%(0.0)} =3.0694 (M/s).

Tuong tu, gia tdc cua vattait=6 giay la:
2
d’s 12 A%+ A% + A% 4 2 A%
dtz  h 12 6
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(1 1) [1 0499 +0. 3595+—(0 0748) +— (0)} 1.4780 (m/s?).
Béang 6.6.
T S As A% A3s A‘s A3
.0]10.0201
0.0643
.0]10.0844 0.1957
0.2600 0.2100
.010.3444 0.4056 0.0748
0.6656 0.2847 0.000
.0]11.0100 0.6904 0.0748
1.3560 0.3595
.0]12.3660 1.0499
2.4059
.014.7719

6.2.3. Cac cong thire ni suy Stirling
Gia str ham s y = f(x) duoc xac dinh tai 2n +1 diém cach déu nhau
Xgy Xops Xpp-X,, twong Ung voi cac gia tri Yy, Y., Ve Y., Dat

. \ X— ) ..
=X, xtih va u= , cac cong thirc ndi suy Stirling [10,11]
duoc cho boi:

Ay, + Ay, uw—ul Ay, +A%
f(x — = + +
(X) =Y, + { > } 21 A%y, 3l { >
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(6.11)

Aty .+
Yo 5

ut —u? u5—5u3+4u{A5y_3+A5y_2}r
41 51

+UA%Y  +

f ’(X) — 1|:Ayl + AyO

3u® —1[A3y_2 +A3y_l]
h

6 2

3 4 2 5 5
+2u uA4y_2+5u 15U +4( A’y ;+A Yo
12 120 2

. } (6.12)

3 3 2
Ay, +A%Y +6u _1A4y_2+
o)=L 2 12
h? +2u3—3u Ny +Ay, )
12 2

A’y +
. (6.13)

Néu x = Xo thi u=0. Luc d6 (6.12) va (6.13) tr¢ thanh:

3 3 5 5
f’(xo)=%Fyl+Ay° —E[A Li+4 y—z]#(—A Yo +A ys}..},(e.m

2 6 2 30 2
. 1 1
f (Xo)=F[A2y_1—EA4y_2+...] (6.15)

Vi du 6.4: Tim cac dao ham Célp mot va cép hai tai diém x = 0.2 cua
ham sb dugc cho theo bang 6.7 nhur sau:

Bang 6.7.

X|0 0.1 0.2 0.3 0.4 0.5

y| 0(10.10017|0.20134|0.30452|0.41076|0.52115

Do diém x = 0.2 ndm trong bang s liéu nén ta str dung cac cong
thire (6.14) va (6.15). Thyc hién tinh cac sai phan tuong tu nhu ¢ cac
vi du trén day chung ta thu dugc:

3 3
£0.2) = %{A)’%M%(%H _

_ Oil[o.10117;o.10318 _é(o.omo“o.omos)} ~1.020033
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1 1

—A“yz} [o 00201—— (0. 00004)} 0.200666
12 (0.1

f"(0.2) = [Azy .

6.3. Tich phan bing s6
6.3.1. Quy tiic hinh thang
Xét tich phan xac dinh cua ham s f(x) trong khoang [a, b].

=" £ (0ax. (6.16)

Pé xac dinh bang s tich phéan (6.16), ta chia mién iy tich phan thanh n
doan nho co do dai h twong tng véi cac hinh thang nhu trén hinh 6.1.
b-a

Nghiala,a=x<x<..<x=b;xi=a+ihvoi h=——.
n

[=T

H'\
et

i

0 X, X,

- 1 &

-t
-t

Hinh 6.1. Quy tic hinh thang tinh gin dtng tich phan x4c dinh.

Khi d6, dién tich cua hinh thang thir nhit dugc tinh gan dang [1,7]:
X 1 h 1 h
= L, FOdx ~ h[yo +5Ayo} = E|:yo o0 yo)} =5+ y)- (6.172)
Tuong tu ta co:

% h
=J’Xl f(x)dxzz(yl+y2), (6.17b)

X3 h
= I f(x)dxzz(y2 +Ys), (6.17c)
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: h
L= YA~ 2 (Vs + o). (6.17d)

Cubi cung, ta c6 cong thire tinh gan dung:

n b h
0= [ (002 (Yo + 203+ Yot oY) +32)
i=1 a

6.18
X (6.18)

=E{f (a)+ 1 (b)+22 f (xi)}.

Cong thirc (6.18) dwoc goi 1a céng thirc quy tdc hinh thang.
1
. A 1 s
Vi du 6.5: Cho tich phén | = .[—]_dx. Hay chia mién lay tich phan
o X+

thanh 10 doan con bang nhau rdi tinh gin dung tich phan theo
phuong phép hinh thang. So sanh véi két qua chinh xac 1a 1 = In2 ~
0.6931478.

b-a 1-0

Ta co, voin = 10 thi h= - :F:O.lvaxi:a+ih.Kétqué

thu dugc ¢ bang 6.8:
Béang 6.8.

N

0 1

.9090909
.8333333
.7692308
. 7142857
.6666667
.6250000
.5882353
.5555556
.5263158
.5000000

=

O 00 Ji oy O W W NI I O

RO O O O O O O O O
O W 0! J oo Ui b Wi N -
O O O O O O O ©: O O

=
(@)
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Ap dung cong thirc hinh thang (6.18) ta co:
I zg(y0 +2(Y, +... 4+ Yg) +Yy) = 0.6937714 .

Dbi chiéu két qua trén vai gia tri chinh xac (In2)ta tinh dwoc sai 6 ti
dbi 14 0.08997%.
Chu y: Nguoi ta ching minh dugc rang (xem cac tai liéu[10, 12]),

(b-a)’

sai sO tuyét d6i ctia phuong phap hinh thang c6 bac c& B
n

véi M =Max| f"(x)| trong khoang [a, b]. Ta thdy, sai s0 s& giam rat
nhanh khi n tang lén.
6.3.2. Quy tic Simpson

Quy tic Simpson cho ta d6 chinh xé4c cao va thudn loi cho viéc tinh
cac tich phan x4c dinh. Trong quy tic niy, mién ldy tich phén [a , b]
duoc chia nhé thanh mot s6 chan n céac khoang con c6 do dai mdi
khoang 1a h nhu trén hinh 6.2.

Y
¥1
Yo i
v Yz Ya
_p L ,f*”‘
] Xg X1 Xz Xz Xy »X

Hinh 6.2. Minh hoa quy tic Simpson.

Dé tinh dién tich da chia nho ta ap dung phép ndi suy Newton.
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Tu tich phan | = I £ (x)dx ta duoc:
X

p(r;l—l) a2y 4 P(P=D(P=2) A3y0+“1dx’ (6.19)

=] [yo+ pAY, + a

& day, X = xo + ph, do do:

X, 2 3 a2
I =hf{y0+ pAyo+¥A2yO+WA3yO+..}dp. (6.20)
Xo

Sau khi don gian (6.20), ta dugc:

2
| =h[" f0odx = nh{yo +2Ay0 . ”(Zfz‘?’) A%y, + ”(n2_42) A%y, +} (6.21)

Nhu vay, véi n =2 ta c6 dién tich |1 gan dung bang:
I :sz f(x) = 2h| y, +4y +1A2y :E(y +4y, +Y,).
1 % 0 0 6 0 3 0 1 2

Tuong tu ta co

X4 h
=], 100 =5 ( 4y, +¥,)

Xan h
= [ 0025 0oz + 4+ Vo)
Tong quat, ta c6 cong thire tinh tich phan gan dung:

b h
[, FO0dX = 2 (Yo +4y, 2y, +4ys + 2y, 4.2y, +4Y, 1+ V)
(6.22)

h
= g[y0 Yt 2V, + Yy ot Yo ) HAY Y+ Y )]

v6i n 1a s6 chan. Cong thirc (6.22) duge goi la

trong d6 h=

cong thirc quy tdc Simpson [10-12].
Vi du 6.6 : Tinh gin ding tich phan trong vi du 1 bang quy tic
Simpson.
Thuc hién céc tinh toan tai cac diém ludi ta thu dugc trén bang 6.9.
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i X S
' yi_xi+1
0 0 1
1 0.1 0.9090909
2 0.2 0.8333333
3 0.3 0.7692308
4 0.4 0.7142857
5 0.5 0.6666667
6 0.6 0.6250000
7 0.7 0.5882353
8 0.8 0.5555556
9 0.9 0.5263158
10 1.0 0.5000000

Ap dung cong thirc Simpson (6.22) ta co:
h
b Dot Yio +20Yo Yot Yo + o) + 40 + Y3+ Ys Y7 + Yo )]

~0.6931502.

Déi chiéu két qua trén véi gia tri chinh xac ta wdc luong dugc sai s6
& 0.0003462 %. R rang, phuwong phép nay chinh xac hon rat nhidu
khi cung khoang chia n.

Ngudi ta di chimg minh dugc sai s6 tuyét ddi cuia cong thirc
Simpson c¢6 bac ¢ h* (xem [10, 12]). Do d6, voi cung do rong
khoang chia thi quy tic Simson c¢6 do chinh x4c cao hon quy tic
hinh thang. Thong thuong, dé ting do chinh xac cua phép tinh sb
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chling ta can giam d6 dai h. Piéu nay dan dén sd phép tinh s& ting
Ién. Lac d6, nguoi ta thuong sur dung may tinh thay cho viéc tinh
bang tay. Phu luc 2 gi6i thiéu chuong trinh méy tinh viét trong phan
mém Maple dé tinh tich phan ndi trén theo quy tic Simpson.

6.4. Nghiém bang sb cac phwong trinh vi phan

6.4.1. Khai triénTaylor

Xét phuong trinh vi phan cip mot:

y'(x) = f(xy), véi y(xo) = Yo. (6.23)

Gia st y = y(x) 1a mot ham c6 dao ham lién tuc thoa man phuong
trinh (6.23) trén doan [a, b]. Ta khai trién y theo chudi Taylor quanh
diém Xo:

(X—X,) Y. +(X_X°)2 "+(X_X°)3 Yo +... (6.24)

y(x) =y, + 1 0 o1 Yo 31

Chung ta chia khoang [a, b], thanh n khoang con cich déu nhau va
mdi khoang c6 d6 dai 1a h. Khi d6 cac diém a = Xo< X1< ... <Xn=b
duogc goi 1a cac diém lwdi, @6 dai h duoc goi 1a diém budc ldy tich
phan. Mbi lién hé giira cac diém ludi duoc tinh:

Xi = Xo +ih. (6.25)
Thuc hién thay X = X1 = Xo + h vao phuong trinh (6.24), ta dugc :

2 3

zyo"'_

3 Yot (6.26)

h .
y(x) =y, = Yot Yot
Tuong tu, ching ta rut ra dugc mdi lién hé ciia ham & mot diém luéi
v6i ham ¢ diém ludi lién trudc:
2 3

zyi+_

A (6.27)

h .
Yia =Y +ﬁ Vit
Nhu vay, bang cach roi rac hoa khai trién Taylor, chiing ta co thé
tinh duoc gia tri cia ham can tim tai diém luéi thir i+1 khi biét gia
tri ciia ham tai diém lu6i ngay trude d6. Cach thuc tinh gia tri cua
ham can tim theo (6.27) duoc goi 1a phwong phdp Taylor [10].
Trong thuc té, ching ta khong thé sir dung (6.27) voi tat ca cac sd
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hang khai trién bac cao. Néu bo qua cac s hang tir h? trd 1én (tire 1a
gilt s& hang bac 1 cua h) thi ta c6 phuwong phdp Taylor bdc mdét.
Tuong tu, ta ¢d thé xay dung cac phuong phap Taylor bac cao.

Phuong phap chudi Taylor ap dung dugc khi ta biét cac dao ham va
chudi khai trién (6.24) hoi tu xung quanh diém Xo.

Vi du 6.7: Str dung phuong phap chudi Taylor bac hai dé tim 10i
giai gan dang cta phuong trinh sau:

y=x+Yy,véi 0<x<1,y(0)=1,ldy buéch=0.1.
So sanh két qua thu dugc véi nghiém chinh xac y =—1—x+2e*.
Ta cé: f(x, y) =x + Y, cac dao ham bac 1 va bac hai dugc tinh:
y'=x+y;y'=1+y'=1+x+y.
Do d6, phuong phap chudi Taylor bac hai tro thanh:

Yia =Yi +h(xi 1Y +g(1+xi 1Y )j

Chon h = 0.1 va tién tinh gia tri ham tai céac diém luéi thu duoc nhu
¢ bang 6.10:

Bang 6.10.

i Xi yi (Taylor) y(xi) (thuc t&) |  Sai sd| y(xi)-yil
0 0 1 1 0

1 0.1 1.110000 1.110342 0.000342
2 0.2 1.242050 1.242806 0.000756
3 0.3 1.398465 1.399718 0.001253
4 0.4 1.581804 1.583649 0.001845
5 0.5 1.794894 1.797443 0.002549
6 0.6 2.040857 2.044238 0.003381
7 0.7 2.323147 2.327505 0.004358
8 0.8 2.645578 2.651082 0.005504
9 0.9 3.012364 3.019206 0.006842
10 1.0 3.428162 3.436564 0.008402
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Vi du 6.8: Su dung phuong phap chudi Taylor bac bén dé tim
nghi¢ém gan dung cua phuong trinh sau:
y +4y=x% y(0)=1,v6i 0<x<1,layh=0.1.
So sanh v&i nghiém chinh xéc :
1 1 1 1
y 3w 1y — Xt —.
32 4 4 32

Ta c6: Nghiém chudi Taylor bac bon dugc cho bai :

h . h* . h . h .
yi+1:yi+ﬂyi+zyi +§yi +myi :
Do
y'=—4y+x°=1(x, y)

y"=—4y'+2x =16y —4x* + 2x

y"=16y'-8x+2=—64y+16x> —8xX+2

y" =—64y'+32Xx—8 =256y —64x" +32x—8.
nén phuong phap chudi Taylor bac bén trd thanh :

2

Y, =Y +h (—4yi +X+ g 16y, —4x* +2x.) + % (—64y, +16x° —8x. +2)

2
+% (256Yy, — 64X +32x, —8)].

Chon h = 0.2 va thay vao biéu thirc trén ta thu duoc két qua nhu trén
bang 6.11:

Béang 6.11.

i Xi yi (Taylor) y(x) (chinh xac) | Sai sd| y(x))-yil
0 0 1 1 0

2 0.2 0.4538667 0.451537 0.002329
4 0.4 0.218936 0.216837 0.002099
6 0.6 0.1355514 0.134133 0.001418
8 0.8 0.1315904 0.130738 0.000852
10| 1.0 0.1744731 0.173993 0.000480
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6.4.2. Phwong phap Euler

Xét phuong trinh (6.27) va bd qua cac sb hang khai trién tir bac hai
tr¢é di (phuong phéap Taylor bac mot):

h .
Yiu =VYi +E Yi- (6.28)
St dung (6.23), ta c6 thé viét lai (6.28) dudi dang khac:
yi+1 = Vi + hf(xi, yi) (6.29)
Xi+1 = Xi + h. (6.30)

Céc biéu thirc (6.29) va (6.30) duoc goi 1a cac cong thirc ctia phirong
phap Euler [12]. Trén phuong dién hinh hoc, ta c6 thé viét lai (6.29)
dudi dang khac:

Yi+1 = Vi + (hé 56 goc)xh, (6.31)
v6i hé s6 goc = y' = f(x, y) lay tai diém ludi xi va dugc minh hoa nhu
trén hinh 6.3.

]
Filoos ‘\',\
po ] .
He st gée fim, )

'|—.‘1 i+l >

.

%
Hinh 6.3. Minh hoa hinh hoc cua phuong phap Euler.

Nhu vay, khi biét gia trj ban dau yo =y(Xo), ta lan luot tinh gan

dang gia tri ham phai tim tai cac diém ké tiép:

- 209 -



Yy = Yo +hf (X, ¥o), ¥,

Tu day ta thay, s€ ¢ sy "fich lity sai 6" trong qua trinh tinh toan tur
diém dau dén diém cudi. Nguoi ta da tinh duoc sai s6 dia phuong

ZYU+M(&Jw)m

ctia phuong phap Euler tai diém xi 1a (xem céc tai liéu [10-12]):
Wr-YUJFEMh,

trong d6 M 13 hang s6 khong phu thudc vao h. RS rang, khi h — 0
thi yi— y(xi). Dé ting d6 chinh xac thi gia tri ctia h can phai nho.
Tuy nhién, néu h qua nho thi sai s6 lam tron trd nén dang ké va do
d6 sai s6 toan phan (tong cia sai sd dia phuong va sai s6 lam tron)

s€ tang 1én.

Vidu 6.9. Lap lai vi du 6.7, sir dung phuong phép Euler.

b-a

Chon s6 diém luéin = 10; h =T=0.1; Xi = ih.

Céc cong thirc tinh la:

y|+l yl + h(X + yl)
Két qua tinh toan thu duoc ¢ bang 6.12:

Bang 6.12.

i [ xi [ yi(Euler) | y(x)(thucté) | |y(x)-yi

0 10.0 1.0 1.0 0.0
1(0.1}1.100000| 1.110342 |0.010342
2 10.211.220000| 1.242806 |0.022806
310.311.362000| 1.399718 |0.037718
4 10.4]1.528200| 1.583649 |0.055449
510.5|1.721020| 1.797443 |0.076423
6 |0.6]1.943122| 2.044238 |0.101116
7 10.712.197434 | 2.327505 |0.130071
8 10.8]2.487178 | 2.651082 |0.163904
9 10.912.815895| 3.019206 |0.203311
10 (1.0 |3.187485| 3.436564 | 0.249079
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6.4.3. Phwong phap Euler cai tién
Xét khai trién Taylor (6.27) xung quanh xi va giit lai dén s6 hang bac hai:

dy. h?d?y.
Yiua=Yit hd_il—i_?% (6-34)

D& nhan thiy, khi dua thém dao ham cip hai thi d6 chinh x4c s& ting
1én so véi phuong phap Euler. Lic dé, ta phai tién hanh tinh dao
ham phuong trinh vi phan dé tim dao ham cap hai. Tuy nhién, viéc
phai xac dinh thém dao ham cap hai dé ting do chinh xéac trong
truong hop chung 1a khong tién loi. Dé khic phuc diéu nay, nguoi ta
da dwa ra phwong phdp Euler cdi tién [12] dé bao ham dao ham cip
hai trong khai trién (6.34) dwa vao dinh nghia ctia dao ham:

dzyi _l{d)/m _%

dx? h|dx, dx

:|:%[f(xi+l'yi+l)_ f(Xi’yi)]' (6.35)

Thay (6.35) vao (6.34) chling ta thu dugc céng thirc Euler cdi tién:

h
yi+1 = yi +§[ f (Xi+1’ yi+l) +f (Xi’ yl)] ’ (636)
Vé mit hinh hoc, ta minh hoa phuong phép Euler cai tién nhu hinh 6.4,
p dylp [ dx
yu [T 4 T
I — 4
dvo /dbx : g y(x)
h—
0= y(xo) ’ X
Xo X1

Hinh 6.4. Minh hoa phuong phéap Euler cai tién: y(x) 12 nghiém chinh xac,
yi(X) 1 nghiém bang sd, ¢ 1a ki hiéu ctia sai s, cac chi s6 trén p Va ¢ tuong
g ki hiéu cho gid tri tién dodn VA gid tri dwoc bé chinh theo chu trinh
Euler cai tién.
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Chuing ta gia thiét dong gop chu yéu vao sai sé dia phwong (ki hiéu
| &) trong phuong trinh (6.34) 1a s6 hang (d?y, /dx?)h? /2 (do bo

qua cac dao ham bac cao). Khi do :

dyi+l _%
2 2 2
_ d Yi h _ dxi+1 dXi h_ —[dy”l —%] h (637)

& = —= = —.
dx? 2! h 2! ldx,, dx )2

Chung ta viét lai phuong trinh (6.37) dudi dang tién loi trong quy
trinh tinh s6 theo phuong phap Euler cai tién:

dy.
b=y, +h—=, 6.38
y|+1 y|+ dXi ( )
dy? :
g =| e BN (6.39)
dx,, dx )2
Yoa=Yi+ h%m =y’ +e. (6.40)

Bang vai phép bién ddi don gian, chung ta dé nhan thiy rang Vi«
trong cac phuong trinh (6.36) va (6.40) 1a tuong dwong vé mit toan
hoc. Tuy nhién, st dung phuong trinh (6.40) c6 nhiéu thuan loi
trong st dung chuong trinh may tinh, dac biét 1a khi can tu dong udc
luong do dai h dé sai s6 & nho hon gia tri dung sai cho trude (Ky
hiéu 1a tol). Khi do6, quy trinh tinh toan theo phuong phap Euler cai
tién duge tom tit theo cac budce nhu sau:

Buréc 1: Tinh gid tri tién doan y?, bang phuong phap Euler theo (6.38).
Buée 2: Udce lugng sai s6 & theo phuwong trinh (6.39) v6i cha ¥ rang:
(dy”, /dx,) = (Y 1, X..) » VOi Xis1 = Xi + h.

Buée 3: Kiém tra diu kién & < tol? Néu khong thoa man thi giam do
dai h va lap lai budc 1.

Bude 4: Cong sai s & tir bude 3 vao y;, theo phuong trinh (6.40) dé thu

duogc gid tri dugc bo chinh ¢, (dugc ki higu boi chi s6 ¢ phia trén).
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Buée 5: Tang i 1én mot don vi bang cach cong thém h vao xi va quay
vé budc 1 va lip lai qua trinh tinh toan cho dén diém cudi cung cua
mién can tim nghiém.
Vi du 6.10: Lip lai vi du 6.7, sit dung phuong phap Euler cai tién.
7 4 <R . . b - a. -
Ta cd: chon so diém ludi n = 10 . Khi do, h=——=0.1; xi = ih.
n

Tinh gid tri tién doén y(? bang phuong phap Euler :
v =y + f(x, y)h=y,+(x +y)h.
Tinh sai s6

dy”  dy. h h
= i+l i f ,X f ’Xi —_
& {_dXM o 2= (TR = 1))

bé don gian trong tinh toan bang tay, ta bo qua budc 3 voi gia thiét
sai sO & (g v6i s6 diém ludi noi trén) bé hon gia tri tol nao do. Tir
do, tinh gia tri b chinh dé thu dugc nghiém theo phuong phap Euler
cai tién:

Y =Y +s.

Lan luot thay i = 1 dén 10, ta thu duoc két qua nhu bang 6.13.

Bang 6.13.

i Xi yi(Euler cai tién) | y(xi) (thuc té) | y(xi)-yil

0 0 1 1 0

1 0.1 1.110500 1.110342 | 0.000158
2 0.2 1.243100 1.242806 | 0.000294
3 0.3 1.400089 1.399718 | 0.000371
4 0.4 1.583989 1.583649 | 0.000340
5 0.5 1.797582 1.797443 | 0.000139
6 0.6 2.043932 2.044238 | 0.000306
7 0.7 2.326416 2.327505 | 0.001089
8 0.8 2.648757 2.651082 | 0.002325
9 0.9 3.015056 3.019206 | 0.004150
10 1.0 3.429832 3.436564 | 0.006732

6.4.4. Phwong phap Runge — Kutta

Trong cac phuong phap tinh sb, phwong phap Runge — Kutta duoc

sir dung kha rong rai do c6 do chinh xac kha cao va don gian trong
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1ap trinh tinh toan bang may tinh. Dé thanh 1ap coéng thirc Runge —
Kutta ta xét khai trién Taylor cta y(X) xung quanh diém Xi:

) (x= )

0= y00) + Xy ) + By B e, g

Vo1 C € (X, X).

Thay X = Xi+1 = X; + h vao biéu thirc trén ta c6 :

2 3

Y06 = YOO+ 00+ 2y )+ y"@), (%) (642)

Chung ta xét dén s6 hang dao ham béc hai trong khai trién chudi Taylor
va sau d6 thay cac s6 hang dao ham béi cac gi tri ham thich hop

m1M+W0mm+Ewde (6.43)
ta duoc:

Yia =Y, +h[f(x,,y,)+ f'(xi,yi)] (6.44)
Thuc hién phép thay thé

f(&,m):g£+§§f(&,mx VoI y' = F(x,y,) (6.45)

vao phuong trinh (6.44) ta duoc :

o ha } (6.46)

yi+l yl+h{f(xwyl)+§a_+§5f(x|’y|) .

Dé y rang, cac sd hang trong ngodc vudng cua (6.46) chira cac dao
ham nén c6 thé duoc thay thé bdi mot ham co dang af(x + o, y + f).
Khi do, phuong trinh (6.46) tr¢ thanh [12]:

Yoo =i +haf (x +a.y, + B)]. (6.47)
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Khai trién ham f(x, +a,y, + ) theo chudi Taylor voi hai bién
quanh diém (i, yi) va chi giit lai cac s hang dao ham bac nhat,
chung ta thu duogc:

yi+l:yi+ha|:f(xi’yi)+a%+ﬂ%f(xi’yi):|' (6.48)

DPong nhét thic cac phuong trinh (6.46) va (6.48) ta dugc:

a=1, a=h/2, g=h/2f(x, yi). (6.49)
Nhu vay, phuong trinh (6.47) tré thanh :
Yo =Y, +hf[x+h/2,y,+h/2f(x,y,)] (6.50)

Phuong trinh (6.50) ¢6 thé duoc viét dudi dang ki hiéu méi (goi 1a
cong thirc Runge-Kutta bdc hai):

Yia =Y +k, (6.51)

o day:
k® =hf (x, ;). (6.52a)
k" =hf (x, +h/2,y, +k/2). (6.52b)

Bing cach trén diy, nguoi ta da xay dung cic cong thirc Runge —
Kutta bac cao hon. Thong thuong, cic tinh toan sb sir dung theo
phirong phdp Runge-Kutta bic bon duge cho bai:

Vi =Y + % (k? +2k® + 2k + k), (6.53)
o day:
k® =hf (x, ), (6.54a)
kK =hf (x, +h/2,y, +k® /2), (6.54b)
KO =hf (x +h/2,y. +kP /2), (6.54¢)
k® =hf (x +h,y, +k). (6.54d)
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Vi du 6.11: Giai bang s6 ddi véi bai toan trong vi du 6.7 nhung sir
dung phuong phap Runge — Kutta cip bon.

Ap dung cac cong thire (6.44) va (6.53) ta tinh duoc cac két qua nhu
bang 6.14.

Bang 6.14.
x| K0 | KD | KO | kP JWR-K] x| 1yeo-
cap4 | (thuc t€) yil
0.0 | 0.100000 | 0.110000 | 0.110500 | 0.121050 10 10 0.0

0.1 | 0121034 | 0.132086 | 0.132639 | 0.144298 | 1.110342 | 1.110342 | 0.000000

0.2 | 0.144281 | 0.156495 | 0.157105 | 0.169991 | 1.242805 | 1.242806 | 0.000001

0.3 | 0.169972 | 0.183470 | 0.184145 | 0.198386 | 1.399717 | 1.399718 | 0.000001

0.4 | 0.198365 | 0.213283 | 0.214029 | 0.229768 | 1.583648 | 1.583649 | 0.000001

0.5 | 0.229744 | 0.246231 | 0.247056 | 0.264450 | 1.797441 | 1.797443 | 0.000002

0.6 | 0.264424 | 0.282645 | 0.283556 | 0.302779 | 2.044236 | 2.044238 | 0.000002

0.7 | 0.302750 | 0.322888 | 0.323895 | 0.345140 | 2.327503 | 2.327505 | 0.000003

0.8 | 0.345108 | 0.367363 | 0.368476 | 0.391956 | 2.651079 | 2.651082 | 0.000003

0.9 | 0.391920 | 0.416516 | 0.417746 | 0.443695 | 3.019203 | 3.019206 | 0.000003

1.0 | 0.443656 | 0.470839 | 0.472198 | 0.500876 | 3.436559 | 3.436564 | 0.000005

Thuc té, cic tinh toan sb bang phuong phdp Runge-Kutta bac 4
thuong dugc hd tro baoi su dung may tinh. Phu luc 3 gidi thi¢u
chuong trinh may tinh viét trong Maple minh hoa cho vi dy trén day.

6.5. Mé hinh héa sb liéu thue nghiém

Trong vat li, tir cac phép do thuc nghiém chung ta thu dugc tap hop

s6 lidu 1a cac gia tri roi rac. Thong thudng, ching ta can xdp xi/lam

khop (fit) s6 liéu nay voi to hop cac ham co ban da biét (da thic

Legende, ham spline, ham luong giac, ham Gauss...) theo cac hé sd

(trong sb) s& duoc xac dinh dya theo tiéu chi xdp xi binh phiong t6i

thiéu (least-squares fit). Su biéu dién truong s liéu theo mot biéu
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thirc toan hoc nao d6 duoc goi 1a mo hinh hoa 56 lidu thuc nghiém.
Muc nay, giéi nguyén li co ban ctia mé hinh hoéa sb liéu thuc nghiém
dua trén phuong phap xdp xi binh phwong toi thiéu tuyén tinh.
Nhitng van dé& chuyén sau va cac trudng hop ung dung cd thé tim
hiéu trong cac tai liéu [9, 13,19].

Gia str chiing ta can xap xi tap hop sb lidu gdbm N diém {yi, i =1 ...
N} theo t4p hop M ham ¢,(i) da biét twong g v6i M tham s6 can

xé4c dinh p;, j = 1..M) theo h¢ thuc:

yi = y(dp;1ii) = Z p;#;(0). (6.55)

Trong phuong phap gan ding binh phuong tbi thiéu tuyén tinh, cac
dai luong Vi phu thuée tuyén tinh theo cac tham sb {pj}, nghia 13 ham

¢, (i) = {@} (6.56)
p.

J

khong phu thugc vao cac tham sb {pj}.

Tap hop cac tham sé {p;j} duoc xem 1a £6i wu @i voi mé hinh nghién
ctru néu tong binh phwong do 1éch chudn S md ta d6 1éch gitra gia tri
tinh todn theo mo hinh (vé phai cia (6.55)) véi gia tri thyc nghiém
(vé tréi cua (6.55)) bé nhat. Trong do:

=1

s=s{p) i[yi ~y{p}i)] Z{y. Z ) (.)} .(657)

Pé S co gia tri bé nhét thi cac dao ham riéng cua S trong (6.57)
tuong g véi mdi tham sb px phai dong thoi bang 0, nghia la:

oS —=0,j=1.M. (6.58)
op;
Ap dung (6.58) vao (6.57) ta co:

N
]M{E} )_ %

i=1

—2z[y. y({p;}:i) {yi —Z Pi#; (1) A (1) =0. (6.59)
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Sép xép lai cac biéu thirc nay ta thu duoc:

N . M N . .

> [y ®]=2p, {ZM— (um(l)]] (6.60)

i=1 j=1 i=1
Giai hé phuong trinh tuyén tinh (6.60) ta thu dugc cac hé s6 pj can tim.
Trong thuc nghiém, do cac phép do ludn gip phai mot sai sé Au(i) nao
d6 nén nguoi ta thuong danh gia do tin cay ctia phép bicu dién theo do
léch qudn phwong khong thir nguyén o duge dinh nghia boi biéu thirc:

1
N CuiyTP )2
| Ly y (6.61)
N = Au(i)
Trong biéu thirc (6.61), yi 13 gi4 tri thuc nghiém cta phép do thi i,
con y(i) 1a gia tri dugc tinh toan theo md hinh biéu dién. Ta dé thay

rang, phép biéu dién lic dé dwoc goi la tin cdy néu o< 1.

Chung ta xét truong hop don gian 1a biéu dién truong s6 lidu {xi, yi}
theo ham tuyén tinh dang:

y = ag + aix, (6.62)

véi a0 va ai 13 hai hé sb can xac dinh.
Khi d6, tong binh phuong d6 1éch chuan (6.57)sé& 1a:

S=(a+ax —Y) +(@ +ax,—y,) +..+ (8 +ax,—V,)". (6.63)
Duya theo céc diéu kién (6.58) chung ta thu duoc:

0S
o, =2(a,+aX —¥,)+2(a, +aX, —Y,)+..+2(a, +ax, —y,) =0, (6.64a)
0S
a:2x1(a0+a1x1—y1)+2x2(a0 +aX, —Y,)+..+2x, (8, +ax,-y,)=0- (6.64Db)

Chia hai vé phuong trinh cho 2 va gdp cac hé s6 ag va ay, ta thu duoc:
na, +(in}5‘1 :zyi
i=1 i=1
(znlxiJao +( ” Xizjal :iXiYi
i=1 i=1

i=1

(6.65)
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(BB B 5
(33
(S {Ex) )
($5HE)

8

a1:

(6.66a)

(6.66h)

Thay cac s6 liéu thuc nghiém {xi, yi} vao (6.66a,b) ta s& tinh dugc

cac hé so can tim.

Mot cach tong quét, tir cac phuong trinh (6.65) md rong cho truong

hop xép xi sb liéu theo da thirc truc giao cho bdc m (tng voi m hé

sO @j can tim):

(Z_;x j+a1(;x.lj+a2[iz:‘xfj+ +amEn 'mj:izz;yixio

Zn: le+1j Zn: yi Xil
i=1

R REE

(6.67)
a{ixf}w{ n xf}ra{ n xf}+...+am (Zn:xim”jzzn:yi X
i=1 i=1 i=1 i=1 i=1
Vi du 6.12: Cho s liéu thuc nghiém theo bang 6.15 nhu sau:
Bang 6.15.
Xi| 1 2 3 4 5 6 7 8 9 10
yi|1.313.5(4.2|5.0|7.0(8.8]10.1]12.5]13.0|15.6

Hay biéu dién s6 liéu trén theo ham bac nhat bang phwong phap xap

xi binh phuong t6i thiéu?

Ta c0: ham s6 mo ta gan dung cac gia tri cua bang so liéu c6 dang:
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Yy = aopt+ aiXx.
Thay cac gia tri thuc nghiém trong bang s6 liéu vaocac phuong trinh
(6.66a,b) vai chd y n =10, ta thu dugc:
_ 385(81) — 55(5722.4) __0.360:
10(385) —55
~ 10(572.4) -55(81)
10(385) —55°

1.538.

Vay ham sb gan dung nhét thu duoc la:
y =-0.360 + 1.538x.
D6 thi ctia ham gan dung va cac diém s6 liéu duoc mé ta trén hinh 6.6.

y.ll

T T T T T T >
0 2 4 f 2 10 12 X

Hinh 6.6. Do thi ctia ham gan diing (lién nét) va cac diém cho boi bang s6 lidu.

ChU y: Do méi phép do trong thwc nghiém thiong c6 mét sai sé
nhdt dinh nén dé danh gia dwoc dé tin cdy cia phép xdp xi ta cdn
tinh do léch quan phwong khong thir nguyén o theo cong thirc
(6.61). Liic do, phép xdp xi dwoc goi la tin cdy néu o< 1.

Vi du 6.13: Biéu dién s6 liéu cho boi bang 6.16 theo da thirc bac hai.
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Bang 6.16.

Xi

0.00

0.25

0.5

0.75

1.00

yi

1.000

1.2840

1.6487

2.1270

2.7183

Ta co: dbi v6i bai toan nay, m =2 va n = 6. Hé phuong trinh (6.67)
tr¢ thanh:

5a, +2.5a, +1.875a, =8.7680,
2.5a,+1.875a, +1.5625a, =5.4514,
1.875a, +1.5625a, +1.3828a, = 4.4015.
Giai hé phuong trinh ta thu duogc :
a, =1.0051, a, =0.86468, va a,=0.84316.
Vi vay, da thirc bac hai dugc Xép xi véi sb liéu 1a;
y =1.0051+0.86468x +0.84316X" .
D6 thi ctia ham gan dung va cac diém sb liéu duoc mé ta trén hinh 6.7.

¥ &

3

v

D T T T T
0 0.5 0.3 075 1 X

Hinh 6.7. D6 thj cia ham gin dung (lién nét) va cac diém cho boi bang sb lidu.
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Nhu vay, v6i truong hop xdp xi binh phuong tbi thiéu tuyén tinh
theo da thirc truc giao, van dé cdt 15 1a can giai hé phuwong trinh dai
s6 tuyén tinh. Trong thyuc té, chung ta thudng st dung dén céac khai
trién bic cao nén sd cac phuong trinh dai s s& ting 1én. Luc do,
ching ta can sy hd trg cua may tinh. Phu luc 4 gidi thiéu chuong
trinh may tinh viét trong Maple dé giai hé phuong trinh tuyén tinh
trong vi du noi trén.

BAI TAP CHUONG 6
6.1. Hay wéc luong f'(1.0) va f”(1.0) theo bang s6 liéu sau.

Xi 1 2 3 4 5 6

Vi -4 3 22 59 120 211

6.2. Mot vat chuyén dong trén duong thang. Vi tri cta vat theo thoi
gian dugc cho boi bang sau:

)| 1 3 5 7 9 11

vi(m)| 0.1405 | 0.7676 | 3.5135 | 9.9351 | 21.5892 | 40.0324

Hay tim van toc va gia tbc cia vat tai thoi diém t = 11 gidy.

6.3. Xac dinh dao ham bac nhit va bac hai ciia ham sd duoc cho
bang dudi dy tai diém x = 1.1.

Xi 1 1.2 1.4 1.6 1.8 2.0

Yi 0 0.128 | 0.544 | 1.298 | 2.440 4.02

6.4. Udc luong bang so tich phan It sintdt theo quy tic hinh thang.
0

1
6.5. UGc lugng tich phan J.cos x?dx st dung quy tac hinh thang véi
0

tam khoang chia.

dx
1+ X

voi h = 0.25.

2

1
6.6. Sir dung quy tic hinh thang dé wéc luong I
0
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6.7. Lap lai bai toan 6.5 sir dung quy tic Simpson véi h = 0.25.
6.8. Lap lai bai toan 6.6 sir dung quy tic Simpson véi h = 0.25.

6
6.9. Udc luong tich phan J.Ioglo xdx str dung quy tic Simpson véin = 6.
2

6.10. Sir dung phuong phap chudi Taylor bac hai dé tim nghiém gin
dang cta phuong trinh y' = -xy? tai X = 2.6. Biét rang y(2) = 1 va ldy
h=0.1.

6.11. Sir dung phwong phap chudi Taylor tinh gan ding nghiém cua
phuong trinh: y' = xy + 1 tai x = 0.1 (d6 chinh xac t&i bon chir s6
thap phan). Biét y(0) = 1.

6.12. Sir dung phuong phap FEuler dé giai phuong trinh
y'=—1.2y+7e ¥ tirx = 0 dén x = 2 v6i diéu kién dau y = 3 khix = 0.
Liyh=0.5.

6.13. Sir dung phuong phap Euler dé giai phuwong trinh y'=—2xy?
tir X = 0 dén x = 0.5 véi diéu kién dau y = 1 khi x = 0. Lay h = 0.1.
6.14. Lap lai bai toan 6.12 st dung phwong phéap Euler cai tién.

6.15. Lip lai bai toan 6.13 st dung phwong phéap Euler cai tién.

6.16. St dung phuong phap Runge — Kutta bac hai dé giai cac
phuong trinh sau:

a)y=-x*-y+1 y0)=1va 0<x<0.5.Liyh=0.1.

b) y' =siny, y(0)=1va 0<x<0.5.Liyh=0.1.

6.17. St dung phuong phap Runge — Kutta bac hai dé tim y(1.2) ctia

phuong trinh sau:

_ (E+xy)
 (x+y)

6.18. Sir dung phuong phap Runge — Kutta bac bon dé cac giai

,y(1)=1.2.Layh =0.1.

y

phuong trinh sau:

a)y'=-12y+7e°%, y(0.4)=0.41 va 0<x<15.Liy h=0.5,
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b) y'=-2xy?, y(0)=1va 0<x<1.Ldyh=0.2.

6.19. Sir dung phuong phap Runge — Kutta bac bén dé tim y(0.2) va
y(0.4) cua phuong trinh sau:
, y2 R
y = 2
Yy +X

6.20. Theo dinh luat Hooke, khi mot luc tac dung vao mot 10 xo
dé)ng chét, chiéu dai cua 10 xo 1a mot ham cia luc tac dung, dugc md

y(0)=1.L4yh=0.2.

2

ta nhu trong hinh dudi:

L)

14+

12 + °
— 10
/ ']
T g4
/ °
> +E 61
\| k(l—EY=F() s
I

my

2 4 6

a) Gia st E = 6.3 cm va do chiéu dai | (cm) va trong luc F(I) (N) cho
boi bang sau. Tim ham xap xi binh phuong tdi thiéu cta k.

F(1)

2

4

6

L

7.

0

9.

4

12.

3

b) Tiép tuc do chiéu dai, cho bang sé liéu bd sung nhu sau. Sir dung

sO lidu nay dé tim ham xap xi binh phuong tbi thiéu cua k. Truong
hop a) hay b) phu hop tét hon véi truong s6 liu thuc nghiém?

F(1)

3

5

8

10

8

.3

11

.3

14

.4

1l6.

9
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6.21. Tim cac da thirc binh phuong tdi thiéu bac 1, 2 va 3 theo bang
s6 liéu sau ddy. Tinh tong binh phuong d6 1éch chuin S trong mdi
truong hop. V& d6 thi ciia bang sd liéu va céc da thirc.

Xi 1.1 1.3 1.5 1.7 1.9 2.1

Vi 1.84 1.96 2.21 2.45 2.94 3.18
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PHU LUC 1

Ham goc va anh Laplace ciia m¢t soO ham don gian

Mién Mién
X F(s X F(s
1 k
1 l s>0 k = s=0
Ky s
| , | s>0
x - s>0 X! %
s § neN
1 1
& - s>a xe* —
s—a (s—a)’
. a n!
o = i _ax
€ s(s—a) §-a e (s—a)"
) @ . 25w
sinax — s>0 xsinax 3 s>0
s+ (s"+w”)
s st —o?
cosax —— s>0 XCOS (@ ——= 5>0
S +w (s"+a)
[} 250
shax g 5> |edf xshax (s — ) 5> |f
2 2
s s —w
chax §2 —w? s> | xcheax (Sz_wz)z 5> e}
&~ sinav - xe™sincx _Zols-a)
(s—a)’ + o’ [(s—a) +a’T
s—a . (s—a) -’
e“eosax | ———— xe™cos —0— 7
(s—a)’ +? [(s—a) +o’T
10} s—a>=> 20(s—a s-a>
e™ shax —a xe"'shax %
(s—a) —-o | [(s—a) -] |
“chax | ——— sz xe™chax (smayco” | s-a>
(s—a)’ -0’ | [(s—a) —o'T |l
o b—a 1 e e 1
L— e e e -
€ (s+a)(s+h) ab alb—a) bb-a) | s(s+a)s+b)
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PHU LUC 2

Churong trinh tinh tich phdn bang soé theo quy tdc Simpson trong Maple
>restart;
># Nhap ham:
>fi=x->1/(1+x):
>a:=0:b:=1:n:=20:h:=(b-a)/(n):
>tot:=0:
>for j from 1 to n-1 do
>xj:=a+(1*j)*h:
>tot:=evalf(tot+f(xj))
>od:
>tot:=evalf(h/2*(f(a)+f(b)+2*tot)):
>#SIMPSON:
>tot1:=0:
>for k from 1 to n/2-1 do
>xk:=a+(2*k)*h:
>totl:=evalf(tot1+f(xk))
>od:
>tot2:=0:
>for | from 1 to n/2 do
>xl:=a+(2*1-1)*h;
>tot2:=evalf(tot2+f(xl))
>0d:

>totd:=evalf(h/3*(f(a)+f(b)+2*tot1+4*tot2));
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PHU LUC 3

Churong trinh tim nghiém phwong trinh vi phdn cap mét theo phwong phdp
Runge — Kutta cdp 4 trong Maple

> restart;
># DAU VAO:CAC DIEM A B; DIEU KIEN DAU: ALPHA:; SO NGUYEN N.
># XUAT RA: GIATRIGAN DUNG W CUAY TAI (N+1) GIATRICUAT.

>RK_CAP_BON := proc() local F, OK, A, B, ALPHA, N, FLAG, NAME, OUP,
H T, W, I, K1, K2, K3, K4,

> printfC(PHUONG PHAP RUNGE - KUTTA BAC BON.\nY);
> printfC NHAP VAO HAM SO F(ty) THEO t VA Y\n);

> printfCCHANG HAN: y+t\n);

> F :=scanf("%a)[1];

> F = unapply(F.ty);

>OK :=FALSE;

>while OK = FALSE do

> printfCNHAP CAC DIEM BEN TRAI VA PHAI DUOC CACH NHAU BOI
MOT KHOANG TRONG_CACH\nY);

> A = scanf("%f)[1];

> B :=scanf("%f)[1];

>if A>=Bthen

> printfC DIEM BEN TRAI PHAI NHO HON DIEM BEN PHAI\nY);
>else

> 0K :=TRUE;

> fi;

> od;

> printfCNHAP DIEU KIEN BAN DAU\NY);

> ALPHA := scanf("%f")[1];

>0OK :=FALSE;
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>while OK = FALSE do

> printfCNHAP MOT SO NGUYEN DUONG CHO SO CAC KHOANG
CON\n’);

> N :=scanf("%d")[1];
>ifN<=0then
> printf('SO PHAI NGUYEN DUONG\n);
> else
>0OK :=TRUE;
>fi;
> od;
> if OK = TRUE then
> printfCCHON CACH XUAT KET QUAN):;
> printf('1. XUAT RA MAN HINH\n);
> printf(‘2. XUAT RA DANG FILE VAN BAN\nY);
> printfCHAY NHAP 1 HOAC 2\n');
> FLAG := scanf("%d")[1];
> if FLAG = 2then
> printfC NHAP TEN FILE DANG:\\ten.ext\n’);
> printfCCHANG HAN A:\\Doai.DTA\nY);
> NAME = scanf("%s")[1];
> OUP := fopen(NAME,WRITE, TEXT);
>else
> OUP := default;
>fi;
> fprintf(OUP, "PHUONG PHAP RUNGE-KUTTA BAC BON\nY);
> fprintf(QUP, *orsrsasiasiasianssasiasiassnssaniasas= = n’);
> fprintf(OUP, | t| K1 | K2 | K3 | K4 | wj\nY);
> fprintf(OUP, *rkiakiansianiakiankiasikiakionaonk o n’);
>#BUOC 1
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>H:=(B-A)N;

>T=A

>W = ALPHA;

> fprintf(OUP, “%6.3f %11.7An", T, W);

>#BUOC 2

>for I from1toNdo

>#BUOC 3

># Use K1, K2, K3, K4 for K(1), K(2), K(3), K(4) resp.

> K1 :=H*FT,W);

> K2 := H*F(T+H/2.0, W+K1/2.0);

> K3 := H*F(T+H/2.0, W+K2/2.0);

> K4 = H*F(T+H,W+K3);

>#BUOC 4

> # Compute W(I)

> W = WH(K1+2.0%(K2+K3)+K4)/6.0;

> # Compute T(l)

>T:= A+I*H;

>#BUOC5

> forintf(OUP, “%6.3f %11.7f %11.7f %11.7f %11.7f %11.7An", T, K1, K2, K3,
K4,W);

> od;

>#BUOC 6

> if OUP <> default then

> fclose(OUP):

> printf("Output file %s created successfully’, NAME);

> fi;

> fi;

> fprintf(OUP,”
> RETURN(O);

\nY);
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>end:

>RK_CAP_BON ();

DAY LA PHUONG PHAP RUNGE - KUTTA BAC BON.
NHAP VAO HAM SO F(ty) THEOt VAY

CHANG HAN: y+t

>y+

NHAP CAC DIEM BEN TRAI VA PHAI DUOC CACH NHAU BOI MOT
KHOANG TRONG_CACH

>01

NHAP DIEU KIEN BAN DAU

>1

NHAP MOT SO NGUYEN DUONG CHO SO CAC KHOANG CON
>10

CHON CACH XUAT KET QUA:

1. XUAT RA MAN HINH

2. XUAT RA DANG FILE VAN BAN

HAY NHAP 1 HOAC 2

>1
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PHU LUC 4
Chuong trinh mdy tinh gidi hé phwong trinh dai s6 tuyén tinh trong Maple

> restart:
> with(linalg):goi thu vién dai s6 tuyén tinh trong Maple :
> # Nhap cac phuong trinh tuyén tinh :
> f1:=4*w11-w12-w21 = 0:
> f2:=-wll+4*w12-w13-w22 = 0:
> 3:=-w12+4*w13-w23 = 25:
> f4:=-w1l+4*w21-w22-w31 = 0:
> f5:=-w12-w21+4*w22-w23-w32 = 0:
> f6:=-w13-w22+4*w23-w33 = 50:
> f7:=-w21+4*w31-w32 = 25:
> 8:=-w22-w31+4*w32-w33 = 50:
> £9:=-w23-w32+4*w33 = 150:
> # Tao ma tran cua cic hé sb cia cac phuong trinh trén:
> C:=genmatrix({f1,f2,f3,f4,f5,f6,f7,f8,f9},[wll,wl2,wl3,w21,

w22,w23,w31,w32,w33]):
> # Tao ma trin vé phai:
> U:=matrix(9,1,[0,0,25,0,0,50,25,50,150.0]):

> # Giai tim nghiém ddi véi wll, wi2, wi3, w21, w22, w23, w31, w32,
w33:

> linsolve(C,V);
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HUONG DAN GIAI VA DAP SO
Chuong 1:
1.1. Ta c6: BC=BA+AC=AC—AB. Binh phuong hai vé ta
duoc: BC. =(A—C—E)Z, hay BC? = AC?+ AB2—2AB.AC.
Ap dung dinh nghia tich v6 hudéng va sir dung ki hi¢u do dai céc
canh a, b, ¢ cua tam giac ABC ta thu dugc:

a2 = b? + ¢? - 2bc cosa (dpcm).

1— —
1.4.a) Spqr = > PQ x PR|, trong do:

PQ=(112); PR=(4,4,4); PQxPR =(-4,4,0)

Thuc hién tinh tich vecto ta thu duoc:

Seor :%\/(—4)2 +42 1407 =242,

b) Ba vecto tao béi ba canh cua tam giac PQR luén phu thudc tuyén
tinh do:

FG=PR-GF.

1.5. @) Cach 1(4p dung dinh nghia): biéu dién 1 vecto theo hai vecto
con lai ta thdy cac hé s6 khai trién phai dong thoi bang khong (suy ra
hé vecto doc lap tuyén tinh).

Cich 2. ta c6 PQ=(1,1,2); PR=(4,44); PQxPR =(-440);
PM =(2,3,4), nén:
(PQxPR).PM =-4.2+4.3+0.40

Do tich boi ba vé hudng khic khong nén ba vecto khong dong
phing, suy ra ba vecto doc 1ap tuyén tinh voi nhau.
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b) Thé tich hinh hop tao boi ba Vectoﬁj PR va PM Ia;

V =|(PQxPR).PM]| =|-42+43+0.4/=4

—

1.6. @) Theo dinh luat Lorentz ta c6: F =q (\7>< |§)

Mat khac, do:
Ly .V xT
B=-2
47zql r’
nén:
ﬁ:f_;%vzx(ler).

b) Luc tir tac dung 1én dién tich q1 la:

F =ﬂ%\71x(\72xf).

4 r?
1.7.a)cosa = ﬁabq :1. T day suy ra: o =60°.
|a|.‘b‘ 2

b) a, :|a|cosa:%\/32+62+92 :# :
b, :‘5‘cosa:%«/(—2)2+32+12 :g.

0)S =\ax6\=absin(a',6) =213,

1.8. Ta thdy, khoang cach tir duong thing tdi mot mit phang bt ki
chi khac khong khi va chi khi duong thang song song voi mit phang
d6. V& mat toan hoc, diéu nay dan dén:

b& =0.
Khi 6, ta dé dang rut ra:

d=|(a-r)§,
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1.9. Vecto don vi theo huwong phdp tuyén cta mit phiang la
6, =6, +26, +36,. Ta thy, tich vo huéng b.g, # Onén dudng thing
cit mit phang tai diém P nao d6. Dé tim giao diém P ta chi can thay
cac gid tri X, y, Z cia mot diém bét ki ndo d6 vao phuong trinh mat
phing ta thu duoc:

1 +4)+2(2+ 50) +3(3+6 L) = 6.
Rt ra A = -1/4. Thay gia tri ndy vao phuong trinh duong thing ta

duoc:

x=1-3(4)=0; y=2-1(5)=3%;2=3-3(6)=

No|w

Vay toa dg cia giao diém P 1a (0, 1/4, 3/2).

Chwong 2:

2.1. Huéng din: Vi chit diém chiu tic dung luc xuyén tim nén
momen luc sé béng khong. Mat khéac, do momen luc cé gia tri béng

dao ham ctia vecto moémen dong lugng L nén ta suy ra:

L=rxp=rx(mv)=constant.

Theo tinh chit cta tich vecto trong chuong 1 ta suy ra vecto van tdc
V 1udn vudng goc véi L nén quy dao cua chit diém ludn ndm trong
mot mat phrflng ¢d dinh.

2.2.a)
rot(uA):T 3(uAZ)—E(uAy) +](a(uAK)—a(qu)j+IZ 2(uAy)—i(uA&)
oy oz 0z OX OX oy
[ ou oA, ou oA} ~(ou oA, ou oA,
=1 (ayAz +UE—E _uaZJ+J(aZA(+uaZ_a)( —uaxj

+E(auAy+u%—au —uaAX]
OX ox oy oy
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g2 SRHE 2
LN OWN

=urotA— Axgradu

b) Ta co:

div(AxB)= [(AyB ~AB,)i +(AB, - AAB)]+(AXB AyBZ)lZ]
(AB,- AZB)+—(AZB ~AB,)+— (AKB ~-AB,)

aZ a2 B agag ez as
HEWE I

SR Al
:{Bx(ap&_a&j (GAK 8AZJ+B(6A/ aA‘ﬂ
oy oz
0B, 8By B, 0B, B, 0B, o
_{AK[ x oz J+Ay[ % o ]JFAZ[ax_ayH_BrOtA_ArOtB'

c) rot(AxB)= AdivB- BdivA+ (B.V)A-(A.V)B.

d) grad (A.B)= BxrotA + AxrotB +(B.V)A +(A.V)B.
e) div(grad u) = V.(Vu) = (V.V)u = = V2u = Au,

div(gradu):v(w):v(rgi+]2;+125“] a(“jﬁ[“)ﬁ[“j

ox ) ox\ox) oyloy) oz\ oz
2 2 2
BB gy,
o oy o
f) rot(gradu)=Vx(Vu)=Vx r@_u+176_u Eﬁ—u
x oy oz

(oo oo, ,(ga_u_ga_uj+k~ oau_dau)_g
oy 6z oz dy oz ox O oz oxoy oyox)

g) div(rotA) =V[Vx A]=0.
h) rot(rotA) = grad(divA) - AA.
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2.3. Ta co:

Pl _, (RT+Pj+PK)(xi+yj+2)  xp +yP, +2P,

qo(F)Zkr—sz (x2+y2+22)3/2 (X2+y2+22)3/2

E =—gradg = o(F) = Tz—(p+ ]%Hza—(p
X

oy oz

8_(p_k_ P _3x(xPX+yPy+zPZ)__k'&_3X|3F
x (x2+y2+zz)3/2 (x2+y2+zz’)5/2 e
o _, P, _3y(xPX+yPy+sz) _k‘&_3yﬁr
o (+y ez2)"  (Cayrez2)” e
8_(p_k_ P, _SZ(XPX+yPy+zPZ)__k'i_3Z|3F
oz (x2+y2+22)3/2 (x2+y2+22)5/2 e
Ta dugc

P <P P 3PF. - 3(PF)Fr p
E=- |:£|r—x+jr—§+kr—zj+ rsr(|x+1y+kz)}k£ (r5) r_3}
2.4,
A=—°M xF _ f, T(MyZ—MZy)+T(MZX—MXZ)+E(MXy—Myx).

3

N
B
-
£

3/2
(x2 +y?+ 22)

R R R Y]
oy oz oz 0OX oXx oy
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_OA A om0 My-Mx oA Mx-M,:z
X oy o0z 4r ay(xz+y2+zz)/z 2 (X ty +z)

3/2

?:y(Mxy—MyX)+ M 3z(M,x-M,z)

X
3/2

_H M, _
4”_(x2+y2+22)3/2 (x2+y2+22)5/2 (x2+y2+zz)

&_ZMX _3y(Mxy—MVX)+3z(|v|zx-|v|xz)}

5/2
(x2 +yi+ 22)

T4z P r° r°
Tuong tu:
ot 2My_3Z(MyZ—MZy)+3x(MXy—Myx)
YU 4x| r® r rs ’
Ho _2Mz 3X(MZX_MXZ) By(MyZ_MZy)
BZ:E e r° " r '
Ta duoc:

B= fﬂ{z(M i+M,j+M, k)+i(XI +yj+zk)(MXx+Myy+MZz)

3(MyT+MyT+MZk)(x2+y2+zz) Cu (2N 3PP
- -

r.5

~0Q 00 -~0Q - 3\ T2 el
25.Vo=i L+ |]—L+k—L=i(d4xy—2" )+ j.2x° +k.3xz
p=i= ] (=7

oy
2 2
Vip = 8? 8(5 0 (f 4y +6xz.
o o a
2.6.Mit dang thé u=C
X2 y2
aAu=x"-y*=C=a’ :>¥_¥:1 1a cac duong hypebol.

b) u = x2+ 3y? + 72 = C la céc elip tron xoay hypebol.
2.7. gradu = 2xi +2Vj + 27K
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a) Vudng goc vai truc z:
b) K.gradu =0:>|Z(2xr+2yj+2z12)=0:> 2=0
) gradu=2xi +2yj+2zk =0=x=y=z=0.
2.8. Hé sb Lame trong cac hé toa do:
Hétoadotru: h =1 h, = p; h, =1,
Hétoadd cau: h =L h, =r; h, =rsind.
Tir d6 xé4c dinh duoc cac yéu té vi phan dién tich va thé tich:

dSl = hz hadqzd% )

dS, = hh,dg,da;, ; dV = hihzhs dga dg2 dgs.
dSS = hthdqldq21

2.9. Taco: divA= 1 a(A1h2h3)+a(A2hlh3)_i_a(Aahlhz)}
hhh | og o, aq,

_ia(rzA)+ 1 a(siné'Ag)Jr 1 9(A)
r? or  rsind 00 rsing o¢

€ ou € ou €, ou ou €, ou ou
2.10.gradu(q,,q., :i_+_2_+_3_:” L " g
) (G ) hoy haog, hog, “op pop "o

au—t i(%ﬂ}i{%ﬂ}i{%ﬂj

hhhy| oq \ h dq, ) oa,\ h, oq,) og,( hy aa,
10( ou 1 6°u d%
S\ P T et
pop\ Op) p°op oz

2.11. Biéu thuc rot A trong hé toa do tru:

h
rotA = 1 je o 20
hhh|op 0p oz
hA hA hA
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:(1%_%% +(%_%]

oA .
» §¢+(li(pA¢)_l_Pj§Z
p 09 Oz oz Op p Op Yool

2.12. Thong lugng cia trudng vecto
A- @Ads“:mdiv/ldv .
S \Y

Trong h¢ toa do cau:

divA=

= S.mga—ae(r2 cosf)=1, dV =r’sinodrdgdo,
i

ta duoc:

jﬁdiw&dv = frzdergﬁTsin 0d0 = 2% a2,
\% 0 0 0 3

2.14,
) &g Xis Yig % (3242)s, +(6e™)e, +10c0s5tE,,
dt dt V.t
ar =26, +6€, +10¢, .
dt|_,
dr 2 2 2
b) |- =22 462 +107 = 2435
t=0

d’r d®x d’y d’z :
c) =€ +8 +8 = 6t6, —12e '€, —50sin5t.E, ,
dat>  dt® Y dt?  Cdt? g Y ’

2=
ar o).
at’ |,
2=
d) (41 10,
a’ |,

2.15. u=2x*+4yz-57°,
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a_u_4 =12, a—u:4z:8, 2—u=4y—102=—24.

OX Z
Ta duogc vecto don vi la:
_ 126 +86,—24€, 3€, +26, —6€,

e = =
J122 482 + 242 7

hoic
38,426, 66,
i My
7
2.16. gradf (r)=Vf (r)= f (r)&, + 2 (r)8, +-2 f (r)e
X oy Yooz ‘
O o e O O
=f'(r) Xex+f (r)ay ,+ (r)82 ,
S SN P S N L VN N ()
:f(r)?ex+f(r)?y+f(r)?ezz (xex+yey+zez)= ld

2.17. Do &, 1a vecto don vi theo hudng cua gia toc tiép tuyén nén ta

c6 thé biéu dién V = v&, . Khi do:

. v d, . dv. d§ dv_. dgds dv_. ,dE
a= — (V& )=—8 +V—-=—& +V——=—F +V' —.
dt  dt dt dt dt ds dt dt ds
Vi €6 =1 nén dao ham hai vé theo s ta dugc:
de, de . de,
€. —+—6 =0hay —.& =0.
ds ds ds

—

—

" de o iz ,
Diéu nay ching t6 d—t vudng goc véi € . Noi cach khac, s %
S S
cong tuyén v6i €, . Tlr ddy ta co thé viét:

@_ _
ds

voi a d9 1on cta de, /ds va duoc tinh:
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1/2
d2r| J(dxY (d?y) (d*z)| _1
2|~ 2| Tl e | | qe -5
ds ‘ ds ds ds R

a=—¢ +—¢,.
dt R
2-18-a)a—u= X’y =12, a——2X —6yz =14, a—u=—3y2=_12_
X oy oz

@=(2,—3,6): cosazg, cosff=—, 0037:§

7 7 7
a—lj=a—uCOSoc+a—cos[,’>+a—c05y 123—14§—12§=_@
08 ox oy oz 7 7 7T 7

b) Theo huéng ma dao ham cuia u la cuc dai:
gradu = a_u,a_u1a_u =(6,7,-6).
OX oy oz
c) |gradu| =v6* + 7% +6° =11 .

2. 20. Theo dinh li O-G, thong luvong guri qua mot mat kin xac dinh béi:

@SE §:—Zq,.

E& T

Dé tinh cudng do dién trudng tai diém A bén trong qua cau cach tm
mot khoang r < R, ta v& mat cau S; ban kinh r. Tai moi diém trén Sy,

E ludn vudng goc v6i mit cAu nén dién thong giri qua Sy 1a E.47r2.

Dién tich bén trong S1: q = %ﬂrsp .

Ap dung dinh li O-G ta thu duogc:

E=~ .
3¢ &,

Tuong tu voi nhitng diém bén ngoai qua cau:
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q 4 s
E=——, g==-7R"p.
Are g,r° q 3 o

Chuong 3:
3.1. a) Eliptic néu: x #0, |y+]4<3;
Parabolic
{x=0, y=4} {x=0,y=-4}, {x=0, y=2}
Hyperbolic néu: {x=0, y<—4}; {x=0,y>2} .
b) Eliptic néu: y>0;
Parabolic néu: y=0;
Hyperbolic néu: y <O0.

3.3. Nghiém can tim c6 dang:

u(x,t) = Z(ak coskTﬂat +b, sin kTﬂat)sin— :

k=1

Tur diéu kién ban dau ta co:

2
a, =0, b= Wy sin ke oS kn”

k2?2 | 2l

kra|l-—
|
Do d6, nghiém can tim cta bai toan da cho 1a:

sin @cosk—”2

u(t) = Mo I 2 g krat g, ke

ma k(l_ kaZJ | |
I
3.4. Phuong trinh dao dong cua s¢i day:

o’u _, o
—— =a’—.
ot? ox?

Diéu kién bién: u|_ =0; u| , = Asinat.
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Diéu kién ban dau : u|_ =0; 2—‘: =0 .
t=0

Ta tim nghiém cua (1) dudi dang tong cua hai ham:
u(x,t) = v(x,t) + w(x, t)

trong do:

- Ham w(x,t) thoa man phuong trinh : i a P
va thoa man diéu kién bién :
W _,=0; w_ =Asinat.
X - ‘ oV _,o0v . .,
- Ham v(x,t) thoa man phuong trinh: —=a°—- va thoa
ot OX
man céac diéu kién:
V|x=0 = u|><=0 _\N|x=0 = O
V|x:| - O
V|t:0 - _\N|t:0
v _ou _ow __ow
6t t=0 at t=0 at t=0 at t=0
St dung phuong phap tach bién, ta tim dwgc nghiém:
Asin © xsin ot
a Ol 2Ama (-t . Nmx . nmat
u(x,t) = + 5 Sin sin .
sin | boas e (mmay
a I

3.5. Chung ta tim nghiém cua phuong trinh
o°u  _, 0%
—=a"—+bx(x—I
ot? OX? (x=1)

dudi dang:

u(x, t) = V(x) + W(xt).
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- Ham V(x) thoa mén phuong trinh
82V

=—bx(x—1).
thoa man diéu kién bién:

V|x:0 :0’ V|x:l =0

2 2
- Ham W(x) thoa man phuong trinh: a@tw 68V;/ va thod man
X
diéu kién bién:
W|x:0 - 0’ W|x:| - O

Két qua thu duoc:
bx
V(X)=——= (¢ =2x4+1),
(x) 12( )

@n+Dxt . (2n+1)zx
g+ . €S I sin I
W(x,t)=—
(D SZ::; (2n+1)°

Hay:
(2n+1)nt sin (2n+1)nx

4 » COS
u(x,t) = —tl)—)z((x3 =2x°1+1%) +i

I I
n° HZ:(; (2n+1)°

3.6. Phuong trinh dao dong cta thanh:

o’u  _, d%u
—=a —.
ot OX
Céc diéu kién bién:
- ;6_u =0.
OX|y_o OX |y
Céac diéu kién ban dau :
ou
u =—-ex=FfKx); — =0.
|t:0 ( ) 6t o
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Duing phuong phap tach bién, ta im nghiém ctia phuong trinh duéi dang
u(x,t) = X(X)T(t).

ChUng ta thay, vé mat toan hoc thi bai toan nay hoan toan gidng bai

todn dao dong cua s¢i day co hai mut ga"m chat. Vi vay, 1ap luan

tuong tu ta thu duoc két qua:

0 _1\n+l
u(x.1) :8_gzlz (-1 _cos (2n+1)rat sin (2n +1)7rx'
z° =5 (2n+1) 2l 21
3.8. Hudng dan: Giai bai toan bang phwong phap tich bién thong
thuong. O day chu y diéu kién dau 1a ham tuan hoan nén viéc
tim cac hé s6 an va badon gian hon. Két qua thu dugc:

u(x,t) = cos6tsin 3x +%sin 8tsin4x +$sin12tsin 6X — 4c0s 20tsin10x.

3.9. Goi u(x, y, t) 1a d6 1éch cua mang tai diém (x, y) ¢ thoi diém t.
Phuong trinh dao dong ciia mang c6 dang:

o°u o’u o%u) ,. 0<xs<l
anz 8_2+_2 v6oi <0< y<I
X %y 0<t<ow

Cac diéu kién ban dau:

u(x, y, 0) =Axy(l - x)(I - ), ‘;—”

Céc diéu kién bién:
u(,y,t) =u(l,y, t) =u(x, 0,t) =u(0, I, t).

St dung phuong phap tach bién chiing ta tim nghiém dudi dang:
u(x, y, 1) = V(x, y)T() = X(x) Y()T(D).

Két qua thu duoc:

. (2n+1)nx sin (2m+1)ny

SIn

64AI" & | | 3
u(x,y,t) = cos+/(2n+1)“ +(2m+1
oy ° n%‘o (2n+1)°*(2m+1)° \/( )+ )

5 mat
=
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3.10. Goi u(x, y, t) 1a do léch ctia mang tai (X, y) & thoi diém t.
Phuong trinh dao dong cuia mang :

o’u [ d%u 8 u
~ _— =a‘| ——
ot? ox® ax

u(x,y, 0) =0

au _{0;(x,y)ewg
Al (Vo (X% Y)eo_g.

Cac diéu kién dau:

Cac diéu kién bién :
u(0,y, t)=u(l,y, t) =u(x 0, t) =u(0, d, t).

Do diéu kién bién giéng bai 3.12 nén ta c6 nghiém riéng;

o mr X n
u(x, y,t)=>>"(a,, cos o, t+b,, sinw, t)smTﬂsm Zy
m=1 n=1
m? n’
wmn =ra I—2+F .

Do u(x, y, 0) =0 nén am = 0. D¢ tim bmn ta st dung:

iia) b_sin @sm%

mn™=mn

Gt

t=0 m=1 n=1

Dé tiép tuc tinh toan bmn ta gid thiét xung ban dau tap trung trong
hinh vuong c6 canh ¢ rat bé. Thuc hién tinh by, theo cong thuce tinh
hé s da biét sau d6 ldy gi6i han € — 0 ta thu duoc:

Két qua tinh toan ta thu dugc nghiém:

Nz
S|n—

u(x,t)— ZZ Z 2_sin X gjn nZysin w,t.

m=1 n=1 mn I

3.11. Goi u(x, t) 12 nhiét d6 trong thanh tai thoi diém t. Ta c6 phuong
trinh truyén nhiét:
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Céc diéu kién bién:
u(0, t) =u(l, t)=0.

bicu kién ban dau:

U(X,O) :M.

|2

Str dung phuong phap tach bién, ta rt ra dugc nghiém can tim 6 dang;

*[kia}zt K 7zx
u(x,t)=>ae" "'’ sin=——
k=1
T diéu kién dau ta co:
Ac 0; k=2n
ak=—k3—ﬁ3[C05k7T—1]: B .\ _oni1
(2n +1) P

Vay, nghiém cua bai toan la:

w (2n+1)ma
u(x,t):§2;e[2 ] }tsin(zn+l)ﬂx.

3.14. Pdap so:  u(x,t) :500e_0’004tsin@.

3.15. Goi u(x, t) 1a nhiét d6 trong thanh tai thoi diém t. Ta c6 phuong
trinh truyén nhiét:

ou , 0%
—=a"—.
ot ot?
Céac diéu kién bién:
ol =0; ul,_, =u,.
aX x=0 X

biéu kién ban dau:
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u(x, 0) = f(x).
Nghiém cua bai toan dugc tim dudi dang:
u(x, t) = v(x, t) + w(x, t),

trong d6 v(x, t) va w(x, t) cing théa méin phuong trinh thuin nhat va

cac diéu kién sau:

= - =0; v|X=I =U,
ow
ax o \N|x:l

\N|t:0 = ¢(X)_V|t:0

Str dung phwong phép tach bién ta tim dugc nghiém:

® —a?(2n+1)? 7t | o
u(xt)=U,+>ae “  cos (2“+1 _2 J (2n+l)nxdx_( 1)"4U,
" ] (2n+1)n

3.16. Phuong trinh truyén nhiét ciia thanh :
ou _, 0%
—=a‘ —
ot ox?
Céc diéu kién bién:
u(o, t) = At; u(l, t) =0.
Diéu kién dau:
u(x,0) = 0.

Ta tim nghi€ém cua bai toan dudi dang :
X
u(x,t) =v(x,t) + At -7 At.

D@ rut ra duoc cac didu kién dau va diéu kién bién ddi vé6i v(x, t) nhu
Sau:
v(0,1)=0; v(I,t) =0;

- 249 -



u(x,0) = 0.

Tiép tuc tach:
v(X, t) = va(x) + w(x, t),

ta suy ra dugc phuong trinh cho ham vi(X, t):
52 o’v,  AX

=——+A,
ox? I

v6i cac dicu kién bién:
V1|x:0 = 0’ V1|x:l =0.

Con ham w(x, t) thoa man phuong trinh :

ot ox*

ow _, 0w
=a

v6i cac dicu kién bién :
\N|x:0 = O’Vv|x:l =0

va diéu kién ban dau :
W|t=0 =V (X)

Gidi cac phuong trinh trén ta duogc:
A2 (x) (x) X
VvV(X)=———||—| -3 —| +2 — ||,
=gl -4 ()

2w _72
w(x,t) = 2Al Zie [ ! jtsinkT7D(.

3,52

Vay, nghi€m cua bai toan la:

A2 [ xY ? N2 &1 =k
U(X’t):At(l_ij_QHij —BGJ +2[ij}- - 32‘?‘3[ ) Sanx

3.17. Ta tim nghiém cua dudi dang:
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uex, t) =v(x, t) + TXAet,

v6i V(X t) thoa man cac diéu kién bién:
v(0,t) =v(l,t)=0
va diéu kién dau :
v(x, 0) = 0.

Ta tim nghiém cua v(X, t) dudi dang :
v(x,t) = T (t)sin kTﬂx :
k=1

Thay véo phuong trinh truyén nhiét rdi giai, ta thu duoc:
-t

2A|2 = K+l e
-1
kZ::( ) k(kz 2

T 3 Tt =

kzx

v(x,t) = |2)sin I

Vay, nghiém cua bai toan la:

2
2A o 4[”;1) -t
2 AZ(_l)n ne e sin nnx.

AX
uixt) = —e' +
&D=7 (2 —12) |

n-1
Chuong 4:
41.a)Taco|z—2|=x+iy—2|=x-2+iy|= J(x=2)*+Yy* =3,
hay

(x=2)*+y*=9.
DPay la phuong trinh duong tron ¢o6 tam tai (2, 0) va ban kinh 1a 3.
b) Tacd: |x + iy — 2| = |x + iy + 4],
hay

\/(x—2)2 +y? =\/’(x+4)2 +y%.
Binh phuong hai vé ta tim dugc x = -1, ddy 1a mot dudng thang.

¢) Tuong tu ta co:
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\/(X—3)2 +y° +\/(X+3)2 +y° =10hay4j(x—3)2 +V? =1O—«f(x+3)2 +y2.

Binh phwong hai vé ta duoc:
25+3x =5/(x+3)* + y°.
2 y2

Tiép tuc binh phwong va rat gon ta duoc % + I 1. Pay la
phuong trinh ctia mot Elip c6 céc truc 1a 5 va 4.
4.2.w=172%=(x +iy)® = x3 + 3x%(iy) + 3x(iy) + (iy)®

= x3 + 3ix%y — 3xy? — iy?= x3 — 3xy? +i(3x%y — yd).
Tur day rut ra:

uex, y) = x3 = 3xy? va v(x, y) = 3x2y — y°.

b) €3 = 3+ ) = 3 &3V = e3(cos3y + isin3y).
Do do6:

u = e*cos3y, v = e¥sindy.

¢) Inz=In(pe'?) = Inp +ip= In}®+y? +itanty/x.
Do do:

u :%In(x2 +y9),v=tany/x

4.3. Su dung cong thic Euler:

elZ = cosz + isinz; e'Z = cosz — isinz,

tacéd
) iz iz iz e—iz
sinz=-———-—,cosz=
21
a)
) ) ) ei(><+iy) _ e-(x+iy) o .
sinz = sin(x+ w)zf = ?{e'y(cos x-+isin x)-e’(cos x-isin x)}
[ i

y -y y -y
:(sinx)[e +26 j+i(cosx)(e > ]:sinxcoshy+icosxsinh y.
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b) Chirng minh tuong tu cau a).
1+(z+Az7) 1+z
44.0) W _ i 1=+ 1-2_ G 2 1
dz 40 Az 250 (1-z—-Az)(1-2) (1—z)

b) Ham kha tich tai moi diém, ngoai trir z = 1, tai day khong ton tai
dao ham, tirc 1a ham khong kha tich tai z = 1.

45. Taco

24i @4 . (2.4) .
I S 7%dz = I(M) (X+iy)(dx+idy) = -[(1,1) (x* — y? + 2ixy)(dx +dy)

1+i

= J‘((M) (x> — y?)dx — 2xydy + ij((f:) 2ixydx + (x* — y*)dy.

1,1)

a) Cac diém (1, 1) va (2, 4) tuong Gng véi t = 1 vat=2. Khi d6 cac
tich phan trén tr¢ thanh:

j {(t? —t")dt — 2(t)(t?) 2tdt} +i j {2t(t2)dt + (t2 -t° )(2t)dt}————6|
b) Puong thang ndi diém (1, 1) va (2, 4) c6 phuong trinh:
4-1
-1=——(x-1hayy=3x-2.
y-1=-— (x-Dhayy

Ta tim duoc:

2 2 86
Ll{[XZ—(3x—2)2]dx—2x(3x—2)3dx}+|L:1{2x(3x—2)dx+[x ~(3%-2)? o=~ 6i.

4.6. Ta co:

1@y ¢ 1@
el el

z-a -

Dit 7 — a = ge'?, tich phan cudi trd thanh iJ.OZH f (a+se”)dd. Nhung
khi f(z) kha tich thi n6 s€ lién tuc, do do:

lim [* f do =i lim(f Ndo=i[" f(a)do=2xif
glgg-[o (a+ee”) 0_|jo lim(f (a+se") 0_|_[0 (a)d6=27i f (a).

Tir d6 thay vao va rit ra duoc két qua theo yéu cau.
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4.7.8) Do z = znam trong C, nén

1 C0sz
——® ——dz=cosxr=-1,
2ri*Cz—rx

tuong tu bai 4.6 vai: f(z) = cosz, a = .

Ta rut ra duoc:

§, 20— 2

z

e’ 1 1 e’ e
b) Ta co: dz=@ e’(=——)dz=@p —dz— dz
) Cﬁc 2(z+1) (ﬁc (z z+1) 4)0 z cz+1

=27ie’ —27iet =27i(1-e™).

4.8. Bang tich phan Cauchy ta co:

(n) n! f(2)
@)= 27i 4)0 (z—a)"* az

Néun =2vaf(z) =5z2—-3z+2,va f'(1) =10. Tir d6 ta co:

I 2 _
10= 2'_g5 > 32;rzclz ha ggwd =107i.
27i (z-3) c (z-3)°
49.Tacd: a .
) Zn22n
Gia tri U, = ——, khi do:
n
U Zn+1 22n |Z|
lim|—L =lim - =20
el y | onoe|(n41)72M 2" 2

Béng cach kiém tra ti s, chudi hoi tu néu |z| < 2 va phan ki néu |z| >
2. Néu |z] = 2 ti s6 khong thoa man.
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n

Tuy nhién, tri tuyét d6i cia chudi Z Z E 22n héi tu néu |¢|

“~n?2"

=2, khi do }:i% hdi tu. Do do, chudi hoi tu (modt cach tuyét déi)

n=1

v6i [z| < 2, tire 14 tAt ca moi diém bén trong dudng tron |z| =

n12n1 3 5
Z(D A

(2n-1)! 3! b5l
Khi d6 ta co:
n.2n+l 2
il Y| — i (-1)"z (2?112n l| z _
n— e (2n+D1 (-1) n>=|2n(2n +1)
Khi d6 chudi mé ta ham sinz, hoi tu tai moi diém cua z.
4.10. Ta cé:
z* .
a) ——, Z=-11a mét diém cuc bac 3.
(z+1)
3— 9
b) 222 _Z+1 —, z =4 1a mot diém cyc bac 2; z =ivaz
(z-4) (z-i)(z-1+2i)
=1 - 2i la cac diém cuc bac 1.
2S|n mz m=0.
2°+272+2
— +., _ 24+ 1
Doz2+2z+2=0khi z= 2_24 8_ 22_2' =—1+i,nén ching

ta c6 thé viét:
?2+22+2={z-(C1+)Hz-(-1-i)}=@+1-D@z+1+
i).

Ham sb c6 hai diémcucz=-1+ivaz=-1-i.
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1 1
N 7t 4
(z-1)° 2(z-4)
v6i phan chinh c6 v s6 gia tri khac 0. Ta ¢6, z = 1 1a mot diém ki

di can thiét.

d) p VY _ —....Pay la chudi Laurent

4.11.Taco:
a)
1 1 1 1 1 1 1
200s==Z|1l-——+—F———F+ |=l-———+—S———+
Z 21z2° 41727 6!z 21z 417° B6lz

Ta théy z = 0 1a mot diém ki di. Chudi hoi tu véi moi z # 0.
sinz R s e

b) —— , diémki di tai z = .
I—7

batz- z=u.Khidbz=r+uva

sinz _sin(u+z) _ sinu_ 1 u_u_3+£____
-1 u u u 3! 5!
2 4 2 4
:_1+u__u_+...:_1+(z_ﬂ-) _(Z_ﬂ-) +.e
31 5 31 51

Chuoi hoi ty véi moi gia tri cua z.

z
— ,z=-1.Da 1 = u, khi do:
C) (z+1)(z+2) , Z atz+ u, khi dé

L b S bV RRTIRTCNT.RRTCEN SRS S TP T I
(z+D)(z+2) wu(u+1) u u

=—i+2—2(z+l)+2(z+1)2—-~
z+1

Ta théy z = -1 1a mot diém cuc bac 1. Chudi hoi véi cac gia tri cua z
thoa man diéu kién 0 < |z + 1| < 1.

—— ,cacdiémkidiz=0, -2.
2(2+2)

Truong hgp z =0, ta co:
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1 1 1 {1+(_3)[5j+(—3)(—4)(5]2+(—3)(—4)(—5)(5j3+,_}
2(z+2)° 8z(l+z/2)° 8z 2 2! 2 3! 2

1 3 3_ 5

i S R Sy LS

8z 16 16 32

z =0 1a mot diém cuc bac 1.

Truong hop z =-2. Patz + 2 = u, ta co:

1 1 1 1 u (u}z (uj3
= = =— I+—+| = | +| = | +
2(z+2)° @-2u* -2u’@-u/2) 2° 2 \2 2

N S S S S P

T 2z+2° 4z+2)? 8(z+2) 16 32

z = -2 1a mot diém cyc bac 3. Chudi hoi ty v6i 0 < |z + 2| < 2.
4.12. Huémg dan:

Z2

Q) ————,voiz =2, 1, -i 1a cac diém cyc bac 1.

(z—2)(z2 +1)

Thang du tai z =2 |a:

|im(z—2){L}=ﬂ
22 (z-2)(*+1)| 5

Thang du taiz =i la:

lim(z—i) z __ 12
al Z-2)z—-i)z+)| (-2@) 10

Thang du tai z = -i la:

. { 72 } i 1+2i
lim(z+i) : el G N '
252 (z-2)(z-i)(z+i) (-1-2)(21)) 10
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———— . Ta thdy z = 0 1a mot diém cuc bac 1, z = -2 1a mét
2(z+2)

diém cuc bac 3.

Khi d6, thang du taiz=0 la limz. _ 1 }

0 72(z+2)° 8
Thang du tai z = -2 la:

1d 1 _1d*(1
lim (z2+2).———t=lim=—| =
0 21dz° 2(z+2) >22dz°\ z

VA a , R NPT ~ TR .
C) ﬁ’ c6z=3 lamdt diém cyc bac 2 va co thang du la:
z-3

Zt d
lim—<(z-3 —I|m ze™ _I|m e” + zte™) = + 3te™.
M {( ). @ _3) } ( ) ( )

d) cosz, v6i z = 5m 1a mot diém cuc bac 1.

Khi do, thiang du tai z = 5 la:

lim (257 )E{nmZ o7 )(nmcosz){nmij( 1) = (<1)(-1) =1.

2557 sinz 157 §inz ) \z-57 2257 COS Z
413.Tinh § — % Taco:
(z-1)(z+3)

Thangdutaiz=11a

imlz-n—°  1_&
21 (z-1)(z+3)*| 16
Thang du tai z = -3 la:

Ilmi{(H 3 Lz}: im (2702 ¢ 2%
25-3 Iz (z-D(z+3)°] == (z-)) 16
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Do |z| = 10 bao quanh c4 hai cuc z = 1 va z = -3, tich phan trén bang

-3 - _ -3
| = 27 e 5e :m(e 5e ).
16 16 8

2
4.14.Chimg minh: | X _I
’°°(x2 +1) (x2+2x+2) 50
Tuong tu nhu bai trén ta tinh thing dutaiz=ivaz=-1+i
2 -_
im iy L 312
i dz (z+1)(z-1)(z°+22+2) 100

va

Iim{(z+1—i)2 S : }:3_‘".
i (z°+D)°(z+1-0)"(z+1+1) 25

Khi do6 gia tri tich phan sé la:

z2°dz .{9i—12 3—4i} i
. i 912, 324

=27 — =
(22 +1)*(2* +22+2) 100 25 50
215, ["—99  paz=ei0
° 5+3cosé
Khi do:
T 1 _
sin@ = € _I72 4r-ie’=izd0,
2 2
vi vay
J'Zfr de _¢ dz/iz _qS 2dz
0 54+3sing Jc (z—zl] c3z2+10iz-3
5+3 -
21
0 day, C la duong tron ban kinh don vi vdi tam tai géc toa do.
Céac diém cuc cua 2; la -3i va -i/3, tuy nhién, chi co6 -i/3
3z°+10iz-3

la ndm bén trong dudng tron C. Khi do: ta co:
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Thang du tai —i/3 la:

, ( |j( 2 j , 2 1
im |2+~ || =—————=[= lim -=—.
z>-i/3 3/\3z2°+10iz-3 ) z>-i126z+10i 4i

Ap dung dinh li thang du ta thu duoc:

20z (1} s
¢ 2—_:27Z'| — | =
€3z°+10iz-3 4 2

416 Izn cos360 40

Jo 5_4cos0
i ) 7 Z—l 3i0 -3i0 Z3 Z—3 .
Neéeuz=¢e'? cosf = ki ,C0S30 = J;e = z ,dz =izd@
thi ta co:
J- cos36’ —95 (Z°+27°)/2 dz _ 195 2°+1 i
0 5-4cosd c7*(2z-1)(z-2)

=

Tich phan c6 mot diém cuc bac 3 tai z=0 va mot cuc bac 1 tai z =%
trong duong tron C.

Thangdutaiz=0vaz="%1la

. 1d% |, 2°+1 21 2°+1 65
lim=— =, ( __)— -2
-0 21 dz ?2z-1(z-2)| 8 2" °(22-1)(z-2) 24
Khi do

6
—145 4 dz:-i(zﬁi){il—@}:ﬁ.
21 7€ 72°(22-1)(z-2) 2i 8 24] 12

Chuong 5:
5.1. Do f(t) =e™, ta co:

F (o) = \/7.[ f(t)sma)tdt—\/i_“eatSIna)tdt_\/:J‘ —at (Im—efiwt)dt
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_ 1 j(e("" ae _ |m+a)t)dt — \/7(_ _ 1 ):i E 2|0)

T2 im-a iw+a 27 (0°+a%)

] F o
T w*+at’
F.() = \/7 [ f(t)cosatdt = ( je™ coswtdt = ( e (e"‘" Lo )t
ZEJZT(e(iw—a)t+e—(iw+a)t)dt:1\/z(_- 1 . 1 )
2\ 7o 2\ 7 iw—-a iw+a
1 \EL_ \E a
2\ (a)2+3.2) V4 a)2+a2 '

o f(x)= £ ®)sin wxdw nén khi thay biéu thirc
Do f 2 F, d khi thay b h
T

2 @
,:S(a)):\/;a)2+a2

vao roi thuc hién tich phan ta dugc:

f(x)= \/Em\/zwzfaz sinoxdo.

Hay:

Tuong tu ta co:
f(x)= (j F.(w)coswxdw= ( \/7 >Ccoswxdw.
T a) + a

+ CO0S a)X

N

2a 0 @ +a’

Hay

5.2. Ap dung cong thirc bién d6i Fourier ta c6:
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T e dx = L T e Mg Xy = %{ T @)y + T g @y
_00 /4

‘\/_ﬂ- —0 —%0 0

o
27l a-iw a+iw r\a?+aw?)

5.3. a)Theo cong thirc bién doi Fourier ta co:

f(x)e " *dx =

1
&l

b) Theo hé thic Parseval:

F(w)= oy ( smaa)j 2 sinaw

1T
NrE R~ —

T1700f dx=J [F (@) do.

Tasuyra
. 2
Jld iy 2[smaa)j do
—0 T (0]
Hay
2a+°0 sinaw
a= I
T d6 rat ra:
. 2
) (%j dt=7r.
o\t
5.4. Ta co:

{1100 -90af'dx= [ (F (0~ g0 (- g(x) %

|

= f(f ) *0)=g(x) f*(x) = F()g* () +g(x)g*(x))dx.

Theo dang Parseval, vé phai trén day tuong duong véi:
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VP - T[F(w)F *(0) - G(0)F *(0) - F(0)G* (0) + G(w)G* (0)ldw

~ [ (F(@)-G@)(F(@)-G(@)*do - [| F(@)-G(o) Fdo.

) +00 da) .
5.5.a) bé tinh | ———= taxétham F(w)= . Tu bai ta
) J;(a)eraz)z (@) o +a’° P
i —alx|
5.2 ta thay day la anh Fourier cua ham f(X) = \/% e . Mat khac,
a
theo ding thirc Parseval:
[T dx=] |F(@)] do
ta co
+00 1 2 +o0 0 +00
_ L —2aX| v _ i 2ax —2ax
J‘(w%azjdw_Zaz;[e dx—zaz[_[oe dx+£e dx}
x e e |” 7T
=== - =—a
2a*| 2a| 2a| | 2a°
Vay

+00

Id_wzl
(0® +a%)° 2a

—00

b) Xét ham F(w)= 5 . D& thiy F(w) 1a anh Fourier cta

(0® +a%)
ham
e
f(xX)=,]=
(x) 2 2a
Mat khac
, w
F(w)=———"—.
(@) (0* +a%)?

Theo dang thirc Parseval va tinh chat anh ciia dao ham ta co
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j: IF (@) do :j: | FLF (o)) dx= B(ix) T (@) dx.
Thay vao ta cé

—+00 2 2+oo
(a5 ) oo ap
(0” +a%) 22a) 7 (2a)

—00

5.6. Phuong trinh truyén nhiét trén thanh 13

ou(x.t) _ " d%u(x,t)

, trong d6 k 12 hé sb truyén nhiét.
ot OX

Thyc hién bién doi Fourier 1én hai vé cua phuong trinh trén ta dugc

~+00 ~+00 2
j e—ia)x au(xat)dx — kJ' e—iwx a u()z(;t) dt .
ot . X

Goi U(w, t) 1a anh Fourier cua u(x, t), khi d6

VDY _ i)k (,1) = kU (,1)

Tich phan hai vé theo t ta co:
U(o,t) =c(w)e ™™ ,

v6i ¢(w) 1 hang s6 tich phan. Ta tim hé s6 ¢(«) dua vao diéu kién dau:

U(w,0) =c(w) = +Jiou(x, 0)e "*dx = T f (x)e ' *dx .

—00

Ta dya vao ham f(x) dé xac dinh c(w). Vi du:

<1
0 |x|>1
ta tim duoc
1 .
c(w) =8, [ ™" dx = 2a, e
he| @

Tur d6
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U(o,t) = 2a, SO ot
o

Theo bién ddi1 Fourier ta ¢o:

u(x,t) = L J- U (a),t)ei‘”xda) = ao\/%-[ Slz)a) e~ Kgiong o

2z

5.7. a, b) Ap dung cong thirc dao ham Laplace
L{E®)}=sL{ft)}—f(0),

ta dat
A=L{tsinot};B=L{tcoswt}.
Khi do:
L{(tsinot)'} =sL{tsinwt} - f(0) =sL{tsinwt} -0
=> L{sin ot + wtcoswt} = sL {tsin ot}
=> L{sin wt}+ o L{t cos wt} = sL{tsin wt}
=> L{sin wt}+ wB = sA
hay
SA-—oB=—2—. (1)
o+
Tuong tu:

L{(tcoswt)'} = sL{tcoswt} — f (0) =s L{tcoswt} -0
=> L{cosot — wtsin ot} = sL{tcoswt}
=> L{coswt}— o L{tsinwt} = sL{tcoswt}
=> L{coswt}— wA=SsB.

Hay

S
0A+SB=——. (2
@ +3S

Tur cac phuong trinh (1) va (2), ta tim dugc A va B:
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250 |, s?—w?®
(s*+a?)? (P +0?)?
¢, d) Tuong tu nhu cau a) va b).
e, ) Sir dung két qua cau a) va b) dé chimg minh.
5.8. Huéng dan: Ta phén tich cic ham anh thanh cac ham don gian
d4 biét ham gbc. Khi do, sir dung cac bién doi Laplace nguoc ta tim
duoc cac ham goc:
T —7X
a) F(s)=——=, = f(X)=nxe™.
(s+7x)
s-2 s-2

PYF(s)= s?_4s+5 (s—2)°+1’

=> f(x) =e* cosx.

S S+3 3

¢ F@)= (s+3)2+1= (s+3)2+1 (s+3)2+1

=> f(X)=e > cosx—3e *sinx.

_ 6 _ 2x3 _ — 92X

d) F(S)_SZ—4S—5_(S—2)2—32 > f(x) = 2e“*sh3x.
e) F(s)=ﬁ:> f(x) = xe®.

1 1/ 1 1
" F(S)_SZ(S—3)__§|:S_2_S(S—3)}
- f(x)=—%[x—%(e3‘x _1)}.

s 1 2sa _ 1
g) F(s)= 1 a) 25(82+a2)2 = f(X) = 28lxsmax.
h) F(s):%:>f(x):xcosax.

5.9. Dung bién d6i Laplace giai bai toan Cauchy:

a) Ap bién d6i laplace 1én hai vé ta co:
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LT+ L{y}= L{3}
hay

[2Y(S) - syo — Yo + Y(s) = g .

Do y(0) =0, y'(0) = 1 nén ta tim duoc anh Laplace:

3s 1
+

s2+1 s?+1

Y(s)zg—

Thyce hién bién doi ngugc ham anh, ta c6 nghiém can tim:

y() = El{g}—ﬁ'l{ 238 }Jrﬁ'l{ 21 }= 3—3cost+sint.
S s“+1 s°+1

b) Ap bién doi Laplace 1én hai vé ta dua vé dugc phuong trinh anh:
1

(s-1)°

Str dung céc diéu kién dau y(0) = 1, y'(0) = 1 ta tu dugc anh Laplace:

Y(s) =
1 s+1 2 1 1 1 1
+ = -~ + -~ +
(s-D%(s*-1) s*-1 4(s-1)° 4(s-1)° 8(s-1) 8(s+1) s-1

[s2Y(S) - syo—Yo] - Y(s) =

Thuc hién bién d6i ngugc ham anh, ta c6 nghiém can tim:
1 24t 1 t 9 t 1 —t
t)=—t¢e ——te +—e ——e"".
y® 4 4 8 8
¢) Ap bién d6i Laplace 1én hai vé ta dua vé duoc phwong trinh anh:
$3Y(s) — s?%Yo—Sy’o -y, -2[S*Y(S) - Syo— Yo
, 1
—sY(s) + yo+2Y(s) = ——.
S+2

St dung céac diéu kién dau y(0) = 0, y’(0) = 0, y”(0) = 2 ta tim duoc
anh Laplace:

2 1
+ :
$?-25°+2 (s+2)(s°-25°+2)
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Thuc hién bién d6i nguoc ta tim dugc nghiém:

3 2t 7 t 1 —2t 1 —t
t)=—e"——e'——e* +>e".
yo 4 6 12 2

d) y(t) = %[1—c052(t—1)]u(t—1)

y(t) - %sinz(t—l) t>1

0 (t<1)_

e) y(t) = g(sint—t cost) u(t)

+3(sin(t—7z)—(t—7)cos(t—x))u(t—r)

§(sint—tcost) O<t<rm
y) =1,
> (sint —tcost) + 3(—sint+ (t— z) cost) (t>x)
5.10.a) Ta thiy tich phan vé phai 1a tich chap cua [y(t)*cost] nén
y(t) =t + y(t)*cost.
Bién doi Laplace hai vé ta duoc:
L{y(t)} =L{t}+L{y(t)*cost}.
Suy ra:

S
s?+1

W@=é+ﬂ9*

hay

S 1
Y(S)(l_ s? +1j B

Tur day ta rat ra dugc anh Laplace:
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2+ 11 s-1 11 5=
R N A T I N
s°(s°-s+1) s° s s°-s+1 s§° s

PN S
1, B, 2, 1, B

(5—5)2 +(7)2 (5—§)2+(7)2

Y(s)=

Thuc hién bién d6i nguoc (ddng thoi sir dung ham anh ctua ham
luong giac cung cong thire dich chuyén anh) ta tim dugc nghiém:

AT PN S

1
y(t) =t +1—e? cos(;t) MLIPY) sin(7

73 t).

b) Ta cé:

t
y(t) =te' —2J' y(r)e"dr.
0

Tuong tu, ta thdy tich phan vé phai 14 tich chap ctia ham y(t)*e'. Do do:
y(t) = te' — 2y(t)*e'.
Bién doi Laplace hai vé ta duoc:
L{y®)}=L{te'}-2c{y(t)*e'}

L w1
(s 17 —-2Y(s)

Y(S)= .k

Tu day ruy ra:

1

Y(S):sz—l'

Thuyec hién bién d6i nguoc ta co nghiém can tim:
y(t) =sht.
c. Tuong ta co:

S

Y(s)=5
(®) s -1

; y(t) =5cht.

5.11. Phuong trinh dao dong cua mach dién:
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2
d_q+£qzo’

L
dt> C

v6i cac diéu kién ban dau:
o = Qo, g, =0.
Lay laplace hai vé ta c6 phuong trinh anh:
1
[s*Q(s) — sQo(s) — Qo]+ c Q(s) = 0.
Sur dung cac diéu kién dau ta rat ra ham anh:
QoS
5.
%+ (1 j
JLC

Thuc hién bién d6i Laplace nguoc ta tim duoc:

Q(s) =

t) = q, cos
q(t) =g Jic

. dq q ..t
it)= — =——2=sin—.
® dt JLC  JLC
5.12. Phuong trinh dao dong ctia mach la:
2
9°9 1 5099 1000q = 220sin100xt.
dt dt
Ap bién ddi Laplace ca hai vé phuong trinh ta dugc phuong trinh anh:
2 ' 1007z
{s"Q-5q(0) - q'(0)}+50{sQ - q(0)}+1000Q = 220 ————,
s+ (1007[)

trong do:
Q=Q(s)=L{a®)}, at) =L {Q(s)}.

Thay cac diéu kién dau q(0) = 0, ¢'(0) = 0) vao phuong trinh anh ta
thu dugc nghiém trong khong gian anh:

-270 -



220007
(s® +(1007)°)(s* +50s +1000)

Q(s) =

Phan tich anh thanh cac s hang don gian rdi dung bién d6i nguoc ta co:
120

q(t) =107

(2sin1007t —3c0s1007t) + % e " (2sin100xt +3c0s100t) .
5.13. a) Chon géc toa do O tai vi tri can béng, chiéu duong cua truc
Ox huong xuong dudi. Theo dinh luét II Newton ta co:
mx = mg —k (Al, +Xx)— 7X.
Tai vi tri can bang:
mg = KAl,.
bat: y/m =24, ta dugc phuong trinh dao dong cua vat la:
X+28X+w°x=0.
b) Ap bién d6i Laplace 1én hai vé ctia phuong trinh dao dong va
chon diéu kién ban dau x, = A; %, =0 ta tim duoc anh Laplace. Sau
d6, thuc hién hién bién dbi nguoc ta dugc nghiém:
x(t)=Ae " cos(at).
Chuong 6:
6.1. Dap s6: f'(1.0)=3.0 va f"(1.0)=6.0.
6.2. Dap s6: v=f'(11)=11.1784 va a= f"(11) = 2.0865.
6.3. Dap s6: '(1.1) =0.62958 va f"(1.1) =6.57500.
6.4. Pap s: | = 1.7506.
6.5. Pap sd: 1 = 0.9023.
6.6. Pap sb: 1=0.7854.
6.7. Pap sb: 1 =0.9046.
6.8. Pap sb: 1=0.7854.
6.9. Pap sd: | =2.32957.
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6.10. Pap sb: y(2.5) = 0.4761.

6.11. Pap s6: y(0.1) = 1.1053.

6.12. Bap s6: y(0.5) =4.7; y(1) = 4.893; y(1.5) = 455 va y(2) = 4.052.

6.13. Pap sb: y(0) = 1; y(0.1) = 1; y(0.2) = 0.98; y(0.3) = 0.9416;
y(0.4) = 0.8884 va y(0.5) = 0.8253.

6.14. Bap s6: y(0.5) = 3.946; y(1) = 4.188; y(1.5) = 4.063;
y(2) = 3.764.

6.15. Dap s6: y(0) = 1; y(0.1) = 1; y(0.2) = 0.9800; y(0.3) = 0.9416;
y(0.4) = 0.8884 va y(0.5) = 0.8253.

6.16. Dap sb:

a) [x, yl =

=[0.1 1.00025, 0.2 1.00243, 0.3 1.00825, 0.4 1.01926, 0.5 1.03688],
b) [x, y] =
=[0.1 1.0863,0.2 1.1768, 0.3 1.2708, 0.4 1.3676,0.5 1.4664].

6.17. Pap so6: y(1.2) = 1.4028.

6.18. Pép sb:

a) y(0.5) = 4.069; y(1) = 4.32 va y(1.5) = 4.167.

b) y(0.2) = 0.9615; y(0.4) = 0.8621; y(0.6) = 0.7353; y(0.8) = 0.6098;

y(1.0) = 0.6.
6.19. Pap sd: y(0.2) = 1.196 va y(0.4) = 1.3752.
6.20. a) k = 0.8996, E(k) = 0.407,

b) k = 0.9052, E(k) = 0.486. Trudong hop b. Phu hop tét hon
v6i s6 lidu thuc nghiém.

6.21. Pap sé:

0.6208950 + 1.219621x, v6i S = 2.719x10°°;

0.5965807 + 1.253293x — 0.01085343%%, vé6i S = 1.801x10%;
0.6290193 + 1.185010x + 0.03533252x?-0.01004723x; S = 1.740x10°.
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